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PREFACE 


The Repoft of the National Comini, t/tec on Matheraiitical 
,R.e(luii'('in(nits, the new rcHiuirenumt^s of tlio (iOllege Entrance 
Examination Board, and tlie many roR(,n:u*ches in pedagogy 
have changed the mathematical work doiu^ in tlic^ first; (jourse 
and necessitated a rcvisioi:i of the subsc'.quent work in algolira. 

Tins Second Conrse in Algebra (1) furnishes a thorough 
review and drill of the topics that are no longer extensively 
treated in the first course, and (2) ])resent;s th<^ applications 
to statistics, geometry, logarithms^ numerical t.rigonometiy, 
and science that arc required in a modern course. 

Attention is called to the folk,) wing jxiints: 

1. Tlic first chajiter is a review and summaiy of the funda- 
mental oi)erati()ns, and ttic first one hundred jiages are a 
review of the fundamental topicjs. A few new f^ypes of fatitor- 
ing and a greater variety of protilems arc^ introduced where 
they are extensions o:f tlic previous w(),i‘'k. 

2. At th(^ Ix^giiming of eacli chapter, tlie fundamental 
ideas are explained wif.h as much d(d;ail as in any first course 
in algebra, I'lius, even the begiimings of (nuidralh'. (uiuations 
are treated fully before tlie subject advances to (M|ua.(ious 
reducible to idie qmrdratic type and to literal (luadrjitic 
ciiuaf.ions. 

3* Tlie division of eacsli chai'ittu' into small WTii.s, t'‘a(*h 
with a (slear titk,^ enablt^s tli(^ i('a(,iher to (uisily the 

particular topic^s ne(‘.d(Hl liy th(,^ class or iiy individual pujiils 
for review while advancing in tlio work. 

3 
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PKEPACE 


4. Aftor pres6iitiiig a review of the fundamentals, the text 
does not attempt to include every topic that might be studied 
or every type of exercise that ingenuity can invent. The 
amount of space devoted to each subject is proportional to 
its importance or its interest and is planned so that the work 
can be covered in half a year. 

5. The material in the book is so arranged that each ex- 
planation is begun and completed on a single page. The 
accompanying exercises are either on the same page or on 
the right-hand page, facing the explanation. This arrange- 
ment encourages the pupil, when working the exercises, to 
refer frequently to the explanation and to the examples in 
the book. The arrangement makes a unit of the explanation 
of the topic and the problems dealing with that topic and 
therefore makes it easier for the teacher to plan and to assign 
the work. 

6. The chapter on logarithms may be studied at any time 
after the chapter on exponents, because the problems involv- 
ing progressions or compound interest are not mixed in with the 
usual applications of logarithms to computations and formu- 
las, but are treated as a separate topic. 

There are occasional discussions, like those on pages 104, 
120, 165, 188, and 261, that belong in a textbook although 
they may never be assigned for study. If such topics are read 
in class with comments by the teacher, they will serve to 
indicate to the pupil the nature of other fields of mathematics 
and will awaken an interest in the subject. 
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COURSES COVERED IN THIS BOOK 


1 . A MINIMUM COURSE 

Pages 7 to 237 include what most teachers would consider 
a minimum course. In these pag^s the supplementary woi’lc 
(18 pages in all) is not considered as part of the minimum 
course. Topics from the first course in algebra are included 
for convenience in reviewing. 

2 . A COURSE SUGGESTED BY THE RECOMMENDATIONS OF 

THE NATIONAL COMMITTEE ON MATHEMATICAL 
REQUIREMENTS 

The National Committee recommends the inclusion of a 
proof of the binomial theorem for positive integral exponents 
and the applications of the binoznial theorem to negatives 
and fractional exponents (pages 217 to 219). 

3 . A COURSE SUGGESTED BY THE REQUIREMENTS OF THE 

COLLEGE ENTRANCE EXAMINATION BOARD 

In addition to the minimum course, the College 15ntranc(i 
Examination Board requires a study of the (U)m])lcd.(^ solution 
of a right triangle (pages 240 to 257) in which the giv(vn parts 
are measured to four significant figures. Other specific 
requirements have been met by special exercises in various 
places (certain sets of quadratic equations, page 180 ; Ourtor- 
mg of ± as a topic under progressions, page 207 ; and 
applications of the binomial theorem to compound interest, 
page 216). 



SECOI^l) COURSE m ALGEBRA 


CHAPTER I 

REVIEW OF FUNDAMENTAL OPERATIONS 

1. In earlier work we learned t^hat algebra differs from 
'arithmctici piirticularly in three ways : 

h Algebra uses negative as well as positive numbers. 
Thus, t(inip(M’aLur(\s above zero are written as + 5 and + 10, 
while tliose Ixjlow zero are written as — 5 and — 10. When 
speaking, wo usually say plus t5 instead of positive 5 
for + 5 ; likewise we say minus 5 ” instead of negative 5 
for — 5. 

2. Algebra uses letters of the alphabet to rc^prc^scart num- 
bers. The number of feet in the length of a rectangle, for 
example, is repr*(‘s<Md.(‘d by the letter i!, the number of feet 
in the widtli l)y w, and the number of square feet in the area 
by A. When letters are thus used to r(‘i)r(\s(mf, numbers, wo 
call them literal numbers. 

3. Algebra uses equations to express some relation between 
numbers or to state concisely how one number depends on 
other numbers. Thus, y = x + 2 is a l)ricf way of stating 
that one number, is 2 more than another numl)er, x ; and 
it « Iw is a (u)nciBe way of stating how the area of a rectangle 
depends on its length and width. 

Since all inatlHimaticjs uses four fundamental operations — 
addition, subtracdlon, multiplication, and division — wci shall 
first review tliese topics frotn the earlier work in algebra. 

7 



8 REVIEW OF FUNDAMENTAL OPERATIONS 


2. Addition of Positive and Negative Numbers. A man 
gains $10 in one transaction and loses $14 in the next. What 
is the final result of the two transactions ? 

We say that + 10 is the result of the first and 14 tlie 
result of the second. Since we know that the final result 
is a loss of $4; we see that the sum of + 10 and — 14 is — 4. 
This is written + 10 — 14 = — 4. 

There is no sign for addition in this statement. I'c show 
that we wish to add a list of numbers, we menviy wi-itc^ them 
one after the other. Since the signs + and — sei:)arate tlie 
individual numbers 10 and 14, we cannot mistake tlieso 
numbers for the single number 1014. We can likewise s(H 5 
that + 10 ~ 7 = + 3, - 10 +7 = - 10 -7 17. 

To be able to state briefly the rules of addition, we intro- 
duce the words absolute value of a number'^ to mean the 
number that we get when the sign is disregarded. For 
example, the absolute value of + 5 is 5, and of — 5 is also 5. 
We can then state the rules : 

The sum of two positive numbers is a positive number and is 
found by adding the absolute values of the two numbers. 

The. sum of two negative numbers is a negative number and is 
found by adding the absolute values of the two numbers. 

The sum of a positive number and a negative number may 
be either a positive number or a negative number and is found 
as follows : 

Find the difference between the absolute values of the numbers 
and then prefix the sign + or — to the result, according to 
whether the positive number or the negative number has the greater 
absolute value. 

The diagram at the bottom of page 9 may be used for oral 
practice. Add each number in any row or column to the 
corresponding number in any other row or column; also 
find the sum of each column and each row. 



POSITIVE AND NEGATIVE NUMBERS 
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3. Multiplication of Positive and Negative Numbers. 

Consider the four products : 

(а) + 5 • + ()=+ 30 because + 5 • + 6 meairs + 6 + 6 
+ 6 + 6 + 6 which equals + 30. 

(б) — 5 . 6 == ““ 30 because — 5 times any number 

must be th^ opposite of + 5 times that number. 

(({) -f 5 . — () = -» 30 because + 5 • (3 means — 6 G 

6 — () — 6 which equals 30. 

(d) 5 . — 6 = 4 - 30 l)ecause — 5 times any number 

must be the opposite of + 5 times that number. 

Read and (H)mpk‘k^ the following statements : 

The product of two numbers having like signs is • • • 

The product of two numl:)crs having unlike signs is • • • 

Numbers tliat are added iire called ienns. Numbers that 
are multiplied are called fadon^, Tlie sum of several terms 
does not depend on the order in which we add the terms. 
Thus : 

6 + 5 + 8 5 ~ 6 + 8 =+ 5 + 8 - 6 = 7 

Neither does the producjt depend on tlie order in which we 
multiply the factors. Thus : 

- 4 • + 6 — 6 « 4 — 6 • + 5 === + 5 • - 4 — (5 « 120 

The following diagram may be used for practice. Find the 
prodiKJt of each number in any row or column by the corre- 
sponding number in any other row or column ; also find the 
product of all the numbers in each column, etc^. 
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4. Division of Positive and Negative Numbers. Wo wisti 
to find the values of the following fractions : 

+ 30 ^ ^ ^ ^ ^ ^ - 30 ^ 

■+5 * ~5 ‘ +5 ‘ -“5 

Evidently the quotient in each case is either + 6 or — 6. 
Find which is correct by multiplying the divisor l)y tlio 
quotient. 

Write a rule for telling when a quotient should l)e a positive 
number, and when it should be a negative number. 

Complete the sentences : 

The quotient of two numbers with like signs is • * • 

The quotient of two numbers with unlike signs is • • • 

How do these rules compare with the rules for multi|>li- 
cation found on page 9 ? 

Since 5-0 = 0 and 6 • 0 = 0, it follows that 5 • 0 = (> - 0. 

If we could divide both members of this equation by 0, we 
should get 5 = 6, which is evidently not true. Tim illustrat.os 
the following important idea : 

The number 0 may not be used as a divisor. 


6. 


ORAL EXERCISES 


1. Divide each of the following numbers : 

30 60 ~ 90 -- 60 16 48 

by (a) - 3 (c) - 6 (e) - 10 (g) + 1 

(b) +6 (d) -2 (/) - 5 (A) - 1 


2. What effect on a number does division by + 1 have? 
What effect on a number does division by - 1 have? Whut 
effect does multiplication by — 1 have ? 

State the indicated quotients : 


3 . 


- 2.4 
.8 
3.2 


6 . 


- .32 

r, 15 


.08' 

7 

- .5 

9 . 

- 3.2 

„ .16 


.08 

8. 

— .5 

10. 


- .16 
“() 6 "' 
- 1.6 

--'"^'.06 


4 . 


- .8 


6 . 
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6. Evaluation of Algebraic Expressions. If a atid h 
:r(*pr(\s(Mii. two munbcrs, i.hon iiri (expression like 3 (?- -f* 
aiso r(epr(‘S(eni.s a minil)ei‘ whi(eh we ceall tlue luiiuericjal value 
of i/he (luanilty. To find its value we must understand the 
symbols by whiceh algxebra iudiceates sums, products, (]uoti(mts, 
etce. Tims : 

3 (( nuearis tlue prodiuit of tlie numl)ers 3 and a. 

~ 3 a niea.ns 1/ho (uxxliKit of the numbers 3 and a. 

<i nueans 1 times a; tliat is, the opposite of a. 

h” nutans h • h; ¥ means h - h -h] etc. 

ah m(^a,ns tlu^ [)rodtict of th(i numl)ers a and h, 

— () xy nu'.ans (,ha.t the prodind xy is multiplied l)y — G. 

W — 3 a nuMins the sum of the mimbcu's V and --- 3 a ; this 
may iilso be thought of as tlie subtracdiion of 3 a from VK 
5 e 

- ^ - , - r means that thc^ value of 5 c is divided by the 

a ""p 0’ 0 

value of tlui ciuantity 3 a + 4 h. 

r<lxAMi>tiio. If a = 3, ?) = 4, e = — 5, find the value of the 

2 - 3 b - () c 

- 

dlie tuimerator (jontains three terms, 2 (i\ — 3 h, and — 6 e. 
If a « 3, them « 9 and 2 aP = 18. Also -- 3 6 ~ — 12 
iind — 6 c « + 30. In the denominator, 5 h ~ 20 and 
c sa — . 5, ("'Je't tlie habit of evaluating ea(*.Ii term mentally 

and writing down orui term at a time. The written work 
should be : 


(livcai : a 3, 6 » 4, c ^ 6 

ruon X"!. - -1'' rJIf « 18 - 1^ + 8'> - „ 21 

‘ "‘™ f) h + c 20 - r. 15 * 


If you have difficulty with the mental work, uko paKsn- 
thesoB, ( ), to Hhow the inultifdieationK. Thun : 

2 - 2(9)- 3 (4) - 6(- 5 ) ^ 18 - 12 + 30 ^ 

5 6 + c 5(4) — 5 20 5 
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7. 


EXERCISES 


Do ex, 1 to 10 orally. 

1. If a; = 2, state the values of : 

3 a;2, - 3 5 - 5 - x^ 

2. Do ex. 1 again, using (a) a; = — 2; (6) x = 

3. If <2 = 3, state the values of : 

a^, 2 a% - 2 5 - 5 a\ - a» 

4. Do ex. 3 again, using (a) a = — 3 ; (6) a = ^, 

5. If b = .5, state the values of : 

b^ -b^ 6^ 2 62, 2b^ 

6. Do ex. 5 again, using (a) b = A; (b) 6 = — .4. 

State the values of the following quantities, given that 


= % 

, & = 

■ — 3, 

c - 

— if d 

= .4: 


7. 


ab, 

4 abj — 

4 a6. 

— ab 

8. 


bd, 

— 

2 bd, 

6c, - 

• be 

9. 

c2, 


aCj 

a% 

ax? 


10. 

dS 

d^ 

adj 

ad?, 

a?d 


If r 

= 3; 

, s = 

4, 

t = — 

5, find 

the values of the following 


expressions, writing the work as shown on page 11 : 

4 -j- si r 2 + §2 j .2 ^2 

5 ^2 


12 . 


52 + ri 
10 


s2 - 2 ^2 

7-2 + 25 2 7 * 2 +”/“' 


17. If o; = 5, 2/ = 4, 2 = ~ 3 : 

(а) What is the value of3a; + 22/ + 5;3:? 

(б) What is the value of xy — 20? 

(c) Does 3a; + 22 / + 52: equal a;?/ — 20 ? 

{d) Are both of the following equations true ? 

3a; + 22/ — 2: = 26 
4x — 2y + z = 10 

Answers: 11. 3+ 12. 13. 1. 14. -2. 16.25. 

16. ~ 1. 
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8. Addition of Similar Terms. Similar terms, such as 
6 X, — 3 X, and + 8 x, can be added. If the question is 
lusked, “ By what numbers is x multiplied in the expression 
(5 X ■" 3 X + 8 X? ” the answer is “ By 6 — 3 + 8 ; that is. 
by 11.” Hence 6x — 3x + 8x = 11 x. 

A polynomial, smih as 9 x-* — 8 x — 4 x''* + 2 x, can be sim- 
plified whenever some of its terms can be added. In this 
polynomial, 9 x“ — 4 x“ = 5 x'*, and — 8x-|-2x=— fix. 
Hence we can write 9 x“ — 8 x — 4 x“ ■+■ 2 x = 5 x^ — fi x. 

We cannot, however, actually add 5 x^ and — fix because 
x‘ and X are not the same number (unless x = 1 or 0). 


9. 


ORAL EXERCISES 


By adding the similar terms, simplify: 


1. 3 x“ — 5 X — 2 x“ -t- 3 X 

2. 2 ys - 3 -f fi 2/^ + 4 

8. 3 ff. - 2 & - 4 « -f 2 
4. — ah — 3 a" — ah 

6. 4 6=* + 6 - 2 1) -f 

11 . 


6. 1.2 X -b .7 ■+- 9.3 X - .8 

7. .fi y -t- .3 z — 3.2 z — Ay 

8. 1.5 a — .4b + h - 2a 

9. .8 r - .9 s + s - .9 r 
10. .6 c -|- 1.4 d — .8 c d 

12 . 18 . 


6 X — 7 y — 3 2 2 a -b 3 6 — 5 c 5 r -b 2 s -b t 

— 2x-b6y“ 2 — tf-b 6-b7c 2r — 21 , 

X. — 2y + B z a — 4b — 3 c r — 3 « 

Even when the similar terms are not written in columns, 
the i)olynomijds can be added by adding first all the terms 
that contain x, then the terms that contain y, etc. 

Add : 

14. 3 a -b 2 5 — 6 c, — 2 a -b 4 b ■+■ 9 c, 4 ffl — 3 5 

16. 4 x“ - 3 X -b 2, - 2 X -b 5, - x** + 5 x - 12 

16. 2 xy 4 - 3 X - 5 y, -- 3 xy - 8 x, 6 xy 4- 9 y 

17. a I- I h - c, I a + j^h - c 

18 . ix ~ k y + + S- 1 / ~ 

19. r 4" « 4- •!■, -i- r — .s — cId-, r — j - « — 

20. I M 4- i z' — i. i w ~ A + f, i “ 4- i’ 4* i 


I 



14 REVIEW OF FUNDAMENTAL OPERATIONS 


10. Subtraction. In subtracting 5 from 8, we really find 
what number added to 5 makes 8. Again, in subtracting 
— 12 from + 7, we find what number added to — 12 makes 
+ 7. To find the answer quickly, we may use the rule : 

To subtract a nuinberj change its sign (mentally) and then 
follow the rules for adding numbers. Thus : 

Minuend — 22 — 22 — 10 + 10 2 a — 3 6 + 5 c 

Subtrahend — 10 + 10 — 22 22 5 a + 4 b — 3 c 

Difference — 12 -- 32 + 12 + 32 — 3 a — 7 6 + 8 c 


11 . 


ORAL EXERCISES 


1. From each of the following numbers 
- 16, 18, 25, - 15, - 10, +4, - 6 

subtract (a) — 9 (c) + 20 (e) — 12 (g) — 3 

(6) ~ 10 (d) +6 (/) - 40 (A) + k 


The diagram on page 9 may be used for further practice. 
Subtract the lower polynomial from the upper : 


2 . 

3a~76 + 4c 
4a~2b~3c 

3 . 

a — 2 6 + 3 c 
8 a — b — 2c 


4. 

3 + a - 4 

5 a^ — a + 3 

6. 

6 - 2 a + 5 

6 + 7 g + 5 


6 . 

X - y + I' z 
^ + iy+Ji 

7 . 

.2 x + . 5 z 
.Sx— y + .3 z 

i + 3 c. 

-9x^ + 2x-^:i. 
X - 2y + li z. 
a 5 b c. 
is 5 a; + 9? 
is 5 a — .71)? 

If (I + b ? 

.9 IT + .3 ? 

7 — 6x? 




8 . 

9 . 

10 . 

11 . 

fl2. 

jl 13 . 

14 . 
16 . 
16 . 


From 8 g + 3 6 subtract — 2 g — 6 + 3 c. 
Subtract 2x'^ — 5 x + 7 from 
Subtract Sx — 2y + 7 z from 
From 4g~36 + 2c subtract 
How much larger than — 2 a; + 3 
How much smaller than 2 6 + 3 c 
How much smaller is } a — b than 
How much larger is .5x — .8 than 
3x^ — 2x is^ow much larger than 
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MULTIPLICATION OF MONOMIALS 


12. Multiplication of Monomials. The defiiii(;ion of an 
exponent states that 


a"‘ = a • a • a ■ a ■ {a written m times) 

= a • a • a ••• (a written n times). 

Hence a™ • = a ■ a ■ a (a written m -|- n times) 

or 

The expomnt of the product of two powers is the sum of the 
exponents of the two powers. 


Examples = a2+» = a« 

x^ ■ x‘^ = = x’’ 

If several numbers are multiplied, the product is the same 
regardless of the order of the factors. Thus : 

• 4 • 5 = 3 • 5 • 4 = r> • 4 ■ 3 = 5 ■ 3 ■ 4, etc. 

Hence 5 • 7 = 6 • 7 • ed ■ = 35 

and - 4 a‘dd ■ab‘‘ = - 4 ■ • a ■ h* • 6^ =’- 4 aW. 


13. 


ORAL EXERCISES 


State the products of the following : 


1. 

od^ 

■ x^ 

7. 

cf- 

. , 

. (A 

2. 

yS 

■ y^' 

8. 


. ,.2 , 

. ^4 

3. 

¥ 

■ ¥ 

9. 

^3 . 

. y.3. 


4, 



10. 


, ,.4 . 

^.4 

3. 

a • 

o'- 

11. 

• 

. ^><1 , 


6. 

¥ 

■h 

12. 

y!. 

• 2/' 

* 


13. x” ■ x" 

14. 

16. p' ■ yH 3 

16. a* • a" ■' 

17. 

18. r* • r-i' 


,19. _ e a;" • 3 aiU 

;i20. 6 y’ ■ 2 '//'■' 

:21. — 5 r® • — 3 r* 
;'22. 7 a • "f" 3 a 

'^23. (-8a:)(-5) 

>4. (- 4a5>‘)(- 5a0 
26. (5ab‘c)(- Sac) 
,28. 3r‘s — 6rs 


27.1 2 • - Sxh/-yz 

28. 3 • - 4 ■ - 5 a* 

29. — n . — 4 y . _ ,5 21 
■30. - S(- 5x^)(4i/) 

31. -3(+a!)(-yj 
:32. -5(4x)(-3y) 

33. 6(~ x)(- y) 

34 . ~ 6(a;y)(— xy) 
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14. ORAL EXERCISES — POWERS OF MONOMIALS 

1. {a^y means a® times aK Hence {a^Y = Stated in 
words : The square of a® is 

State the squares of the following : 

2. a? 4. a:® 6. 8. a® 10. 3“ 

3. a’’ 6. 2/® 7. r* 9. H- 

State the indicated powers : 

12. (a:®)® 14. (a:®)® 16. (r“)® 18. (3‘“)® 

13. ( 2 /®)® 16. ( 2 /®)® 17. (&'°)® 19- (10^)^ 

20. The expression (3 a:)® means 3 x times 3 x, or 9 x®. 
SimUarly, (5 a^bc^y = (5 a®6c^) (5 a®6c^) = 25 a«5®c®. 

State the indicated powers : 

21. (5 a)® 26. (-3 a)® 29. (|x)® 

22. (5a5)'® 26. (-5 a®)® 30. (^X 2 /)® 

23. (6cf6)® 27. (-3 a*')® 31. (-•Jx® 2 /)® 

24. (— 5a6®)® 28. (-a*')® 32. (-|•X2/“)® 

33. (2 x)® = (2 x) (2 x) (2 x) = 8 x® 

34. (-2x)®~ 37. (^a®)® 40. (5r“)® 

36. (5a^)® 38. (--i-a^)® - 41. (.5x>')® 

36. (-5 a®)® . ,. 39. (.2 a®)® 42. (.05 s®)» 

43. a® means a ■ a • a • a. What does (2 a)® equal when 
stated in full? What does (2 a)® equal? (2 a)®? 

State the indicated powers : 

44. (3 a)® 47. (3x®)® 60. (^a^O® 

46. (-3 a)® 48. (-3x®)® 61. (-^a*)® 

46. (—3 a®)® 49. (— 2x“)® 62. (.5 6*)® 

63. State the meaning of (x”)" = x”* 

64. What powers of positive numbers are positive ? What 
powers of negative numbers ajeTpositive? What powers of 
negative numbers are negative ? 


MULTIPLl CATION OF POLYNOMIALS 17 

16. Multiplication of Polynomials by Monomials. To 
multiply a polynomial, such as 2 - 3 xy + 4 ?/, l)y any 

monomial, such as 5 a;, multiply each term of the polyno- 
mial by the monomial ; that is, multiply the first term, 2 
by 5 X ; then multiply the second term, - 3 xy, by 5 x ; then 
multiply the next term, -|- 4 by 5 x. Do this work men- 
tally, merely writing 

5 x(2 x2 - 3 a:y -f- 4 y^)= 10 x? - 15 xV -f 20 xy* 


16. ORAL EXERCISES 

State the indicated products : 


1, 

2. 

2 x(5 X* — 3 X 4) 

— 3 x(5 X* — 2 X -|- 4) 

23. 

1 

o 

I) 

3. 

3 xy(2 X* 4- 3 X -f 5) 

24. 

10 

_ 3y\ 

4. 

- 3x*(4x*-9x-4) 

uo 

W 

6 . 

6 . 

3 x*(4 X* — 5 xy — 3 y*) 

4 x*(5 x*y — 3 xy*) 

26. 

30 

V 5 

-*) 

7. 

8. 

- 5(a* - 2 a6 -f ¥) 

- 2 a(a* - 6* + c*) 

26. 

24(1“. 


9, 

x*(2 X* — 3 xy -H 4) 

27. 

4nP- 

3 x) 

10. 

5 x(x* — 3 X* — 2 x) 

8 

■ ii. 

-3y(l-2y-J-3y*) 

28. 

- 15 (£ 

-2) 

12. 

x’(l -f X -f X*) 

5 

13. 

a(a* - 3 a -f 5) 

29. 

■1(6 a - 

15 6) 

14. 

— a(a* + 4 0 — 6) 

30. 

|(12r- 

6 8) 

16. 

- r(r* -f 3 r - 5) 

31. 

1(6 X- 

15) 

16. 

3 b(¥ + ¥~b) 

32. 

■1(8 X - 

20) 

17, 

+ 

1 

I 

33. 

.5(.3 a - 

■ 1.6 6) 

18. 

a(ab — be + ac) 

34. 

- .5(1.2 

r — 2.5 s) 

19, 

— a(a + b — c) 

36. 

.04(6 X - 

- 2 y - .1 z) 

20. 

— a*(a — ab + b) 

36. 

- 1.2(.3 

a - .8 6) 

21. 

x(x -h xy •+■ 1) 

37. 

.76(.2x- 

- -ly) 

22. 

db(a — b + c) 

38. 

.2(.3x- 

■03 y) 


NYB. 2n 0. AtG.— 2 
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17. Multiplication of Polynomials. To luiiltiply two (|uan« 
titles, such as 2 a- — 5 ab — b‘^ by 4 a — 3 &, we imiltiply 
polynomial first by 4 a and then by — 3 b and combine the 
partial products. The written work is arranged thus : 

2a2~ 5ab - 
4a — 3b 

Multiply by 4a: 8a^ —20 a% — 4 ab'^ !«(; Pai’O'jiI Product. 

Multiply by — 3. 6 : — ^^b + 15 ab^ 4- 3 2(1 ial l^roduct 

8 — 20 a-i) -{- 1 1. ah- -f- 3 ir' C()m|)I(d,t^ IVodiUit 

The term — 6 a^b in the second partial prodiuit is written 
below the term — 20 a^h in the first partial prrxluct I)(icnn.s<s 
these two terms are ahke and can be added. In sonu! 
exercises only some of the terms are alike, and many column.s 
will be needed to show the partial products. Thus : 

2x - y+ 4^ 

3 a; — 5 2 

— Zzy + 12 xz 

- 10 a;2 + 5 yz - 20 

— Zxy + 2 xz ■+ 5 yz — 20 2 “ 

To check the result of any multiplication, substitute 
numerical values for the literal numbers. The value of the 
product should be the product of the values of the two factors. 

In the example below, the values a:,= 2, y = 3 are used: 

‘ x^+ xy- 2 y‘‘ = 44.6_18,«,_g 

- y = 8-3 = 5 

^x^ + ^kx^y -Zxy^ ~4o 

— x^y — xy^ + 2 

4 3? + 3 x^y ~9xy^ + 2 y* = 32 + 36 - 162 + 54 = - 40 

Any convenient numbers may be used for chockinfi;; tint 
if the same number is used for both letters or if the number I 
is used, we are not so certain of discovering an error. 
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18. EXERCISES 

Find the indicated products : 

1. (3 a; — 2)(x‘'* — 4 a; + 5) 6. (2 a; + l)(r'’ — + 4) 

2. (2?/ + 5)(;y-^--3?/+l) 7. {3y--2)(2'if--Qy+l) 

3. (4 a ~ ^(a? -2a + 5) 8. (4& -- 1)(46'^ -- 36'-^ + 2) 

4. (5 r -- 1)(5 r' + r - 3) 9. (6 + 4) (6 ¥ - 2¥ + 3) 

6. (2 + 3) (2 - 3 ,^ + 1) 10. (3 r2 -- 1) (H -- + 1) 

11. (3 X — 2) (4 — 5 + 6 x) Here 4 — 5 + 6 x 

.sliould fuvst 1)0 written as 4 X" + 6 x — 5. This reiirriinge- 
niciit is not al)S(:)ln<icly nectessary, l)ut it will prevent many 
errors. What idea is used in arranging the terms? 

12. (5 X — 2 iiy)(3 X- + — 4 xy) 

13. (a-3b)(9¥ + a^ + :iah) 

14. (a — 2 6 + 3 6*)(a" + 2 ab + ac — 6 be) 

16. (a + X + y)((i — X — ?/) + (a — x + y)(a + x — y) 

16. 2 ^ + 5 — Here we might l)e 

tempted to avoid fr{ie.tions l)y multiplying the first quantity 
l)y 12 and the'Se(*.ond by 6 and then multiplying the results; 
l)ut tliis would make tlie |)rodu(;t 12 X 6, or 72, times larger 
than it should be. lOither tlie qinintities sliould bo multi- 
plied as tli(\y are, or, if muh.ipli(n‘s like 12 and 6 are used, 
the fund result should be divided by the prodiud; 12 X b. 

If the Siime multii)li(n’, 12, is used for l)(:)th (|uantitieB, by 


what should tlie 

result be divided? 

17. 

1 

4- 

f 

1 

18. 


19. 

+ (2 

/fji2 \ / tif 1 \ 

20. 
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19. Division of Monomials. Since, by the definitions, 

a”' = a • a • a ■■■ {a written m times) 

and a” = a • a ■ a ■■■ (a written n times), 

we see that ^ = o • a • a • • • (a written m - n times), 

a" 

oj. a’^ -i- a" = 

The exponent of the quotient of two powers of a number is 
the difference of the exponents of the two powers. Thus : 

a® 4 - = aS-2 = x'^ 4- r* = a;’’*-® = x*; 

and a‘’~‘ 4- o’- = = «'■“*' 

To divide a monomial, such as 30 by iinother, siuih as 
- 5 xy\ first divide 30 by - 5, then a:® by x, and then 
by Thus : 

30 a:®y® -i-- 5 xy^ = ^ a;®-'?/®-'-* = - 6 x'Y 


20. ORAL EXERCISES 


State the quotients : 


1. xV -7- x^y 

6. 4.5 4- 1.5 b 

2. 18 9 

7. 4.5 r* 4- .15 r 

3. 15 a¥ -r- ab 

8. 4.5ffl'' 4- .0]5a= 

4. — 24 2/^ 2/^ 

9. .45y®4-.15|/ 

5. Sx^y — 2 

10. .45 s’’ 4- .015 fi 

Literal Exponent 

11. a;^“ 4- a:® Ans. 

or X" 

12. a;®“ 4- a:® 

18. (fh’ 4- ah 

13. a^® 4- a;** 

19. xY 4- xY 

14 ~ 

20. fi* 4- fi®- > 

16. 

21, 

16. 

22. e”* 4- 

17, 

23. 4- 
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21 . Division of Polynomials by Monomials. To divide 

6 - 8 xY + 4 xy^ by 2 xy, divide each term of the divi- 

dend by the divisor, obtaining Zx^ - 4k xy -{-2 if. 

An expression like (9 a;« - 3 - 6 -r- , 3 a :2 means that 

each term in the parenthesis is to be divided by 3 x^. The 
parentheses are put around the dividend to indicate that all 
the terms in the parenthesis are to be divided. If the 
parentheses are omitted, as in 6 a:^ - 8 a: 2 a:, then only the 
term just to the left of the division sign is divided, and 
the result in this case is 6 a:^ — 4. 

22. ORAL EXERCISES 

The pupil will acquire a useful habit if he will read the work in 
ex. 1 , for example, as 

20 a - 15 b = .'5(4 a - 3 b) ; 

that is, “20 a - 1,5 b equals 6 times the quantity 4 a -3 b." 


Find the quotients : 


1. 

(20 a 

- 15 6) 5 

6. 

(24 2/' 

+ 

12 2/') 4 

- 62 /' 

2. 

(6 2/“ ■ 

- 4 ?/) -f- 2 2/ 

7. 

(20 6' 


15 6)4- 

56 

3. 

(15 r" 

— 10 r)-7- 5r 

8 . 

(16 a:' 

+ 

8a:')-5- 

— 4 a:' 

4. 

(18 a" 

+ 15 0 ")^ 3 a 

9. 

(12 a:' 

— 

36 a:') 4 

--■4 a:' 

6. 

(15 a" 

+ 21 o') 4- 3 a' 

10. 

(18 X* 

— 

27 a:) 4- 

— 9 a: 


11 . (12 T‘ + 4x‘^-i-4x)-i-4x Notice here that the 
quotient is 3 a;^ -f a; -f 1. We cannot omit the last term, 
+ 1, as we do when writing just x for 1 x. 

12. (20 2 /» -f- 5 y‘^ - 5 y)^ 5 y 

13. (.30 a;^ - 24a:''' -f 12 a:''^ - 6 a: -+- 6)-5- 6 

14. (30 a" - 36 a* - 15 a“ - 3 a^)-4- 3 

16. (24 - 40 + Z2y^ - 4y)~ 4y 

16. (6 + 8 - 18 aft" - 12 aV) ^ 2 ab 

17. (- 36 r" - 27 + 18 - 45 r)-r - 9 r 

18. (10 x*t/ + 18 xy - 16 xy + 2 xy*) ^2xy 

19. (62 - 6 -I- l)-i-- 1 21 . (- a:« + *2/ - 1 

20. (y - 2ab -W)^- \ 22. (- a6 -f 6fi - - 1 
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23. Division of Polynomials. To divide' n. iioivixuiiiul, 
such as 8 - 2 a: - 7, by 2 a: - 3, iirocood as follows ; 


1. Divide the first term of tlic divi- 
dend, 8 by the first term of the divisor, 
2x. 

2. Multiply the divisor, 2 a; - 3, by 

4 X, getting 8 - 12 x. 

3. Subtract the product from the 
terms above it, getting + 10 x. 

4. Bring down the next term of (lie 
dividend, - 7, and then start again wiPi 
steps 1, 2, 3. The next term of the (pio- ' 
tient is + 5 because 10 a; -r 2 a: = 4- 3. 

The finished work is shown at t;he 
right. 

tt 8 X^ 2 x — 7 . I r I 

Hence — r — = 4 rc + 5 + — 

2 a; “ 3 2 a: -* 


•1 .r 

2x - 2.r '7 

2 X .'iJS ,/•" 2 .r 7 

K.r’ 12 .r 

■1 .r 

2x--n\Hx' 7 

S.r' ■■■ I2.r 
f 10 .r 

I.r ■pr, 

2.r“"3)S/'’ ' 2 .r - 7 

S.r^ I2.T 

■fI0.r 7 

I0.r ir» 

H 


3 


It is a good habit to write the remilt of the work io t lit' tiluivt* 
form and not merely to do tluMlividing, uLsti iluit 

* 8 

here you cannot write 4 a? + 5 , hut lount iiLStoi. n nign 

between the quotient and the fraction. 

To check the work, multiply the (|uotiont liy tht* tlivinor 
and then add the remainder. The rc'HuIt Hhould ho ihf* 
dividend. Or you may check as follows : 


Substitute tc = 


8 ~ 2 a; - 7 

2 a; '-^3" 
- 7 

8 - if"' ' ' 

1.|Jl 

22 | 


4x +5 + „ 

2 X 3 

10 + 0 + 

H '*’'■* d 

21 + 5 
22i! 


In checking, you may not substitute a number that. makeH 
a denominator equal zero. In the above work you I'ouhl tad 
use X = 1|. The reason for this is given on page 10. 


24 . 

Divide : 
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EXERCISES 


1. 12 + 7 X - 4 by 4 x + 5 

2. 15 — 11 X — 6 by 3 X — 1 

3. 4 X- — 4 ax — 15 by 2 x — 5 a 

4. 10 X -- 8 + x'^ — 5 X“ by x 2 Before dividing 
rearrange the terms in the di vidend : x'^ — 5 x- + 10 x — 8. 

6. 6 X** + 13 X - 12 - 11 x“^ by 3 x - 4 

6. 12 ‘if “■ 9 ?/ + 4 ^“ + 4 by 3 y + 1 

7. 15 x'* — 13 xhj + 11 x'if — 0 by 3 x *- 2 y 

8. 4 a« -- 7 +6 + 7 d)^ - 3 ¥ by 4 a - 3 h 

9. X'* — 21 X + 20 by x — 4 Sirujo the dividend 

does not contain an X“ term, write it as x'^ + 0 x- — 21 x + 20, 
or leave a blank space for the terms in x*\ This is not 
al)solutoly essential, l)iit is very convenient, as will be seen 
wlien the division is performed. 

10. 4 X’"^ + X — 12 l)y 2 X — 3 

11. 3 X'* + 8 X- — 8 liy X + 2 

12. x'* + 2 X- — 11 X — 10 by x^ — 2 X — 3 


13 . 3 x'^ — 4 oohj + 7 xif — 2 by x‘-^ — xy + 2 y^ 

In ex. 14 to 17 find only the first four terms of the quo- 
tients : 

14 , (f — ¥ by a — h 16 . d — V by a — h 

16 . (f + ¥ by a + h 17 . d + ¥ by a + h 


18 . 


H - 


a 


12 + i '’y t+i 


Here we rm^iy 


avoid fractions lyy first multiplying l)otli dividend and divisor 
by 12. Why does this not change tlie' quotient ? 
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25. Parentheses. Whenever a collection of terms is l,o Ixi 
treated as a single quantity, we place parentheses, ( ), around 
that quantity. Thus, on page 17 we used parentlies(!.s to 
show that all the terms of 2x^-3 xy + 4?/‘> were to lx* 
multiplied by 5 x, and on page 21 we used par(ui(,he.s('.s to 
group all the terms of the dividend, 9 — 3 a;'’ — (> x’. 

Similarly, if we wish to subtract 2 x - 3 from 5 x + •! W(' 
place parentheses around the subtrahend, 2 x — 3, and write : 
5x + i-i2x-3). We may then subtract in either of 
two ways: 

1. We may change the sign of the subtrahend and then add ; 

5x + 4 — (2x — 3)= 5x + 4 +(~ 2x + 3) 

= 5x4-4-2x4-3. 

2. We may multiply the subtrahend by - 1 and then add : 

5x + 4— (2x — 3)=5x + 4 — 2x + 3 

The first method seems more natural, but the second 
method enables us to work more rapidly. 

Examples 

1. 5(2a - 36)= 5 •2a - 5 -36 = 10(1 - 155 

2. - 6(x2 - 3x + 2) = - 6x2 + 18x - 12 

3. 4(6x + 5)- 7 = 24x + 20 - 7 = 24x + 13 

Notice in ex. 3 that the term — 7 is not inside the paronthwiH iitid 
hence is not multiplied by 4. 

4. 3 + 4(2x-5)=3 + 8x-20 = 8x- 17 

Here we do not add 3 to +4, but add 3 to the result of multiplying 
2 s - 5 by 4. 

6. 8 - 3(2x- 1)= 8 - 6x + 3 =- 6x -H 11 

Here also we do not add 8 to - 3, but add 8 to the r(»ult of multi- 
plying 2 * — 1 by — 3. 

6. 4(3x - 5)- 3(2x-f 1)= 12x - 20 - 6x ~ 3 

= 6 X — 23 

In this case we multiply the first quantity, 3 x — 6, by 4 and multiply 
the second quantity, 2 x -f 1, by — 3. We then adcl the similar terms. 
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26. 


EXERCISES 


Simplify the following expressions as much as possible : 


1 . 3(2 * 4 “ 4 ) 

2. 4(5 x - 1)- 2 

3. - 4(a- - 3)+ 2 

4. 6(- 2a; + 5)- 3 

6. 8(5 - 4 a:)- 7 

6. 5(2 + a) — 4 a 

7. 3 + 4(5 a; - 7) 

8. 8 - 6(2 a: + 3) 

9. 5 a: — 4(a: + 1) 

10. 8 - 3(2 a; + 4) 

11. 7 — 4(— a; “f- 2) 

12. 3 a; - 5(a; + 4) 

13. 2 - 5 a - (3 a - 7) 

14. 4 - 36 -(2 - 3 5) 

16. 2 + 4j/ -(6 - 4 2/) 
16. 7 - 3 6 -(4 6 - 6) 


17. 10 -(2 a -i- 3)+ 5 

18. 3 6 — (a "1“ 6) "j~ 6 

19. 2x — y —{x — y) 

20. 4 r — (r + s — t) 

21. a: — (2/ + z) — z 

22. X —(y ~ z)- y 

23. a -(2a - 56)+ 6 

24. a— (a + 6 — c) 

26. 5(3a; - 2)+4(3a: + 1) 

26. 4(5 X — y)— d{x + 2 y) 

27. 3(4 a + l)+2(5a-3) 

28 . -4(r + l)-3(5-3r) 

29. 2(5 3 ?/) — 6(2/ + 4) 

30. 6(3 + 5 6)- 3(6 - 4 6) 


31. 7(1 - «)+ 2(4 - 2 s) 

32. 3(a;-^ y)— 2(x + y) 

33. 5(2 a - 3 6 - 4 c)+ 3(5 a + 3 6 - 2 c) 

34. 6(1 a — 6 + ^ c) + 12(|- a + | 6 — c) 

36. 30(1 x-}y- ./«. z) - 24(i a: - * y + | z) 

36. 20(1- a: — y + -} z)+ 16(g- a; — f y + -]■ z) 


87. Does a — 6 + c equal a — (6 + c) or a —(6 — c)? 
It is sometimes necessary (see page 46) to place certain terms 
of a (luantity in a parenthesis preceded by a minus sign. 
What signs are changed when this is done ? 

In ex. 38 to 43 insert the last three terms of each (juautity 
in a parenthesis preceded by a minus sign : 


38 . 0 “ — x^ + 2 xy — y‘^ 

39. — x^ — 2 xy — y‘‘ 

40. a“ - 1 ■~2x - 


41. a“ - 9 + 6 a; - x‘‘ 

42. 9 a* - + 2 r« - 

48. a:“ — y^ — 2 yz — 2 ® 



CHAPTER II 


LINEAR EQUATIONS. PROBLEMS. FORMULAS 

27. Equations and Identities. In previous work we htivo 
used the equal sign = in two ways : 

1. To connect algebraic expressions whic^h are (Hpial for 
some particular value or values .of the letters. I bus, wo 
write 3 a; = a; + 8, which is true only if a; = 4 ; and we writes 
2/ = a; + 6, which is true only if one of the numbers, ?/, is (I 
larger than the other number x, 

2. To connect two algebraic expressions whicih arc c(iu«il 
for every value of the unknown letters. Thus, we write; ; 

^{x + y){x - y) 

and — 5 a; + 6 = (a; — 3)(a; — 2) 

These equations are true regardless of the values of x and y* 

In future work we shall aim to be more exact in our 
language and hence we shall say that ; 

1. An equation that is true only for certain values of tin’s 
letters in it is called a conditional equation or, bricjfly, an 
equation. 

The particular numbers for which an equation is true are 
called roots of the equation, and are said to satisfy the; 
equation. 

2. An equation that is true for all values of the letters in 
it is called an identity. 

We also call an equation like 5(9 - 2)« 45 - 10 mi 
identity because the two members will contain exactly the 
same terms if the indicated operations are performed. 

26 
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28. Axioms Used in Solving an Equation. To find tlfe 
roots of an equation, we use the following axioms : 

1. The same number may be added to both members of an 
equation. 

2. The same number may be subtracted from both mem- 
bers of an equation. 

T Doth members of an equation may be multiplied by the 
same number. 

4. Both members of an equation may be divided by the 
same number except zero. (See page 10.) 

dlie first axiom may also be stated as a rule : 

If any numl)er is added to one member of an equation, the 
same number must also be added to the other member. 

Restate the other axioms in the same way. 

In actual work we do not consciously use the first two 
axioms as stated above, but abbreviate them by a process 
called tmmpomMon . 

If wo add 2 x to l)oth members of 5 a; == 35 — 2 a:, the 
work appears thus : 

Before adding : 5 a; = 35 — 2 x 

After adding : 2 a; + 5 rr = 35 

The term — 2 x has disappeared from the right member 
and the term + 2x lias appeared in the left meml)er. 

If we subtract 6, or add — 6, to both members of the 
(MiuaXion 3 -- 6 = 9, the work appears thus : 

Before adding : 3 a; -• 6 = 9 

After adding : Sx =9 + 6 

The term — 6 has disappeared from the left member and 
the term + 6 has appeared in the right meml)er, 

Petnciple. Any term may he omitted from one m^ernher of 
an equation provided the opposite term (the term with its sign 
changed from + to — or from to +) is added to (or written 
in) the other member. 
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EXAMPLES OF THE SOLUTIONS OF EQUATIONS 

Example 1. Solve 5 a: —(2 a: — 9) = 35 — 4(3; + 3). 

Perforin the operations indicated by the p!U-ciithe.ses : 

5a:-2a: + 9 = 35-4a: - 12 

Transpose : 5a: — 2a:-|-4a:=— 9 + 3.> 12 

Simplify : 7 a: = 14 

Divide by the coefficient of a: : x = 2 

Check the solution : 5 a: — (2 a: — 9) = 35 — 4 (a: + 3) 

10 -(4 - 9) = 35 - 4(2 + 3) 

10 -(- 5)= 35 - 4(5) 

, 15 = 15 

n O oi a: + 9 ._a:H-l_5a:-19 

Example 2. Solve — - — • — 4 = — ^ — 

First change this equation into a new one in which there tire no 
fractions by multiplying each term by 30, the L. C. M. of tht^ denomi- 
nators. It is advisable to write the multiplier in front of each term 
and to place parentheses around the binomial numerate rn. 

30 - 30 • 4 = 30 _ 30 r J^} 

5 6 10 

Divide the multiplier, 30, by each denominator. 

6(x + 9)- 120 = 6(x + 1)- 3(5 a; - 19) 

Solve this equation as in example 1. 16 « 128, or «* 8. 

Check the work by substituting a; = 8 in the given equation : 
a;+9 . rc + l_5a; — 19 

5 ” 6 10 

17 

5 6 10 

102 _ 120 ^ 45 _ 63 
30 30 30 30 

1§ 

30 30 

Notice in the check that you did not try to get rid of the fraetiaiM 
(for then any error in the solution might be repeated in the csliaek) Init 
you changed all fractions to the same denominator. Also notice that 
you substituted a: = 8 in the given equation, not in some other form 
of it. 
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29. 

EXERCISES 



Solve and check the following equations. 

Do ex. 1 to 

orally. 




1. 3 + a: = 0 

6. 3 y = 2 

11. 

— a — 2 

2. 3 + a: = 1 

7. 5 2 / = 6 

12. 

2a =- 5 

3. 4 - a: = 0 

8. 4 = 3 ?/ , 

13. 

- a = - 7 

4. 5 — a; = 1 

9. 6 = 72/ 

14. 

1 = - a 

6. 0 = 5 - a; 

p 

Or 

11 

0 

r,; 16. 

— 9 a = 2 


16. 8(x - ,5)= ■5(x ^ 2) 

17. 5(2/ - 6)+ 7?y = 6 

18. 4 r = 1 - 2(r - 1) 

19. 3(s - 4)= 2,<f - 14 

20. 3t- 4(t + 1)= 2 

21. 9 + 4(3 2/ - 7)= 29 


26. 8 = 3?/ + 2(2/ — 1) 

27. 9 = 5 r - 3(-r + 1) 

28. 4 5 - 3 - (2 5 - 1) = 7 

29. ^ Tit ~ 2 = ?/?“(2w-+l) 

30. 3 -(4n - 5)= 6n- 2 

31. 5 i - 7 = 1 - (8 + /) 


22. 14 - 9 a = 4(4 - 3 o) 32. - 6y = 1 -(3 + 4 y) 

23. — b + 3(6 + 6) =21 33. 8 — (r + 7) = r + 7 

24. 3 2/ = 18 - 2(2/ - 1) 34. 6 « - (2 - a) = 12 

26. 2 2 = 5 + 3(4 2 + 7) 36. 5 6 - (9 - 2 6) = - 9 

^ 18 _|_ 2 ^ 4i_40 _ a: + 10 \ 

y- 5 , 2/ - 7 _ 2/ - 11 


36. 


87. 


^^ + L 

6^3 


,»»•; -2 3 - - - 5 


1 + Z 

'“4 


89. 4- 7, ~.® = ® ® 4- 

2 ^3 4 ■ ^ T 

(40 j + 7 = . 

6 5 2 

41 . -3(^ ~ *1) + 0 = ^ V ~ 12 _ 2(v + 3) ' 

4 g 3 — - I 

use Lib B’lore 

512 N 2 e l o 

loB 


13793 
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Solve and check the following equations : 


^2 2(a: - 18) , , a: 

60. -6^ + 7- 

3 f 2 T) 

3^7 

3 

2 2 

43. 

61. 

39 _ 5 - 4 .S' 

5 15 ^ 

5 

30 6 

14. ,-33 + 4_1 

62. 

3 r - 2 __ 7 

6 2 

6 

10 J.5 

; 46. 23 + 32/^^^5 

0 6 

6^ 6m-5_ 
63. 

4 — 3 V, _ I 
" ■ 4 

/4.e Jt — ^ ^ ^ ^ 

61 7-6/;_ 

1 - 3 V . 5 

; 5 3 


10 2 

1 — 2 a , 4 a 4 

4 s + 1 

2,s'+l 3 

3 +5 15 

66 . — 

5 5 

48 5 - 46 _ 1 6 

66 . 

3 (a: - 1) 5 

4 4 3 

3 

4 ■“;} 

: 49 3c + 4 5_3c 

67 

4 ;y + 6 _ . 

! ■ 5 8 10 

4 

- 9 ^ 

68 . 10(^/-3)_2/ = 

6-6(-Ji-4) 


69. 12(J + Jr)- 18(t 

- Jr) = 15 (Jr + 

!r) 

60.8(|s-J)+10(f- 

-Js)=2-16(|- 

-is) 

61. J(12a:- 10)= J(9 

X - 12) 


62. J(20 2/- 12)= J(15 2/- 10) 


63. 1(3 a + 6)- 1(4 a - 

- 8) = 30 - 5 a 



t 64. |(& + 2)-|(18-&)=ll- |(6-4) 

66. \{m + 2)— ^{m + 5)+ + 4) = 16 

: 66. 14 +- 5(2 y + .4) = 12(2/ + -5) - 10(.2 -- y) 

67. 10(2 r - 1.6)- 15(r - .3)= .25 -(r + 1,75) 

\ 68. 2s— (.3 ,s -f .2) = 6(.4 s — .7) — (s — 4.6) 

, 69. 2(6 - .It)- (.3 i! + .4) = 3 « - 5(.56 - .5 1) 

I 70. .35 a: - 3.427 = 9.862 -(.654 - .315 a:) 

71. y - .643 -(9.12 - .23 2 /)= .48 y - .763 
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72. Solve the equation 2 a; + = 4(a — 2)+ 18 for 

lifter piittiiig a = 5. 

73. If ,s* = vl + .} gpj find the value of 6 * when = 9^ t == 6, 

and g = 32.2. ' , ' 

74. In tlie equation 2 ax - — 2b'^ + 5 put a ==; 6, 

h = f)j r; = — 2 and then solve for x. 

76. In the equation - 2hx — ah — cx put a = 5, 
— 3 ^ c — 4 Uien solve the equation for x. 

7,6. In tlie equation dIj{W — P) = Wh substitute L = 4J-, 
F — 6, A “ 4, d ~ and then solve for IF. 

77. In the eqinition n{tT — C)- (7 put T = 56,000, n = 
t = 3 and tlien solve for C. 


Substitute the given numbers in the following equations 
and then find the value of the unknown number : 


78. 

F = ..-H- 
r + 1 

o 

CO 

11 

irT 

II 

79. 

B = C(Ii + n) 

C =8, E = 112, B = 12 

80. 

w «- /> 2 R 

It - r 

P = 140, 72 = 12, r = 4 

81, 

d = ;l±. 2 

V 

n = 16, '/> = 1.5 

82. 

-S = |(a + Z) 

n = 26, 0 = 1, Z = 101 \ \ l 

83. 

1 = a -\-(n — l)d 

a = 10, fZ = 5, n = 60 , , 

84. 

T = 2vr{r + h) 

/i = 8, ?■ = 2.5, TT = 3.14 

86. 

T = Tr(r + Z) 

r = 1.5, Z = 14.5, T = 3.14 

86. 

Tf r = PR 

r = 3, 72 = 15, W - 200 

87. 

s = + 4- 

s = 744, O' = 32, Z = 3 

88. 

o 2 = ^2 -)- {,2 _ 2 ap 

c = 25, a = 20, Z> = 10 

89. 

A = 7^(1 + ri) 

1 = 600,P = 400,2 = 10 

90. 

A = P(1 + r)2 

A = 441, r = .05 
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30. Preliminary Steps in Solving Problems. Wlien 
solving a problem we first determine what the unknown num- 
bers or quantities are, then decide which one to represent by x 
or some other letter, and by what to represent the others. 

The unknown numbers may be compared in various ways, 
such as by stating how much larger or smaller one is than 
another, or how many times larger one is, or by stating the 
sum of the two numbers. 

31. ORAL EXERCISES 

1. If n represents an unknown number, state : 

(a) the number that is 3 times as large as n 

(b) the number that is 5 larger than n 

(c) the number that is 6 smaller than n 

(d) the number such that the sum of it and n is 15 

(e) the number that is half as large as n 

(f) the number that exceeds n by 12 

(g) the number that exceeds twice n by 5 

2. If a man is y years old to-day, what was his age 5 yr. 
^ago? What wiU be his age 3 yr. hence? ; 

3 . A boy has d dimes and 3 more nickels than dimes. 
How many nickels has he ? What is the value of the nickels 
in cents? What is their value expressed in dollars? 

4 . One man is traveling r miles an hour ; another man goes 
4 mi. an hour faster. How many miles will the second man 
go in 5 hr. ? in h hours ? in m minutes ? 

6. One man travels m miles ; another man goes 60 mi. 
farther. How far does the second man travel ? If the latter 
is going at the rate of 30 mi. an hour, how many hours will 
he need to make the journey? 

6. One man travels m miles; another man goes 60 mi. 
farther. If the second man needs 8 hr. for the trip, what is 
his rate in miles an hour? 
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32. Suggestions for Solving Problems. The pupil should 
dudj/ I Ilk miion mrw, and also refer to it whenever he has 
(lifficuliy with problems like those on pages 35 to 37. 

1. Ikrcerhtageii. A man sold his house for .15950, losing 
15% of the cost. What was the cost of the house? 

Let the cost = x dollars. Then x — 15% of x = 5950. 
15% may be written either as or as a decimal, .15. 

2. Consecutive Integers, Whole numbers that differ by 1, 
like 9, 10, 11 or — 8, — 7, — 6, are consecutive integers. If 
we i-(^pr(vs(mi; the first integer by x, how shall we represent 
tlie others ? 

(Consecutive even integers, like 2, 4, 6 or — S, — t), — 4, 
differ by 2 ; that is, each integer is 2 larger than the preceding 
one. Consecutive odd integers, like 3, 5, 7 or -- 3, — 1, + 1, 
also differ by 2. In either case, if n is the first integer, how 
shall we write those which follow it ? 

By trying both even and odd integers for n, find out what 
kinds of integers are represented by the exprc^ssions : 

(а) n — 1, ri, n + 1 (c) 2 n — 1,2 /i, 2 n + 1 

(б) n 2j n, n + 2 (^i) 2 n — 2, 2 n, 2 n + 2 

3 . Rates, A and B start from the same town and move in 
opposite directions, A going 25 mi. an hour and B going 
30 mi. an hour. B starts 3 hr. later than A. How many 
hours after A starts will they be 240 mi. apart? 

Lot UH say that the answer is t hours. The information in the problem 
may l)c tabulated in tlie diagraxn : 



Timm 

Itvrw 

Oihtanck 

yl, 

t 

25 

25 

B 

t - .3 

30 

3()(« - 3) 


An equation can then bo formed by using the fact that : 
A^s dietancjo + B’s distance « their distance apart. 
NTB. 2l> 0. ALG.— 3 . 
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4 . Rate of Working. A can do certain work in 18 days and 
B in 12 days. After A has worked alone for 3 days, he hires 
B to help him finish. How many days does B work ? 

Let us say that B works x days. Since B does of the work eadi 
day, his part of the work is A. A works (x + 3) days, doing ol tlu* jol> 

each day. His part of the total work is ~t-?. 

An equation can then be formed by using the fact that 

f Total part of work 1 _» f Total part ofjwork | _ j Latin* | 

I done by A J 1 done by H J I work J 

6 . Mixtures and Alloys. How many ounces of metal iJiai 
is 75% gold should be mixed with some metal that is 40% gold 
to make 70 oz. of 55% gold? 

The following picture of the information is useful : 

, (70 — x) ounces 

40% gold 

Hence + i^fe(70 — x) - i% (70) Ixicmise 

Amount of gold 1 , f Amount of gold ] _ f AiaouiU. of gold J 
in first metal J | in second metal J 1 in final alloy J 

6 . Levers. When several 
weights are balanced on a lever, 
the product of any weight by its 
distance from the fulcrum is 
called the leverage of the weight. If the weights x ^ 2, and 
x + 3, for example, are at the distances 6, 4, and 6 resfXK*- 
tively from F, then the leverages are 5 x, 4(x — 2), and 
6(x + 3). 

It is proved in physics that the lever will balance if 
the sum of the leverages at the left of the fulcrum 
= the sum of the leverages at the right of the fulcrum. 

In this example, 5 a; + 4 (a; - 2 ) « 6 (^ 2 ; + 3 ). 




70 oiinccw 
55% gold 
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33 . PROBLEMS 

1. When wheat is ground into flour, 18% of the weight is 
lost. What was the original weight of some wheat that 
weighed 24()0 11). after grinding? 

2. A man sold his automobile for $1260, which was 40% 
less tlian the car c.ost. What was the cost of the car? 

3. A man wishes to invest $9000, part at 7% and the 
remainder at 4%,, so as to jwerage 6% on his money. How 
much should he invest at each rate? 

HiTuoraTioN. I 1 Hf- [ ‘f I = I I 

[ inveHtinent’ J [ investment J [ total fun(l J 

4 . 3 ^. man wishes to invest $10,000, part at 5% and the 
rernitmder at 7^%), so as to have an income of $700. How 
miKih should he invest at each rate? 

How can $12,000 be divided in two parts, one part 
invested at 5^% and the remainder at 7%, so as to get an 
average income of 6%? 

Problems About Integers 

6. Find three cjonsecutive integers whose sum is 72. 

7. Find three consecjutive even integers whose sum is 72. 

8. Are there three (^onscHuiliivi^ odd integers whose sum is 

72? ^ 

9. Write any three consecutive i ntegers and find their sum. 
Repeat the work, using x to represent the first integer. Is 
the sum exacitly divisilile by JF? 

How would you prove a statement like : The sum of a,ny 
three (ionsecutive integers is divisible by 3? 

10 . Find the sum of any four consec<utive integers and then 
prove the statement : The sum of any four c.onsecutive in- 
tegers is always 6 more than A times the smallest integer. 

11. I)is(‘.over a statement like the one in ex. 10 for the 
sum of fiv(^ consecutive integers ; of five consecutive even 
integers ; of five consecutive odd integers. 
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Problems About Rates 

12. A freight train leaves New York for Chicago at a rat;e 
of 28 mi. an hour. Six hours later an express train loaves 
New York, going 48 mi. an hour. In how many hours will 
the express train overtake the freight train? 

13. I have 5 hj. at my disposal. How far may I ride at 
9^. an hour so that I can return within the given time if I 

i. an hour? 

14. A boatman needed 6 hr. to go upstream a c.erta.in 
distance and hr. to return. If the rate of the (vurrent in 
the river is 2 mi. an hour, at what rate can the man row in 
still water? (The following suggestion may prove helpful.) 

Suggestion. If the rate at which the man can row in sfill wat.(*r m r, 
then his rate upstream' is (r - 2) and his rate downstream is (r 4- 2). 

16. Some boys needed hr. to go upstream a c,er tain dis- 
tance and 2J hr. to return. If the rate of the (uirrent in tiui 
river is | mi. an hour, find the rate the boys row in still water. 

Problems About Rate of Working 

16. One pump can fill a tank in 10 hr. and a smaller puin|) 
can do it in 12 hr. After the smaller pump has Ikhui going 
3 hr., the larger pump is also started. In how many more 
hours will the tank be filled? 

17. One newspaper press can print an edition in 56 min. 
and another in 35 min. After the first press has l)een running 
8 min. it gets out of order and the other press is starteci. 
How soon can it finish the work ? 

18. A tank can be filled in 10 hr, by one pipe and e,an l>c! 
emptied in 12 hr. by another pipe. How many hours will it 
take to fill the tank if both pipes are open? 

19. One pipe can fill a tank in 10 hr. ; another, in 6 hr. ; a 
third pipe can empty the tank in 8 hr. How long will it take 
to fill the tank if all three pipes are running? 


walk back at the rate of 
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ProhUim about Mixtures 

20. How many ounces of metal that. i.s 65% copper should 
be mixed with some metal that is 50% copper to make 75 oz. 
of metal that is 60% copper? 

21. A grocer mixes some coffee selling at 40 a pound with 
some that sells at 70^. a pound to make 120 11). worth 60/- a 
pound. How many pounds of each kind does he mix? 

22. If a bushel of oats is worth 60fS and a bushel of corn 
is worth OOjiS, how many bushels of each should a miller use to 
make a mixture of 100 bu. worth 84j!l a bushel? 

23. How many gallons of cream containing 25% butter fat 
should be added to 84 gal. of milk containing 3%, fat to 
produce milk with 4% butter fat? 

24. How much pure gold must be added to 50 oz. of gold 
that is 14 carats fine (that is, If pure) to make an alloy that 
will be 22 carats fine? 

Problems about Levers 

26. In the figure at the right, a force 
of 160 lb. must be exerted at the end of a 
crowbar 3 ft. long to pull a spike out of 
the wood. If the fulcrum is 4 in. from the 
spike, what force is exerted on the spike? 

26. How heavy a stone can a man lift by exerting a force 
of 100 lb. with a crowbar 6 ft. long if the fulcrum is 18 in. 
from the atone ? 

27. The arms of a lever need not form a 
straight line. In the figure, the length FH 
(from the hand to the point where the hammer 
rests) is the right arm of a lever, and the length 
FN is the left arm of the lever. If FFI = 10 in. 
and FN = 1| in., what force must be exerted to 
pull a nail that is held with a force of 300 lb. ? 
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34. Formulas. In previous work (HM'iain nikvs hnw horn 
written in algebraic language. Thus : 


Area of a rectangle . . . . 

. A - Iw 

Area of a triangle .... 

. A == .1 h/i 

Area of a circle 

. A. rrr'^ 

Circumference of a circle . . 

. (’ 2 rrr 


A formula is a rule of computation writ, ten in alg(*lu\ni(* 
language. 

To say that A == rr^ is a forrmihi for tlic^ anat of a vlrvh 
in terms of the radms means that we must know radius 
to find the area. The phrase m terms of (he rodios aist^ 
emphasizes the fact that the moh depcuHls on radius ; 
that is, if the radius changes then tlie arcai also clmngc's. 

Formulas are used extensively in all s(*ienc(*s and (rades. 
The workman in a shop or office must be adlc^ t.o vse huanulaH 
even though he may not understand liow thc'y ar(' found. 

Whenever you use a formula : 

1. State the formula. 

2. State the numerical values of the various l(rf4,ers, 

3. State which is the unknown numbcu*. 

4. Show the numerical work. (Do not writer t his work on 

scratch ” paper and then throw it away. ) 

Example. Find the area of a traia^zoid 9 im high wlume 
upper base is 5.8 in. and lower base 14.6 in. 

The work for this problem should be written thus: 

Formula : A = --(a + h) 

Given : h = 9, a = 5.8, h ^ 14.6 

Find A. A = |(5.8 + 14.6) 

Answer : The area is 91.8 sq. in. 


rm 

14,11 

' 20.4 

9 

183.11 

irij 
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36 . EXERCISES - FORMULAS 

ll8e TV = 3.14. Since only throe figures of r are used, only ilie first. 
fluHM) figures of file result will be accurate. 

1. The volume of a sphere is times r times the cube of 
its radius. Write this rule as a formula. Use the formula 
to fmd tlie volume if the radius is 2 in. 

2. Tlie surfa(5e area of a sphere is 4 times 
the area of tlie largest circle that can be 
(;ut from it. Write this rule as a formula. 

Find tlie surface area of a sphere whose 
radius is 3 in. Next, find the area if the 
radius is (> in., and then answer tlie ques- 
tion : If the radius is doul)Ied, is the area doubled ? 

3 . A right circular cylinder has a circle for its base. The 
volume is equal to the area of the base, multi- 
plied by the height, h. Hence V == TrrVi, Find 
the volume when r = 4 in. and h — 9 in. 

Find the volume of a cylinder 1 ft. high, the 
radius of the base being 2.8 in. 

4 . A farmer l)uilt a cylindrical silo, the base 
being a (jircle (5 ft. in radius. Find the amount 
of matcyrial in the silo when it is filled to a lieight of 8 ft. ; 
16 ft.; 24 ft. 

6. Two different silos have the same height, 

30 ft., but thc,^ base of one is 12 ft. in radius and 
t.he base of the other is 6 ft. in radius. Is one 
volume double tlie other ? Compare the volumes . 

6. If, in ex. 4, a (Xivrtivin amount of silage fills 
the silo to a deptli of 8 ft., will twice the amount 
fill the silo to a dept/li of 16 ft. ? 

Can you explain why, in ex.' 4, doubling 
douliles the volume while, in ex. 5, doubling 
will more than dquble‘''thr'VuIurEa^ 



the depth 
the radius 






r/ 
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36. 


EXERCISES 


FOIMVIULAS 


In the following exercises represent each quantil.y by some 
letter, as c, d, n, and write the formula that stiitc.s liow omj 

of the quantities depends on the other. 

1. If sugar costs 8j^ a pound, the cost, c, depends on (h(5 
number of pounds, n, which are bought. 

2. William has $20 now and saves |4 a week. How tnany 
dollars, d, will he have after n weeks? 

3. Henry has $12 now and saves $5 a week. How imndi 
money will he have after n weeks ? 

4. Use the equations found in ex. 2 and 3 to solve tlie 
problem : In how many weeks will Henry and William have 
the same amount of money ? 

6. A tank contains 300 gal. of water; 12 gal. flow out each 
minute. What is the number of gallons, g, reniiiining in tins 
tank after m minutes? 

6. A tank contains, 60 gal. of water; 18 gal. are. poure<l 
into it each minute. What is the number of gallons in the 
tank after m minutes? 

7. A steamer leaves New York with 800 tons of coal. If 
it burns 15 tons an hour, what is the number of tons, T, left, 
after h hours? 

If you have difficulty with the above exercises, us(! the? 
following method of studying : 

In ex. 7, for example, first try a few definite miinlxu’s, 
After 1 hr. the steamer has 785 tons left ; after 2 hr. it has 
770 tons, etc. Hence to find the amount remaining, multiply 
the number of hours by 15 and then subtract from BOO. 

In each problem notice which numbers are multiplied, 
added, subtracted, etc. 

8. A society charges $60 for an initiation fee and $8 a 
year for dues. Write the equation stating the total junount-, 
A, which has been paid by a member after y years. 
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9 . A man i,s 120 mi. fi’om Oeorgolown and is moving 
away from it at tlio rate of 25 mi. an hour. What is his 
distance from the town after h hours? 

10. A man is 250 mi. from Morley and is moving toward 
it at the rate of 12 mi. an hour. How far is he from the city 
after some number of hours? 

11. A man’s salary is $2500 a year and increases 1120 
annually. What is his salary after n years ? 

12. The rate on a telegram to a certain town is 32|!f for 
the first 10 words and for each additional word. What 
is the cost, c, for w words ? Assume that w is more than 10. 

Test the correctness of your equation by using it to find 
the value of c when w = 15. You should find c = 47. 

13 . If the rate for a long-distance telephone call is 65ji for ' 

the first 3 minutes and 5^ for each additional minute, what ^ 
is the cost for m minutes? ^ Cs- / c; 

Test your equation to see if c = 95 when w = 9. ' ‘ “ 

14 . A telephone company charges $2.70 a month plus $.06 
for each call over 30 calls. If n is the number of calls and 
is more than 30, what is the charge ? 

Test your equation to see whether c = 3.30 when n = 40. 

16 . The parcel post charges for a certain zone are 8ii for 
the first pound and 2jzl for each additiftnal pound. What is 
the relation between the postage and the weight? 

Test your equation to see if p == 12 when w = 3. 

16. The parcel post charges for a certain zone arc 9?S for 
the first pound and 4ff for each additional pound. What is 
the relation between the postage and the weight? 

Test your equation to see if p = 37 when w = 8. 

17 . A gas company charges its customers $1.25 a thousand 
for the first 10,000 cu. ft. of gas, and $.80 a thousand for all 
gas over 10,000 cm. ft. What is the charge for m cubic feet 
of gas, assuming that m is more than 10,000? 
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SPECIAL PRODUCTS. FACTORING 

37. Products of Binomials. {ax + b){cx + d). 'riu? 
pupil has already learned how to find the prodiuits of liino- 
mials mentally or “ by inspection ” as follows : 

Example. (2 a; - 3)(5 a: + 4) = ? 

The first term is found by 
mul^lying the first terms in 
eacli^renthesis. 

^ The middle term is found 
by multipl 5 dng the two end 
terms, multiplying the two 
nearest terms, and adding 
these results. 

The last term is found by 
multiplying the last terms in 
each parenthesis. 

Hence (2 a; - 3)(5 a; + 4) = 10 a:^ - 7 a: - 12 

38. Squares of Binomials. Since (3 x ~ fi)'- tn(«anH 
(3 X - 6)(3 X - 5), we could find the product m in tlin alan-o 
example, but we can obtain the result more (juic^kly liy 
noticing that : 

1. The first term of the product is 9 x*. It is the Hijutire 
of the first term, 3 x, of the binomial. 

2. The second or middle term is - 30 x. It is tmm the 
product of the two terms, 3 x and - 5, of the binomial. 

3. The third term of the product is + 25. It is the square 
of the last term, - 5, of the binomial. 

42 


(2 X )(5 X ) = 10 x'-* 

(2x' )( +4)= 8.i: 

( -:5(5x ) = - 15 X 

~ 7 X 

( ~ il)( + 4) =tt — 12 
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39. BXERCISBS 

tho indicated prodiiets and powers : 

1. (3 a: + 2)(4 x + 5) 9 . (ab + 3)(a6 - 5) 

2 . (3x + 2)(4x-5) 10 . (a + 3b)(a-5 6) 

3. (.3 X — 2) (4 X — 5) 11. (3 ct — 6)(a — 3 b) 

4. (3 X - 2)(4 X + 5) 12. (3 x - 1)(3 x - 2) 

6. (2 a - 1)(3 n + 2) 13. (3 x - y){3 x-2y) 

6. (2 - 1)(3 a“ + 2) 14. (3 x® - ?/)(3 - 2 y) 

7. (a + ¥)ia + 3 ¥) 16. (5-6 t)(2 + 3 «) 

8- («“ +j + 3 b) (l§) (5-6 t^)i2 + 3 f) 

17. (a“ + 3)“ ' ,22. (7 a6 — 4)* 27. (x + 

18. {a^ + 3 by (23.' (2 X + 5 yy 28. (6 r - J-)* 

19. (a6 - 3‘)“ 24. (2 rs - Sy 29. (9 x + 4)2 

20. (ab + 3 c)2 26. (2 X - yy 30. (4- a + 3)“ 

(a - 3 b^y 26. (x + 2 2/)!= 31 . (J- y - 5)^ 

32. (3 X - 2) (3 X + 2) The product is 9 x^ - 4. The 

middle term of the product has disappeared because it is 

+ 6 X — 6 X, which equals zero. 

33. (4 a + 5)(4 a - 5) 38. (3 - 5 s)(3 + 5 s) 

UJ (4 a + 5 b)(i a - 5 b) 39. (5 r + 1)(5 r - 1) 

36. (a + 2 b)(a — 2 b) 40. (5 x — y)(5 z + y) 

~ ^ 6) (a/* + 2 6) 41. (4 r — 5 .s‘®®)(4 r + 5 .s®) 

37. (ab - 2)(ab + 2) 42. (a^' + 6^’)(«“ - b^') 

43. (x“ - 3)(x“ + 8) Ans. x!*« + 5x“ - 24 
44. (?/'* + 4)(j!/" - 6) 60. (e” + 1)“ 

46. (x-’® + 2)(x''‘‘ — 5) 61. (c* — 1)2 

?46,j (0.2® + 4)(a2® — 3) 62: (e*® + 3)* 

47. (e® - 5)(e* + 2) 63. (e* + a)* 

48. (e»» + l)(c''* - 4) 64. (3 e® + 5)“ 

!49.) (e2» — 3)(e2® + 5) 66. (4 e® - 3)® 
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40. Factoring + bx + c. To factor any qiijuilil.y siicli 
as 21 + 2 a: — 8, we must find two binomials wlios(^ I)ro(lMc<. 

is this quantity. The process consists (ihiefly in Kuessinfi; 
various terms and then trying theih to see if tliey arc; (!orr(;<d.. 
Write first 

21a:2 + 2a:-8=( )( — - ) 

We are to find the four missing terras in th(^ par(‘nf,h(‘S('s. 
Very likely the first terms are 3 x and 7 x l)C(iause (.h(‘ir 
product is the first term, 21 x^. Hence we write 
21a:2 + 2x - 8 = (3a: — )(7a; — ) 

The two missing terms must be numbers whose i)roduct 
is — 8. Such numbers are — 8 and + 1, or -f 8 and ~ 1, 
or — 2 and + 4, or + 2 and — 4. Hence 

(3a:-8)(7a; + l) or 
(3a; + 8)(7a: - 1) or 
(3a:-2)(7a: + 4) or 
(3a:H-2)(7a;-4) 

or some other variation. 

We multiply the binomials shown, and thereby find out 
which combination is correct. It may happen t,hat none is 
correct because the factors of 21 x^ may be 21 x and 1 x. 

41. Factoring Trinomial Squares. When we use the 
above method to factor 9 - 30 xy + 25 y'\ we find that, 

the two factors are the same, and hence we write 
9x^ - 30x2/ + 25 2/2 =(3x - 5 2 /)* 

We should be able to recognize such cases very quickly. 
On pap 42, § 38, we saw that a trinomial is the scpare of 
some binomial if two of the terms of the trinomial are squarcH, 
and the remaining term is twice the product of the square 
roots of the terms that are squares. Thus : 

9 a* - 42 a6 + 49 6* = (3 a - 7 6)2 

+ f » + i = (x + 1)2 


21 X* + 2 X - 8 = 


and 
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42 . EXERCISES 

1. l&aniine the exercises below and state which 
(lua-ntities are squares of a binomial. 

Find, by experiment, the factors of the following : 


2. 2i. :r- + X 

3. 


6. 


0 - 

8. 


9. 

10 . 

i.' 

ill 

13. 

14. 


u 


10 =(7a: + 

8 X- + 2 a; — 15 = (4 x — 

4. 6 x“ — 19 X + 10 = (2 X — 

6. 2 x^ — 5 X + 3 = (2 X — 

12 x!‘ + 25x- 22 =(4x + 
12 2“ + 11 2 - 15 
12 r“ - 8 r - 15 

15 6 “ + 31 6 - 24 ' 

16 5 “ + 2 6 - 24 
15 5 “ - 46 5 


,.2 


9 18 ^^ 

T ' P ' +"*18 


rV — 9 rs + 18 
16. + 3 r“ - 18 

16. x“ + 10 X + 25 
.^17. x“ — JW X + 25 
T 18. 8 a + a“ + 16 

19. a“ + 8 a6 + 16 ¥ 

20. 4 c“ + 9 — 12 c 

21. x“?/“ — 16 xy + 64 

22. + 2 a“ + 1 

39. 3 x** - 14 x‘“ - 

40. e“*+10e® + 24 

41. e"* + 7 + 12 

42. + 8 fi" + 16 

43. x‘“ — 10 x“® + 25 
' 44 * y’^'’ - y’’ - 6 


)(2 ® - , ) 

)(2x+ ) 

)(3x- ) 

- ) 

)(3x- r 

23; 4 + 36 X + 81 x“ 

24. 6 — 5 j/ + i/“ 

26. 5 + 6y + if 

26. 49 — 42 X + 9 x“ 

27. w“ — 8 m + 16 

28. m“ — 10 m + 16 

29. 2 r + 1 + r“ 

30:. x“ + X + |- 

i 31. 3 s“ - 2 s - 5 

32. 3s« - 2i“ - 5 

33. 6 x^ + 5 x“ - 4 

34. 20 + 9 a6 — 20 6“ 

36. X®' — 20 X® + 100 

36. P — 4:4. 1 — 45 

37. 45 i{“ + 46 < + 1 

38. 6 - 31 1 +, 5 

Ans. (3 x*® + l)(x®® — 5) 

46. 2 a«® + 7 a®* + 6 

46. 9 + 3 5" — 2 

47. 3c“”* — 10 0"*^+ 8 - 

48. + 2 e® +1 

49. 6j^“® - 17 2/* + 12 





46 SPECIAL PRODUCTS. FACTORING 

43. The Difference of Two Squares. A quantity liku 
4 ^2 _ 9 y 2 is caUed the difference of two squares. It can l)c 
factored thus ; 4 a:^ - 9 = (2 a; + 3 2/)(2 a: - 3 ?/). 

One factor is the sum of the square roots, 2 x and 3 y ; the 
Mher factor is the difference of the square roots. 

‘ Many other quantities can be written as the difference of 
two squares, as the following illustrations show . 

1. a^ + 2 ab + 6® - =(a + - c' 

= (n -j- b H" c) (n ”1" b ■ c) 

2 . a 2 _b 2 - 2 bc-c 2 = a2-(b' + 2bc + c2) Ilmi 

the last three terms are grouped within a parenthesis. Since 
we wish to have the parenthesis preceded by a minus sign 
(in order to have the difference of two quantitio.s) wo change 
the signs of - b^, - 2 be, and - c^, and these terms appear 
inside the parenthesis as b^, + 2 be, and + c^- 

One factor is a +(b + e) ; the other is a -(h + c). 'I'o 
avoid having a parenthesis within a parenthesis, as in the 
expression (a +(b + c))(a — (b + c)), we then remove the 
inner parentheses in the usual way. Hence 

a2 _ 52 _ 2 be - e^ = -(b + cY 

= (a + b + e)(ff, — b — c) 

Z. + 1 If the second term of this quantity were 

+ 2x^, then the quantity would be the square of + 1. 
We may make it 2 x^ if we also subtract x^. 

X* + x^ + 1 = x^ + 2x^ + 1 — =(x^ + 1)® — x® 

which is the difference of two squares and can bo factored 
thus ; (x® + 1 + x)(x® + 1 — x)^ 

4 . x^ — 14 x®2/® + 25 2/^ = (x* — 10 x^jY + 25 y*) — 4 

= (x®-5 2/®)® -(2x;v)® 

= (x® — 5 2/® + 2 xy) (x® - 5 2/® ~ 2 xy) 

6. 4 + 1 Write this as : (4 a* + 4 a® + 1) — 4 «® 

= (2a®+l)®-(2a)®=(2a® + l + 2a)(2a®+ 1 --2 a) 
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44. EXERCISES 

I'^uRor the following polynomials. In some exercises it 
is iicicessary to rearrange the terms to show the two squares. 
In (!X. 1 to 5 multiply the factors which you find, in order to 


1. a:'" + G xy 9 y‘^ — 6. 4 xy — — 2 xy — y^ 

2. — (9 if + 6 2/0 + z^) 7. 0,2 _ 1 _ 2 a; — a:“ 

3. — 9 2/“ + Qyz — 8. — ¥ — 6 xy + 9 y- 

4. - 2/“ - 6 2/ - 9 9. + g ah - 16 + 16 ¥ 

6. a:* — ct=* + 4 a — 4 . 10. a’* + 2 a — + 1, 

11. a* - 2 ah + ¥ Wa;^ -2xy - y^ ) /Ws, 

12. |4 5^ + 4 ab 4;^ + 4xy — 4 : ' 

“h 4 Ts + 4 co^ ^ 


I al,± 16 62 -- Sah + 30xy - 

+ 5 -2 rs"-¥ab(^t ^ 


16. + 5 m2 4“ 9 

17. 25 - 19 ?y2 + 1 

18. 26 + y^ + 1 

19. 25 — 11 y^ + 1 

20. 25 2/^ + 9 2/2 + 1 


'21. 4 /^+ P 

22. + 4 

23. + 4 y^ 

24. 64 

26. 4 + 1 


rii yy ^tn 




Miscellaneous Exera^ses 

26. (x — 2 /)^ + 7(0? — ?/) + 12 If you cannot factor 
(liiB (|uantity, replace {x — y) by Ity and write + 7 R + 12. 
After factoring this expression, replace R by {x — y). . . 

27. 4(a — 6)® — 12 c(a — 6)+ 9 y 

28. x*^ — 2 x(r + s) — 36(r^ + 2 + s'^) 

29. — 5 ao? + 5 a^/ + 6 — 12 xy + 6 ?/ 

30. y^ + 6 ay Q by + h — 10 a6 + 5 ¥ 

i 81, + 2 ry + 2 «j/ + -j- 2 r8 + 


J4.{^ ^ 


m ^ ^ (k 
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45. Prime Factors. In factoring 36 x~ + 15 x — 6 liy (;lK^ 
usual method, some pupils may get the result shown in (1) 
below and others may get the result shown in (2) : 

(1) 36a:2 + 15a: - 6 =(9a: + 6)(4a: - 1) 

(2) 36a:2+ 15a: - 6 =(3a: + 2)(12a; - 3) 

Notice that in arithmetic, too, we may get different results 
by factoring. For example, 70 = 35 • 2 ; also 70 = 7 • 10. 
We can also write 70 = 7 • 5 • 2. These three numbers, 
7, 5, and 2, are called the prime factors of 70 because 7, 5, 
and 2 cannot be factored without using fractions. 

In order to find the prime factors of a polynomial, it is 
advisable to do the work in three steps : 

1 . Find any monomial factor. This means that you should 
look carefully at each term in the polynomial to see if the 
terms are all divisible by some monomial factor. Thus : 

36 a:2 + 15 a: - 6 = 3(12 x^ + 5x -2) 

2axi‘ + Sax - 2ia = 2 a{x^ + 4 a: - 12) 

2. After dividing by the monomial factor and writing the 
result as in step 1, examine the quotient, and factor it by any 
of the known methods, if possible. Thus : 

36 a:!* + 15 a: - 6 = 3(12 a:^ + 5 a: - 2) 

= 3(3a: + 2)(4a:- 1) 

3. Examine the factors obtained in step 2 to see if any of 
them can be factored further. 

Examples 

1. - 4 w® - 45 -4m - 45) by step 1 

= m^(m — 9)(m + 5) by step 2 

2. 2 a;® - 28 a:^ + 90 a: 

= 2 x(x* — 14 x^ + 45) by step 1 

= 2 x(x^ — 9)(x‘ — 5) by step 2 

= 2 a:(a: + 3) (a: - S)(x^ - 5) by step 3 

3. - 16 =(a^ + 4)(a2 - 4) = (a* + 4)(a + 2)(a - 2) , 
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46. EXERCISES 

Find the prime factors of the following quantities. 

For oral work the pupils may do just step 1 ; that is, state 
any monomial factor and the quotient. 


1. 

12 — 2 — 24: X 

21. 

X? — ^ X 

2, 

21 -27x'^ -30 X 

22. 

a;'** + 9 a; 

3. 

2 a% - 12 a¥ + 18 ¥ 

23. 

x^ — 9 xy'^ 

4. 

x^ — 4x 

24. 

x^y — 9 y^ 

6. 

x^ — 4x 

26. 

+ Sr -36 

6. 

2a^ — 8x 

26. 

3 — 3 — 36 r® 

7. 

2 x? — 8 xy^ 

27. 

i i 

8, 

3 ?y2 - 18 ?y + 24 

28. 

TtE^ — TTT^ 

9. 

3 a?/ — 18 ay + 24 a 

29. 

2irR — 2Tr 

10. 

a* — 4 a^b — 21 ¥ 

30. 

2 rrh + 2 7rr^ 

11. 

— 4 a¥ 

31. 

7rr^ + 7rrh 

12. 

6 - 24 a¥ 

32. 

P + Prt 

13. 

7 - 28 

33. 

63 a ~ 7 

14. 

10 ax^ + 7 ax + a 

34. 

7 -21a 

16. 

6 r’ — — r 

36. 

5r^ — lOr V 

16. 

3¥- 3d* 

36. 

5r-10.<? 

17. 

2 s® - 32 s 

37. 

+ 2 rs + f 

18. 

^8 _ gS 

38. 

+ aH) — 2 aV 

19. 

h* + ¥k - 72 ¥ 

39. 

r® + 4 

20. 

a¥ - 13 a¥ + 36 a 

40. 

— 5 + 4 


41. aV 4" 2 abx^ + bV — * 9 

42. 3 - 6 a + 3 ~ 3 

43. 4 rcV — — 2 x^y — xi/ 

44. 4 r^x + 8 r^s^x + 9 s^x 

46. — r — 2 ro; — 

46. + 4 + 16 c2 

NYB. 2'0 0. ALe.*“4 
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47. Factoring by Grouping Terms. To factor a qiiaiiiity 
like 4: ax + ^ ay + 1 lx Tby, or any quantity conta.iniujL!: 
more than three terms, we first look at the various tcrins to 
see in what ways they are alike or different. In tlie al)ove 
quantity we notice that : 

The first two terms are both divisible by 4 a. 

The last two terms are both divisible by 7 6. 

Hence 

4 ax + ay + 1 lx 1 hy — 4 a(x + ?/)+ 7 b(x + ;//) 

This expression states that (x + y) is multiplied first by 
4 a and then by 7 6. In other words, (x -h y) is multiplied 
by (4 a + 7 6) ; or 

4 a(x + y)+ 7 b(x + y) = (4 a + 7 l)(x + y) 

Example. 4 ax + 12 ay + 5 lx + 15 by 

==4a(x + 3 y)+ 5 h{x + 3 y) 

= (4a + 5l)(x + 3y) 


48. EXERCISES 

1. Factor the quantity in the above example by using tlie 
idea that the first and third terms are divisible by x, wlule 
the second and fourth terms are divisible by 3 y. 

Factor the following polynomials : 


2 . 5 ax + Six + 5 ay + 8by 7. 

3. 4 ax + 7 lx + 4: ay + 7 by 8. 

4. 2ax + bx + 2ay + by 9. 

6. 2cx — hx + Sac — 4ab lo. 

6. 2ax — Qay + bx — 3hy ii. 


x^ 4^ bx + cx 4 “ be 
ax + bx + (lb + 
ar — cr 4r — cs 
10 ao; — 5 + 2 ay — y 
3 hx — 3 kx + hy hj 


l 2 . 2ax - 2ay - 3bx + Z by 

Suggestion. I' If the first two terms are divided hy 2 a, the (luoticvrit 
IS {x -y). The last two terms should therefore be divided hy - U b ho 
that the quotient will be the same as that found from the first two 

Thus : 2 ax - 2 ay - Zhx 4- Zhy ^ 2 a{x - y) ^ Z b(x ~ y) 

= {2a-^Zb){x-^y) 



FACTORING BY GROUPING TERMS 51 

Factor : 

13. 2ax — 2bx — Z ay + 3 by 20. 5 rx — 5 tx — 3 ry + 3 ty 

14. 2 ac — 6 ad — be + 3 bd 21. 2 ac — 4 ad — 3 be +6 bd 

16. ac — ad — be + bd ™ — 2n; — su + 2 sv 

16. ac — ari + be — 6rf ^3. 2a + 2b — ax'^ — bx^ 

17. ac — 2 ad — 2 6c + 4 6d 24. x^ xy + 3 y — 3x 

18. rx 2 sx — 3 ry + 6 sy 26. abx^ — axy — bxy + i/ 

19. rx + 2 sx — 3 ry — 6 sy 26. abe — acd — bd + aV / 

27. a^ — 6'-^ + 5 a — 5 6 This can be written as 

(a + h)(a — 6)+ 5 (a — h), which equals (a + 6 + 5) (a — 6). 

28. — ff + 3 X — 3 y 30. a? — 6- + ac + be 

29. x^ — 2/2 — 3 re + 3 y 31. a^ •— 6^ + a — 6 ^ 

< 32. 6 x^ - 6 if + 5 a; - 5 V/ ^ 

33. 5 a:' - 5 if + Zx + Zy ^ 

34. a'* — (ih + 3 — 3 ab 

36. — a?bc + 5 a^c — 5 a^bc 

36. (a^ + 2 a6 + i!>2)+ 3(ffl + ?>) 

37. a2 - 2 a6 + 62 + 5 a - 5 6 

38. a2 - 2 0,6 + 62 - 7 rt + 7 6 

39. oa; + ay + bx + by f ex f cy 

40. br — 2 r + bs — 2 s + bt — 2 I 
Find mentally the followitif!; products : 

I 41. (2 X — y){a + 6 + c) Multiply the second quantity 
by 2 X and then by — y. 

42. (2 a + 3 6)(r + s + 0 

43. (x^ - y^){2a - Zb + 4c) 

44. (x + ?/ + z)(a + 6 + c) 

46. (x — a)(y — 6) 48. (x + 3)(x2 — 5) 

46. (I + 3)iw - 2) 49. (2 r + 3)(4 .s- - 7) 

47. (o + 6)(x — 2 /) 60. (2 Z + 5)(3 w — 4) 
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49. Tlie Factor Theorem. The meaning and usefulness of 
this theorem can best be seen from the following study : 

1. Divide - 7 x + 9 by x - 2. What is the re- 
mainder? What is the value of the dividend when x - 2? 

2. Divide - 7 x + 9 by x - 3. What is the r(v 
mainder? What is the value of the dividend when x = 3? 


3. Divide x^ - 7 x + 9 by x + 2. What is the re- 
mainder? What is the value of the dividend when x = - 2? 


4. At the right, the 
division oi x^ + ax -\-h 
by x — n is shown. 
What is the remainder? 

Substitute n for x in 
the dividend . How does 
the result compare with 
the remainder? 


x + a) 

X — + ax + b 

x^ — nx 

{n + a)x + b 
(n + 

+ an+ b 


This work shows that we can find the remainder by huI)- 
stituting n for x in the dividend. If we are not interested 
in the quotient, this is a very useful process. 

The method, however, applies only to quantities that are 
rational and integral; that is, to quantities that do not con- 
tain any indicated square roots of x, cube roots of x, etc. 
and that do not contain rc in a denominator. 

Suppose that when we substitute n for Xj we find that the 
value of the quantity is zero. This means that the remainder 
is zero when the quantity is divided by {x — n) ; that is, the 
quantity is exactly divisible by {x — n). 

We have therefore found a new way of factoring : 


If a rational integral expression in x has the value 0 tvheM n 
is substituted for x, then x — n is one of its factors. 

Notice that n may be a positive or a negative number. If the quantity 
equals 0 when - 3 is substituted for x, then the factor is - 3), or 
a? Hh 3. 



THE FACTOR THEOREM 


53 


Example 1. Factor + 2 x — 3. 

When a; - 1, then + 2 a? — 3 = 1 + 2 — 3, or 0. 

Hence x -- 1 is a factor. Dividing the given quantity by x — 1 you 
find that the quotient is + x + 3. Hence 

x-'* 4“ 2 X - 3 = (x - l)(x2 + rr + 3) 

The quotient, in this case x® + x + 3, should always be examined 
carefully to see if it is factorable. 

Example 2. Factor — x — 15. 

You can see at a glance that when x = 1 or when x = — 1 the quantity 
does not equal zero. It is useless to try x = 2 because if x — 2 is a 
factor, then the term — 15 must be divisible exactly by 2, which it is not. 
Hence it is best to try next the numbers 3, — 3, 5, — 5, etc. 
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EXERCISES 


1. What is the value of — 7 + 4 x + 12 when x = 1 ? 

when X = 2 ? when x = 3? when x == — 1 ? when x = — 2 ? 
State some of the factors of this quantity. 

Find the prime factors of the following quantities. 

Show in your work all the numbers that you triced, as in ex. 1, and 
show also the division. 


2. X*'* + 6 X — 6 

3. X® — 8 X + 8 

4. x^ — 4 x^ + 9 

6 . 0? d 2i 

6. x^* — 4 X + 3 

7. ¥ -3b + 2 

8. x^ — 7 x'-^ — 6 X 


9. x^ ^ — 10 X + 8 

10 . 'if — Q if + 11 2 / — 6 

11. + 2 — Or— 18 

12. + 4 - 17 r ~ 60 

13. x^ + 7 x^ + 14 X + 8 

14. 2 + 11 if + 4 2/ — 5 
16. 4x»-20x2 + 33x- 18 


16. What does the quantity a® — efb — a¥ + become 
when b is substituted for a? Is a — 6 a factor? Find 
whether a — c is a factor by substituting c for a. Similarly, 
find whether 6 — c is a factor by substituting. c for 5. 

17. Find which of the quantities (a — b), (b — c), and 
(a — c) are factors of a% — a^c — a¥ + a¥ + ¥c — b¥. 
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SPECIAL PRODUCTS. FACTORING 
51. EXERCISES —FACTORING — 6'^ AND d^ + d'' 

1. What does the quantity o? — become when b is sub- 
stituted for a? State one factor of Find tlK‘ otiuu* 

factor by dividing — If by the known factor. 

2. What does the quantity + ¥ become when h is 
substituted for a? State one factor of (f + Find tht^ 
other factor by long division. 

The quantities f and o? — ¥ are called, respec’tively, 
the sum of two cubes and the difference of two ctibes\ 

d + ¥ =(a + h){d — + ¥) 
d — ¥ ={a — 6)(a2 + ah +’ ¥) 

These relations should be memorized to aid in fnci-oring 
similar expressions. To factor + 27 if, for (ixam{)Ie, 
substitute x for a and Zy lor b in the firs't model above. 

Find the prime factors of : . 

3. + 82 /^ 7. ic® — 8 11. — r'* 

4. — 8 2 /^ 8. — 125 12. 

6. 9. 8r' + 125 13. 

6. 27 r3 + §3 10 . - 216 14. jf - y 

62. Summary. When factoring proceed as follows : 

Divide the quantity by the monomial factor if tlicirc^ is one. 
The quotient may be one of the following types : 

(1) ax^ + bx + c Factored by inspe( 5 tiom 

(2) + 2 + ¥ A trinomial square. 

(3) — ¥ The difference of two squares. 

(4) flx + ay + + by Factored by grouping. 

(5) ± ¥ The sum or difference of two cul) 0 s. 

(6) A polynomial factorable by the Factor Theorem. 

Before leaving the problem, examine each factor again to 

make siire that it cannot be factored further. 
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Find the prime factors of the following : 

1 . a? — 9¥ + 6 a + 9 11 . 

2. 4 r* + Sx — 2 12. ax — hx — a + h 

3. dx^ — x^ + 2 ax — 2x 1^;. — 1 — 2 rr 

4. 9 + 2 rh'^ + 14. — 5 + 4 

5. - r\ - 8 a;2 + 8 U, ¥ - 29 ¥ + 100 

' '6. x^ + 6 + 3 a; — 10 16. — 4 + 8 

7. (a - 6)'^ 4(c + d()2 17. (l>-a)’\-l :,v; 

— 21 ¥¥ + 36 18. — y 

;/ 9. 3 ah + 3 — 3 6 — _3 19. ¥ -j- a + j 

i/lO. 2 a6 - 2 a + 2 6 -.2 P' ■ 20. r - tV ■ ' 

^ 21. 3 a6(a jh 6)-|- + ¥ 

SuacsKSTiON. First factor only so that the given quantity is 

written as 3 ab(a + b) + (a + h)(a^ — ah + h‘^). Notice the repetition 

of tlui facstor (a -*1- h). This fac-tor may be temporarily replaced l)y a 
single letter, as It 

Tlicn 3 ahR + R((I^ — ab + b^) = R(S ah + a^ — ah 4- b^) 

= R{a^ 4 2 al) 4 l>^) = R{a 4 bY 
Finally replace R l)y its value: =(a 4 b){a 4 6)-- (a 4 6)*^ 

22,.. x^ — if 4 3 x^ “ 3 y^ 26. x^ — y^ — x^ 4 y^ 

23. + 2/^ — 3 x"^ 4 3 y'^ 26. — 6^^ — 4 ¥ 

24. 4 + tY 27. (Y — a — ¥ — b 

28. 4 1)C'^ 4“ 2) 4 “f" 3 ir 4 2 

29. 2 4 4 xy + 2y^ — 3 b(x 4 y) ^ 5¥ 

30. a 4642 ab 4 4 ¥ 

31. (1 4 yy^ 4 ?/(l 4 y) 

32. (2:r 4 h)(x -2b)-7¥ 

33. xl^ — 2 .ry 4 xhY — if 

34. ¥ 4 ¥ 4442 (lb — 4 ff. — 4 6 
36. x^ — a?' 4 -- ¥ + 2xy -- 2 ab 
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EQUATIONS SOLVED BY FACTORING 

64. Problem. A man wishes to double the sisje of his 
garden, which is 40 ft. wide and 60 ft. long, by adding the 
same amount to the width and to the length. How many 
feet should he add? 

If the number of feet added is Xj the new area will be 
{x + 40) (a; + 60) square feet. Hence the equation is 
(x + 40) (a; + 60) = 4800, or + 100 a; + 2400 = 4800 
The equation will be solved later (page 57, ex. 17). This 
equation differs from those studied in Chapter 11 in that 
it contains the term x^. Such an equation is called a 
ratic equation or an equation of the second degree. An equa- 
tion containing x^ is called a cubic equation or an equation 
of the third degree. 

By the degree of a term we mean the sum of the exponents 
in that term. Thus, the term 4 x^y‘^ is of the fifth degree. I n 
an equation, the term with the highest degree decides tlu^ 
degree of the equation. In advanced work it is proved that; 
the number of roots of an equation is the same as the degree. 

65. EXERCISES 

Find by substitution which of the numbers at the right of 
equations 1 to 4 are solutions of the equation : 

1. a;2-7a;=-12 2,3,4 Z.x^ + 2^ix 3,2,1 

2. a;3-.2a; = 4 1,2,3 4. 3a;2 + 2a;«l -- 1, 1, | 

6. What is the value of 3 • 0? of - 4 • 0? of 0 • 6? 

6. Think of two numbers whose product (not sum) is jsero. 
What must one of the numbers be ? Can a product be zero 
unless one of the numbers is zero? 

7. If a{c + d) = 0, we know that either a » 0 or else 
(c + d) = 0. Make a similar statement for the product 
(a + 6)(c + d) = 0; for x(x + l)(x - 5) = 0. 

8. If a; = 3 or — 2, show that (x - 3)(a; + 2) « (). 
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56. The solution of an equation by factoring uses the 
following principle : 

Pkxnciple. If the product of two or more factors is zero, 
then atleast one of the factors must be zero. 


Example. Solve the equation 2x^ + 5 = 3x 

1. Transpose all terms to the left 

so that one member is zero. 2 + 5 .r- — 3 rr = 0 

2. Factor the left member. x(2 a; — l)(a; + 3) = 0 

3« According to the principle 

either rr = 0 or 2 x — 1 — 0 or a; + 3 = 0 

4. Hence x == 0 or x = 4 or x = — 3 

Prove that all three values of x are roots of the equation. 

57. EXERCISES 


1. (a) Solve {x — 3)(x — 2)= 6(a; — 3) by performing 
the multiplications, transposing, factoring, etc. What are 
the two roots of the equation? 

(b) If the equation in (a) is divided by (a; — 3), we get 
a; — 2 = 6. What is the root of the new equation? What 
root of the given equation was lost? 

(c) Show that the root lost in (b) can be recovered by set- 
ting the divisor equal to 0, and solving this equation. 


By factoring, solve for x or y: 


2 . x^ 

3. x^ 


x 


- 6 X = 0 
0 


4. 2 - 6 a; = 0 


- 25 - 0 
2 + 5y ^ 3 

2y^ ^ 5?/^ = 3?/ 


r 


9 . 8y^ 


3 if — iy - 0 
- 10 y = 3 


10. 9 — 12 yy + 4 = 0 

11. x^ + 2x'^ - X ^ 2 


12 

13 


16. 

17. 


I: 


if - 3 i f + 12 = 4 y 
if — 6 if + 11 ?/ = 6 
14. x^ — 7 X — 6 — 0 
16. 2 + 6 = 13 X 

3xH-9x^-2x^ 10 x» 
x^ + 100 X = 2400 
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58. Prime Factors. In this chapter we have assunuMl 
that factors involving radicals are not to be considered. 
Thus, we regard — 5 as a prime quantity although 

5 =(x +V5)(rr —V5) 

Also — 19 + 25 is written as (x^ “ 5)^ — 9 ratlu^r 

than as (x^ +■ 5)^ — 29 because the first form leads to 
(x'^ — 5 + S x)(x'^ — 5 — 3 x) while the second form leads to 
+ 5 + xV^)(x^ + 5 ~ xV^), 

Likewise we say that — 10 a; — 5 is not factoraf)l(i 
although it can be written as (rr — 5 +V30 )(.t — 5 — VSO), 
as we shall see later. If we allow x to appear under a 
radical, then even such a simple quantity as x — y can bo 
factored because x — y =(Vx +Vy){Vx -Vy). 

Hence the decision whether we should call a quanUty 
factorable or prime depends upon what kind of expression 
we are willing to consider in the factors. In general, only 
rational factors are required. 


69. The Usefulness of Factoring. Besides aiding in 
the solution of equations, factoring is useful because (I) it 
enables us to simplify many arithmetic operations, and (2) it 
enables us to see quickly by what a quantity is divisil)le. 

For example, when - a^b - 2 is factored and writt(m 
as a^(a + 6)(a — 2 6), we can see at once that it is divisible 
by a^, by (a + 6), and by (a — 2 6). Further, we can also 
see what the quotients are because 

The quotient of any product by one of its factors consists of the 
remaining factors. Thus : 


(x - 2)(x + 3)ra; - 4)^ 
(x - 4)2 ~ 

and (g,,- 2) (a; + 3) (x ^ iY 
(x + 3)(a; - 4) 

This principle is much used in 


— {x — 2){x + 3) 

= {x - 2){x - 4) 
the next chapter. 


THE USEFULNESS OF FACTORING 
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60. Factoring is also an essential step in finding the least 
coninioii nmltiplc (L. C. M.) of several quantities. 

To find the L. Cl M. of 3 — 12 and 5 — 20 x + 20, 

we factor ea(!li (luantity : l]x^ — 12 = 3(x + 2)(x — 2) 

5 - 20 a; + 20 = 5(x - 2)^ 

The L. Cl M. is 15 Gt + 2)(x — 2)‘-^ because this quantity 
is divisible by each of the given quantities, and no other 
quantity of lower degree is divisible by them. 

The L. (1 M. of several rational integral expressions 
is the quantity of lowest degree, with the least numerical 
coefficient, that is exactly divisible by each of the given 
(pnintities. 

To find the L. C, M.jfind the prime factors of each quantity. 
The L. C. M\ is the product of all the different prime factors, 
using each factor the greatest number of times it occurs in any 
one quantity, 

ExAMPTjES 

The least common multiple of 

1. ()(x -• 3) (a: + 4) and 9(x + 4) is 18(a; + 4)Cir — 3) 

2. (3 y + 2)(;// — 1) and y{y — 1) is if/(3 y + 2){y — 1) 

3. 2(x + - 6) and x(x — G)*'^ is 2 x{x + iy(x — 6)^** 

61, EXERCISES 

After factoring each quantity, find the L. C. M. of : 

1. x*- — 2 rr - 3 and 5 a; — 1»5 

2. x^ + 2 X — 8 and x^ + 4 x 

3. x^ — 0 xy + 9 if and 4 x — 12 y 

4. a;-' — 8 ir + 16 and 3 x- -* 12 x 

15. 2 :r“ — — 1 and 2 + 3 x + 1 

6. 0 — 6 and 4 x!^ + 4 xy 

7 . x^ — xy and xy 10 . — y'^ and + xy 

8. a; xy and x + xy 11 . xy + iwid oc^ + xy 

9. x"^ + xy and 2x -- 2y 12. — if and 5x -- 5 y 
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(Supplementary Topics, Pages 60, 61) 

62. The Square of a Polynomial. If, in the usual way, we 
multiply (a + b + c + d) hy itself, we find : 

+ h + c + dy = + b^ + + 2 ab + 2 ac + 2 ad 

+ 2 be + 2 bd + 2 ed 

The terms in the right member may be written as 
a^ + W + c^ + d^ + 2a{b + c + d)+ 26(c + d)+ 2e{d). 
When written in this form we see that the square of any 
polynomial is made up of the following terms : 

1. The squm-e of each term in the 'polynomial. 

Notice the first four terms in the expansion above. 

2. Twice the product of each term by each subsequent term. 
Notice, above, that 2 a multiplies b + c + d; that 2 h 

multiplies c + d] and that 2 c multiplies d. 

Example, {x + Zy — 5 z — 

== ( X + ( 3 2/ )^ + ( ~~ 6 ^ )2 q- ( ^ )2 

+ 2 x{Z y-5z- iw)+6y(- 5z- | 'u?) 

== x^ + 9 y^ + 25 + 6 xy — lOxz — xw -- 30 yz 

3 yw + 5 wz 


63 

* 




ORAL EXERCISES 

State the 

squares of the following polynomials : 

1. 

a b 

+ 

c — 

d 

6. 3 X - 5y + iz 

2. 

a ^ b 

+ 

C + 

d 

7. 2x + y-3z 

3. 

a -f- 6 

— 

c — 

d' 

8. X — Zy + z-B 

4. 

a — b 

+ 

c — 

d 

9. tt® H” 6 •— c* -f- 

6. 

a — 5 

— 

c — 

d 

10. a» + a“ + a + l 




11- 

X 





12. 

r 





13. 


+ 

1 

+ 




14. 

i' 

a — -J-6 + |.c — I'd 




15. 

X 

+ .1 2/ .2 2! + ‘3 to 
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64, Square Roots of Polynomials Found by Trial. If a 

quantity like 9 + 25 + 30 xy Gxz — 10 yz is 

the square of some other quantity, we should be able to find 
the square root by applying the rules on page 60. 

The term 9 is the square of either + 3 x or of — 3 x. 
The term 25 is the square of either + 5 2 / or of — 5 
The term is the square of either + 2 : or of — z. 

The other terms are twice the products of these roots. 
Hence the square root of the quantity is 3 x + 5 ?/ + ^ 2 ^, or 
3 X — 5 y — z, or some other combination of these roots. 

We can find out which is correct by examining the signs 
in the given quantity. The term — &xz suggests 2 • 3 x • — 2 ; 
the term 10 yz suggests 2 • 5y • — z; and the term 
+ 30 xy suggests 2 • 3 x • 5 y. The correct square root is 
3 X + 5 ?/ — z. 

Every quantity has two square roots one of which is the 
negative of the other. The square roots of the quantity 
above should therefore be written as : ± (3 x + 5 ?/ — 2 :). 

65. EXERCISES 

Find by trial the scjuare roots of the polynomials : 

1. a® + 9 ¥ + ¥ + 6 ah — 2 ac — 6 be 

2. + 9 ¥ + ¥ 6 ah + 2 ac — 6 he ( , ■ ■ * f 

3. x'-^ + y'^ + 2 :^ + — 2 + 2 X 2 : — 2 xa? — 2 “f 2 yw 

-2zw 

4. I x'^ + y^ + — xy + -J xz — xw ~ I yz + 2 yw 

" I'l - i sw 

6. 4 + 9 .S'“ + P + 16 vP + 12 r.s - 4 rt- 16 rw 

— 6 d — 24 mv + 8 ho 



CHAPTER IV 


FRACTIONS 

66. Changes in the form of a fraction are based on the 
following principle : 

Principle. A fraction is not changed in value if both 
numerator and denominator are multiplied or are divided hij 
the same finite quantity. 

This principle is used to reduce fractions to lower terms 
and to change several fractions to a common denominator so 
that they may be combined. 

67. Reduction of Fractions. A fraction can be red’iujed 
or simplified whenever its numerator and denominator (‘.an 
be divided by the same quantity. In order to find out \yy 
what to divide we may need to factor the numerator and 
the denominator. (See § 59, page 58.) 

8 a^¥ 

Example 1. Reduce tt-tt*’ 

6 00 ^ 

Here the numerator and the denominator are monomials ; therefore we 
can select the divisor, 2 ab^, merely by looking at the exponents. Thus : 

^ 8 ^ 2 ab^ ^ 4a^ 

6 ab^ Qa¥ -i- 2 a¥ 3 6 

Example 2. Reduce 

2 — xy 

2 x’^ ^ xy 2 'ip _ (x 2 y) (2x — ?/) _ x -4" 2 1 / 

2x^ - xy x(2 X - y) 

The numerator and the denominator were divided l)y (2 f/). 

The aj's in the result cannot be canceled because the numerator and 
the denominator are not both divisible by x. 

62 
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68. Checking. To check the work, substitute numbers 
for the letters in the given fraction and in the reduced form 
of the fraction, to see whether they agree in value. Do not, 
however, use numbers that make a denominator zero, as 
zero may not be used as a divisor (see page 10). 


Example. To chock the second example on page 62, 

2 — xy X 

suteliluM . - 3, „ - 2; 1 « jKfl. - UJ 

18 + 13-8 ^ 7 
12 3 


The work is very likely correct since does equal 

12 


7 

3* 


69. 


EXERCISES 


1. Is the quantity {x — y){x + y)+ divisible exactly 
by (x — y) ? by {x + y) ? If this quantity were the nu- 
merator of a fraction, could the numerator be divided exactly 
by (x - y) ? by (x + y) ? 

2. Answer the same questions as in ex. 1 for the quantity 
y^ -(x - y){x + y) ; for y^ix ~ y){x + y). 

3. It is easy to see that the denominator of the fraction 

jg divisible exactly by (a; + 2) ; what 

must be done to the numerator before we can see whether it 
is divisible exactly by {x + 2) ? 


Reduce the following fractions, 

and check : 


6 — rr 7- 2 


x“ 

— 6 xy + 9 

4. 

' 1' 3 a: 

7. 


x“ — 9 2/* 

6. 

+ 6 a; 

8. 

vl 

- 2 2/ - 24 


rf 4 x — 12 


y-i 

+'22/'-T8 

6. 

4- 4 xjy + 3 

9. 


H- 6 a - 27 

— 2 XT/ — 3 T/'-* 



-l2a"'+”27 
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70. Changes of Sign in a Polynomial. By changing tho 
sign of a polynomial we mean changing the signs ol each 
of the terms in it. The new expression is of^ course not 
equal to the original but is the negative of it. ihus . 

If the polynomial is factored, we change its sign by chang- 
ing the signs in any one factor. Thus : 

{2 - x){x {x -2){x- 3) 

as we can see by performing the multiplications. 

If the signs in two factors are changed, we are really multi- 
plying by — 1 twice, and so the polynomial is not changed 
in value at all. Thus : 

(b — a)(c — a){x — ^) = (a — b){a — c){^x — y) 

71. Changes of Sign in a Fraction. In a fraction thiee 
signs must be considered — the sign of the numerator, the sign 
of the denominator, and the sign before the fraction. 

Since a fraction is an indicated quotient, we see that : 

>.+ ^--4-““^. _L+_5=-Zlf- 4.+-?= -if 

”^+2^ — +6 +b^ 

The various forms of this one fraction illustrate the follow- 
ing principle : 

Principle. A fraction is not changed in value : 

If the signs of the numerator and denominator are changed. 

If the sign of the numerator and the sign before the fraction 
^ are changed. 

If the sign of the denominator and the sign before the fraction 
are changed. 

X — 2 (a; — 2) 

The -two fractions ^ — and — — g— ” are equal 

because both mean — — 2) ; that is, no change of sign 

is made when a parenthesis is placed around a numerator* 

When signs are changed, it is best to rearrange the terms 
so that the first term, if possible, will be positive. 
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72. 


1. Explain why 


EXERCISES 

6^2 66^ _ _ 6a' - 66‘^ _ _ 3(a + 6) 


4 6 — 4a 4a — 46 2 

What changes of sign should be made in the following 
fractions before anything else is done ? 


2 . 


3. 


4. 


6 6' — 6 g' 

4 a' + 4 a6 
18 ^ ?/ 
Qy — 9x 
2 - 6 - 6 ' 


6. 


(g + b)(x - y) 
c(y - x) 

(x - y)(a + 6)( r - a) 
(2/ - a;) (6 + a) 

— y)(x — 3) (a — 6) 
3 6' - 3 6 ^'^x + ?^)(6 - a)(3 - x) 

Reduce the following fractions as far as possible : 

^3 _ 3 + 3 y^ 

xhy — x^ + 5 xy- — 5 y^ 

^4 ^ x^y^ + 2 /^ 

^3 ^ 

(a; + ?/)' - 1 
ax' + axy + ax 
a¥ — a 


8. 


9. 


10 . 


11 . 


12 . 


13. 


20 g' - 50 g 
15 g — 6 g' 

2 g — 2 6 
2 6' — g6 — g' 

g — 6 

2 6' — a6 — g' 

X — 3 

x' — 6 X + 9 
x' — 2 X 
x' + 2 X 
1 ^ 3 g Hh 2 g' 
i + g — 2 g' 


18. 


19. 


20 . 


21 . 


22 . 


14. 


16. 


X* 


x** 


x' — 1 


g^ 


6 ' 


g6 


16. 


g -f- 6 


a + b+(a + by 


17. 


16 gc' 


g' — 8 ac + 16 c' 
NYB. 2d c. alg. ~ 5 


23. 


24. 


26. 


26. 


27. 


a^¥ + g'6' + a' 

^6 ^4 _j-. ^8 yut 

— 1 

i?e!. it. 

a' + 2 a6 + 6' 
ax — gy — cx + C2/ 
ax + g^/ — cx — cy 

jtl 

6' — g' 
x' — 3 x' + 2 
X® — 5 X + 4 
y^ - 7 y + 6 
2/® - 4 / + 2/ + 6 
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FRACTIONS 


73. Multiplication of Fractions. To iruil(ii|)ly fr;ic( ioti.s, 
we form a new fraction by multiplying the mini(‘ra(,()r.s iuul 
multiplying the denominators. Thus : 


5 y ! = 5_i4 

3 7 3-7 


20 

21 


3 a 

'¥ ^ '5d 


3 «C“ 
5 b^d 


Frequently, after multiplying the numerafiors and tlio 

Thu.s: 


denominators, the new fraction can be .simnlifii^d 

' '%• * 

10 X 21 ^ 21^ a;?/V ^ 2 yz 

7z 15x^ t-l^-r'yz " x" 


To multiply 12 a;^ + 11 a; 5 3 x 


wo (iould riiul- 


x^ — 4x 4 x + 5 

tiplythe numerators and then multiply the d(!noniinators 
of the fractions, but the result would bo so complicated that 
it would be difficult to simplify. Hence we facitor each 
numerator and denominator and use cancellation. 

12 + 11 a; - 5 3 a; - 2 ^ (3 a; - l)C4-a:-K5) • ( S-a;-— 21 

6a:2-4a; 4a: + 5 2 a;(3-a; — -2) • ( t a: +5) 

_ 1 
2a: 

We can cancel the factor (4 a; + 5) in the first numerator witli 
the factor (4 a: + 5) in the second denominator and (3 a: — 2) 
m the first denominator with (3 a: - 2) in the second nu- 
merator because we are multiplying the two fractions. 

74. Division of Fractions. To divide one fraction liv 
another, mvert the divisor and use it as a multiplier. Thus*: 

3 . 4 3 . . 7 21 ^ X 


— r- = §x^ — 21 f . X r y 

5 7 


ry_ 

y s'' X sx 


2xy^ 

0,% 


^ _ 2j^ _ ab^ 


6a: -f 5 


2^ 

ah 


3 X -j- 2 ^ 2 


— ~ = (a: - 5)(a: - 1) _ x\x + 2) 

{x-\-i){x + 2) x{x ~~S) 
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75. EXERCISES 

Find and simplify the indicated products and quotients 

12 ^ 2ja 

3 b 


1 . 


2a^Cjab 15hy 


2 . 


15 5^ 


In the answers, dui denominators (but not the numerators) may be 
loft in the factored form because denominators are never added to other 
denominat-ors, while numerators arc frequently combined. 


3 . 


4 . 


6. 


7 . 


8. 


^ — 4 X + 3 

— 3 X x^ + a; — 2 


xy ^ + xy —2?/ 


r* - s'* 

^ rs + 

/2 ^ 


X 

. (a: - VY 

xy - ?/= 

} ^2 _ y2 

& 

d^ + ah 

a + i) 

^ ^ 

X + 1 

x^ + 5 X 

X 

x^ + 6 rr + 5 


a? + 2 ah a? + 2 

4 .¥ 


10 . 


11 . 


12 . 






+ 2 1 )^ d 
2 + X - 


14 . 



xy + if 

2 aM- 2 ab 

¥ 

3a + 66 

f + 2db 

o'* - ¥ . 

a? + 6^ 

¥-¥ ■ 3 a + 3 6 

a=> - ¥ , a 

+ ah + ¥ 

5 a 

d^ + (1 

r" + 1 . ¥ 

+ r2+ 1 

T *4" 1 

y .2 _ 1 

X9 + 8 . 

X +.2 


3 


6 x'^ 


(x*^ — x) 


x^ + 2x + 4 
1 


Here multiply by 

x^ — ^ 



SjjS2. 


21 . 


ax ex — 2 ay + 2 cy 

2 + 3 a?l) — 2 a6‘^ ^ 6 a — 3 ?> 

a,'* + 4: a'*6 H- 4 dH)' ’ + 2 dh 

^ i "I*" ^ 2 ^ jt ^ ^ 

^ — 2/ + ;2! B X -- d y — 3 z XT — 2 x y + ;//“ — 
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76. Addition of Fractions. To add fractions wc first 
change them so that they will have a common denominator. 


Examples 


1 . 



4 a 


The lowest common denominator is 12 because 12 a* is the small- 
est quantity divisible by 6 a? and by 4 a. 


Then 


6a2 



X « L.. 

4 a i.2 </“ 


The sum of the fractions will be a fraction will) 12 n'* for its de- 
nominator and with the sum of the numerators for ils num<‘rat.or. 

6 a® 4 a 12 Wa^ ““ 12 


. , , X — 3 2 

2. Add *7-^ ““ — 

+ xy xy 

Study the following work until you can tell what' was done in (aicli 
step : 

X - 3 _ ^ ^ y(x - 3 ) _ 2 ( x 4- ?/) 

xix + y) xy xy(x + y) xy(x + y) 

= y(^ ~ 3 ) - 2(x 4- ?/) 
xyix + y) 

= xy - 3y - 2x -2y ^ xy -*^5 y 2 t. 
xyix + y) xyix j- //) 


3. 


Add 


g; + 1 
2 — 6 a; 


+ 


4 

5 a; — 15 


After factoring the denominators you sec that 10 xix - 3) is divkibl«< 
by each denominator. Then 


Hence 


a; + 1 ^ Hx + 1) 

2 xix - 3 ) 10 xix ^ 3 ) 

4 ^ 4(2 x) 

5 (a; — 3 ) 10 xix — 3 ) 

x + l , 4 ^ ^ +J) J- 4(2 x) 

2 xix - 3 ) Six - 3 ) io a-bi: ;j) 

10 xix - 3) 
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77 . EXERCISES 

Combine into one fraction : 

¥ c .3.5 


¥ _ c 
4 a 


6. A+A 

2x 6 X 


11 . 


A. + J- 

3 5 xy 


7. - + ^ 


5 , 3_ 

2 ab 


y r 

il_ A 

4 s 6 s 
2 3 


12 . ?-« 

6 b=< 


13 . 5 + ^ 


6a 4 ab 

A. - A. 

iy 6 2/“ 


a6 ¥ 


A_ _|_ ^ 

4 2/ 6 1 /' 


?/ a; 

L4-£. 
a* a*® 

6 c 


16 . - 4 : 

a6 


16 . - A « +§ 

+ ab a 


+ ah h 
a — h , 5 


18. 4.Z.,.?>^ + 4 

+ ah ab 


2 ,6 


t 

9 a — 

+ 

9 b 6 a — 6 b 

3 

5 

4 X — 

4 2/ 6x + 6y 

3 

5 

8 r** — 

8 r 6 r — 6 

4 

, s+ 1 

9 s'^ - 

9 s s - 1 

Ot -f" 1 

. + . 3 . 

a» - ] 

L 2a - 2 





a 

, < 40 . 

ii 

i| 

2b - : 

^7. 

•Gift 

1 

x» + 8 

1 

JStf, 

X + 2/ 


»| A™ 

1 ^ 2 l> + 1 


Z X + 2^ — 5 X + Q x^ — 4 X + 3 
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78. Complex Fractions. A fraction w1h)S(^ minun'ator or 
denominator contains other fractions may simplifHHi by 
first multiplying its numerator and d(vnominaf'Or l)y sonu‘ 
convenient multiplier and then proceeding as usual. 



Here the numerator and the denoiriinator of tlu^ com- 
plex fraction were multiplied by x'K Thc^ muItipli(U‘ is th(‘ 
L. C. M. of which denominators? In ex. f) h(‘Iow, tiu! 
multiplier is xy(x + y). What is the multiplier in (ax. 1 1 ? 





REVIEW 
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REVIEW — FRACTIONS 


Multiply : 


2 8' 


5 

^ "I- 2, 


Change 


quantity in the first pn,ront])osis to ^ and the quan- 

tity in the second parenthesis to Then find the 

X + 2 

product. 

2, Show that 

(‘ -|)(^ + ~ 3 ) (^)(^)- 

Multiply or divide, as indicated, and simplify ; 
n / 1 7 I 1 2 \ / «"> I 2 \ 


+ (*> + , 7—1 


-^1 
Oi "t” 2/ 

, 8 


'• 0-7:)(-r.)(T + 0 


?> + ^ o ^ \ 


5 — a 


<a a — b> 


C^irl'r^lC + r^) 
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r,, i>2 + c2 _ «2'^ 

18. Show that (1 + 2 ^^ )(1 JFc ) 

, (a + b + c)(-“ a + 6 + c)(a — 6 + c){a 4- 6 — c) 
equals ^ 

This is an important relation in geometry and trigononud.ry 
and leads to a very useful formula for the area of a triangle 
for which the three sides, a, 6, and c, are given. 

14. Show that the formula p = .00044 v'^(^A + is the 
same as p = .0088 v^(.05 A + .005 s). 

In ex. 15 to 20, which contain several signs of operations, 
simplify the quantities within the parentheses first; then 
perform the multiplications and divisions in the order in 
which they appear, reading from left to right. In any 
actual problem, the nature of the work leading to these ex- 
pressions always shows what operations are to be done first. 


Simplify : 


L — 4 g; + 3 ^ g;^ — 9 A ^ 
p2 4-3^4-2 g;2 — 4 g;^ — g; 

+ 2 a6 -- 3 i 


17. 


18. 


19. 


4- 2 a6 4" 6^ a b 

+ rs /r^ + 3 ra 4" 2 — r ,9 


rs 4 ~ 

ab - ¥ 
a — 5 

4~ 2/^ 

g.2 

X 


-(- 




— ab ~ 2 ?/•* 

F+TdT+lF 

~ 2 




y.2 _ g2 

~ 2 a6 + 5^ 
y ^ 


4- 2 r.v 
a — b 


r) 


ab 4 “ b^f 


y 


20 . 


^ + y 


- y 

X + 


^ + y 
X - y 


4- 


X — 


x + yJ 
'--1 


+ 1 


X - y 
x + y 


+ 1 



CHAPTER V 


FRACTIONAL EQUATIONS. LITERAL EQUATIONS 


81. Fractional Equations. When multiplying or adding 
fractions you usually get a fraction as a result. Only in 
some cases will the product or sum happen to be a whole 
number. In solving an equation containing fractions, how- 
ever, the first step is to change the equation into a new 
equation that does not contain fractions. This is called 
clearing of f ractions. 

To change a fractional equation into a new equation that does 
not contain fractions, multiply every term of the equation by the 
L. C. M. of the denominators. 

^ c., 4 5a; + l 

Example. Solve — • = ;r — * 

— 2x X 6a;-~12 


First, factor all the deuominators. Then you see that a suitable 
multiplier would be 6 xix — 2) because this expression is divisible by 
every denominator. Write the multiplier in front of each term in the 
equation, and place parentheses around each binomial 


6 JC(JC 2); 


•f 6 JC(JC - 2) 


(x + 1 ) 


6 x(x - 2) 


(5 x-^l) 


'^x(x - 2) “T - -V- - _ 2) 

After canceling the factors in the denominators with some of the 
factors in the multiplier, you get the new equation : 

24 + e(x - 2)(x + 1) » x(5 x + 1) 
or 24 -f- 0 a;® — 6 0 ? — 12 « 5 + a? 


This is a quadratic equation and can be solved by factoring, as shown 
on page 57. The two solutions are =» 3 and x = 4, Each solution 
should be checked in the original equation. 
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82. Selecting the L. C. M. When the (loiioiiiinatoi'.s of ati 
equation contain the unknown number, care inuwt Imj ustal in 
choosing the multiplier, as the following examples show. 

T, 101 3.a:^ + ll 4a; 

Example 1 . Solve — r-;; + — r- 7 . = — t-™- 
a; + 2 3a; + 6 a;H-2 

Using 3 ( 0 ; -f 2) as the multiplier, we got the (aination 
9 + + 11 = 12 a; or x~ — 12 x + 20 = 0 

or (x — 10) (x — 2) = 0. The roots are a; = 10 and a; = 2. 
Using (a: + 2) (3 a: + 6) as a multiplier, we got 
9a; + 18 + a:« + 2a;2 + 11 a; + 22 = 12a;- + 24a; 

or a;® — 10 a:® — 4 a; + 40 = 0 

or (a; - 10)(a;-2 )(a; + 2) = 0 

This equation has the roots x = 10, a; = 2, and aim the 
root a; = - 2. But the root a: = - 2 does not clieck in the 
given equation as it niakes the denominator zero and zero 
may not be used as a divisor. The extra root was intro- 
duced by the unnecessary factor in the multiplier. 

Example 2. Solve — ^ — = 5 
a; - 3 a: - 2 

Using (x — 3) (x — 2 ) as the multiplier, we get 

4x^ - 20a; -f 24 -f 6 a: - 18 = 5x‘^ - 2r)a: -|- 30 

or a:^ — 11 a; + 24 = 0 whose roots are a; =8 and x = 3 . 

However, a; = 3 is not a root of the given equation iis it 
makes the first denominator zero. Examining carefully the 

given equation we see that the first fraction, ? in not 

a; — 3 

m Its simplest form. If we had first reduced this fraction to 
4, our only answer would have been a; = 8 . 

From these examples we learn that ( 1 ) the multiplier should 
not contain any unnecessary factors, and ( 2 ) each fraction 
in the equation should be in its simplest form before thes 
L. C. M. of the denominators is selected. In general, the 
best rule is : Always check the work. 
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83. 


EXERCISES 


The pupil should factor the denominators while copying 
the equations from the book. Exercises 1 to 17 will reduce 
to linear equations, and 18 to 31 to quadratic equations. 


Solve the equations : 

j ^ ^ "b 1 X — 4 _ 2 __ 

'5a; — 5 3a: — 3 a; — 1 

2_ JlI ?/ = 8 

■ 2/ - 4 3 2/ — 12 4 — 2/ 

4 + 2(LrJ,l) = -5_L_ 

2 r + 3 r + 3 

2t - 3 _ 2 - t 

2t- 2 ^ i - t 

X — 7 ^ a; — 3 _ 1 
' 2 a; — 8 x 2 





y_+ 1 _y + & ^ _ — 7 _ 
2/ +"'2 2/'+ 5 27 y"'TlO 



2r_- 33 
2 r -"3 


+ 4 


/ 



8 1 _ 

■ F - 6 t + 2 2 1 - 12 

9 \ __1_- — ~ + 2 _ a; 

V.'/ a; + i a:** — 2a: — 3 3— a: 


10 . 


A. 

3 a: 


— 4 ^ 


11 y = ?/ + 2 

3 7/ + 6 *S y — 6 



3 f 2 ^ 8 y* "f * 10 
f — 3 3 r — 9 


2y ~ 5 ^ 2|/ 3 

2 j/ - 3 2 ^ 


16 . 


r* _ 3 — 2 r 
___ _ 

- 2< ^ 3 
t - 2 5 


16 


] « + 14 
4 — a 


1 — a 
a — 9 




3 r 4- 22 
5 r - To 


3 r + 2 

5777'2d 
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Solve the equations : 


1 p 

a: - 2 

, a; — 4 ^ 


22 

xo« 

a: — 1 

'^x + 1 

X 

2 _ 1 

IP 

2a; - 1 

9 _ a; — 4 




0^—1 

X 




X^ — X 

20 

2a; ,3 - 2a; 


4 a: + 9 

A v« 

a: — 1 

2x + 2 


a;“ — i 

21. 

2_J. 

L_ = ? 




y ^ + 5 2 



22. 

^4 

t 

6 



1 + 2 

12-4 

5 


23. 

r + 3_ 

r + 2 _ 

2 



r + 1 

r + 7 



24. 

X + 4: 

_x + Q_ 

1 



X 

a; + 3 

3 


26. 

y — ^ 

.y - 8 _ 

1 



y 

y + 4 

4 


26. 

2t + 5 

_1 _t+ 4 



26. f = LX. 

2 < + 8 2 4c t 


27 ^ 

j_ »• - 1 _ 1 

■ r + 3 

2r + 3 

28 ® ~ ® 

r 7 — a 1 

a — 3 

2a-9 3 

29 . 

_ 3 _ s - 33 

s + 2 

s-2 s2+28 

CO 

p 

I5 

1 

i 

12 _ 1 

X 

— 1 X — 2 

31 . ® - 

|- — — = ? 

r — 2 

r - 8 3 
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84. Equations Containing Decimals. Wlien solving the 
equation 3.16 x = 4.542, the division of 4.542 by 3.16 gives 
1.4373-*-. If the quotient is required to the nearest tenth, we 
say that x = 1.4 because 1.43 is nearer to 1.4 than to 1.5. 
Likewise, to the nearest hundredth, x = 1.44 because 1.437 is 
nearer to 1.44 than it is to 1.43 ; aixd to the nearest thousandth, 
X = 1.437 because 1.4373 is nearer to 1.437 than it is to 1.438. 
We notice, then, that the division must always be carried out 
one step farther than the last figure that we wish to retain. 

To solve an equation like = 3.5 we 

.4 .5 

may either (1) use a multiplier, as 2 (the L. C. M. of .4 and .5), 
to clear of fractions, or (2) first eliminate some of the decimals. 

Thus, if we multiply the numerator and the denominator of 
the first fraction by 10, and the numerator and the denomi- 
nator of the second fraction by 4, we get 

70 ~ 3 X _ 24 — X _ Q 5 
4 2 “ 

86. EXERCISES 

Find, to the nearest thousandth, the roots of : 

1. .267 a: = .163 2. .159 2/ = .601 

3. .2(.3a; + .07)+ 5(.188a: - .2032)= .35 

4. 3(2/ - .82)= 1.19 - 1.53 2/ 

cc + .26 _ 2x + 8.75 
■ Ji + 1.16 .6 a: + 3.46 

6 5 2/- .9 I 1.6-3 2/_2. 6-82/ 

.3 2 1.2 

_ 2 r — .3 I r — .03 _ 5 r — .69 
.5 .6 ' .3 

„ < - .6 , 2 « - .5 _ < - .09 

8 . _ + ^ 


I 
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86. Problems Containing Literal Numbers. Solve tlie 
following problems : 

1. The difference of two numbers is 13. Find tluj nurnl)cr8 
if their sum is 51. 

2. Find two numbers whose difference is 15 and sum 29. 

3. Find two numbers one of which exceeds tlie otluir by 
23, their sum being 117. 

4. If one number is 30 larger than another and tluu’r sum 
is 92, what are the numbers ? 

These four problems are alike because in eacli one wo uro 
looking for two numbers whose sum and rf/ffcrc/av! is known. 

Hence let us call their sum s and their difTenniee d. In 
the first problem d = 13 and s = 51. What arc^ tlie valiuvs 
of d and s in ex. 2, 3, and 4? 

If we examine the answers to each problem, we sliall find 
that the larger of the two unknown number’s is always one 
half the sum of s and d, and that the smaller is always one half 
the difference of s and d. In other words : 

Larger number = ~^(s + d) Smaller numlior = i(.s - d) 
We can prove that these rules arc correcit by solving one 
of the problems, using the literal numbers s and d. 

Let the larger number == n 
Then the smaller number = n d 
Since the sum of the numbers is s, the equation is 
n + n ^ d == s 

Transpose - d to the right : 2 n - s + d 

Divide both members by 2 ; ji = i(s + d), th(i larKcr nuinhtsr 

Also, n - d = ^(s +d) - d = j.(8 - rf), tho Hiiwllor tiumiior 

The work above is the solution of the general problem : 

Find two numbers whose sum is s and whose differemx is d. 
This problem differs from ex. 1 to 4 above in that Hpecnfic. 
numbers like 13, 51, etc. have been replaced by the litentl 
numbers s and d. 
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87. EXERCISES 

1. Prove the rules oii page 78 by letting the smaller numl)er 
equal n and the larger number equal n + d. 

2. Show that if a field is 3 times as long as it is wide, then 

the width of the field = of the perimeter. (Let the width 
= w ; then the length = Sw; perimeter = p. Show by an 
equation that w = p,) 

Write the statement in ex. 3 to 10 as equations, calling n 
the number which is asked for : 

3. What number increased by 5 equals 6? 

4. What mimber increased by a equals b ? 

6. From what number must c be subtracted to give ri? 

6. Adding c to k times a number gives r. 

7. If k times a certain number is subtracted from a, the 
result equals r. 

8. Three times a number exceeds a by t. 

9. Six times the sum of a number and h equals c. 

10. The sum of 6 times a number and h equals c. (Notice 
the difference in the statements in ex. 9 and 10.) 

11. Ask a classmate to choose some number and then 
perform in succession the following operations : (a) Multiply 
it by 10, (6) add 4, (c) multiply the result by 2, (d) add 3, 
(e) multiply the result by 5. If from this product you sub- 
tract 55 and divide the remainder by 100, you will have th() 
origimxl number. 

Eepeat this entire process, using the letter n to stand for 
the chosen number. 

12. As in ex. 11, think of some number and then perform 
the following operations: (1) Multiply tlie number by a, 
(2) divide the product by 5, (3) multiply the quotient by c, 

(4) divide the result by d, (5) multiply the quotient by 

etc 

and you will have the original number. 

Repeat the process, choosing n as the original number. 
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88 . Solving Literal Equations. To solve Wm eciual.ion 
3 a; ~ ac = c- — ax for x, we first write the (M juat.ion as 
3 X + ax = d + ac. If now the left member w<a‘(^ 3 x f- 5 :r. 
we could add these terms, getting 8 x; hut how shall add 
such terms as 3 x d- ? 

If the question is asked: By what numbers is x multi- 
plied in the expression 3 x + ax? ” the answer is : 

3 and by a; that is, by (3 + a).” 

Hence 3 x + ax =(3 + a)x as we have pr(‘viousl> 
learned in /adomgf. 

Study the following examples until you ar(i al)le to tell 
in class what is added or divided in each step. 


1. Solve 


ax = 6. 



a 


2. Solve a + X = 6. 

X — a 


3. Solve26x+c= 3d 

2 6x = 3 d - c 

a; = M - g 
2b 


Since x is multiplied by a, 
we find X by dividing both 
members by a. 

Since a and x are added in 
the left member, we find z by 
transi)(>siug a to the right 
member. 

Why do we transpose a 
in this equation, but divide 
by a in example 1 ? 

The right member cannot 
be acimlly divided by 2 6, 
but we can indicate the divi- 
sion. 


S«l^e5^-a = 36a; + c. How is the third equation 
% + obtained from the second? 

x{5-Zh)= a + e What is next done to both 

X = ^ + c members? 

6-36 
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89. mmewEi^' 

Solve for x, expressing the results in the simplest form : 


1 . cx = d 

2. r + iT == 

3 . a + hx — c 

4. c — ax == 6 

6 . (a + h)x = c 

6 . (a + x)r = s 

7 . ax + b = cx + d 

8 . ax a = bx + b 

9. 3 X — 9 = ax — a- 


11. ax 


0 a — b X 


10. ax 


bx — ab 


12. bx — 3(x + a) = 2 6 

13 . 2(3 ax ~ 6) = 5(x + a) 

14 . 5 cx = 3 ri — 5 6x + 12 ri v/ 
16 . 5 6x — 3 (i = 2 6x + 12 d 

16 . a(x — 4)=a^ — 2x + 4 

17 . ax — 5 a + 3 X = a^ + 6 

18 . a(x + 3) = a^+ 5 X — 10 

19 . j b{x — a) = 6^ + 2 a6 
l2l*0. b + a(x — b) = (6 + a)x 


After clearing of fractions, solve for x or for y : 

Review pages 28 and 74 to see how the multiplier is to be chosen. 
x a b 


21 


6 3 4 


22. 2 = 3 

a b 

23. 

9 4 6 

24. ?y + “ = 2 

9 8 6 

25. “ + ^ = c 

X X 

26. 2 + 2 = C 

a b 

27. 2 + 1=. 1 . 
a b 

28 . u-l = y 

a db b 



29/ £, + = & 

10 20 

30. = & 

10 20 

31. k - g(y j) ^ A J 

6 3 10 ^ 


32* a “““ 


33. 


y 2y 

a 6 
4 a 


ax 


34. Y^+4 


^2 ^ 


3?/ 


36. 


X + a 


X 


X X — 6 

36. = 

OX — 3 X a — 


NYB. 2d C. ALQ. — 6 
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Solve the following equations for x or for y : 

37 . 

38 . 


a + b _ 

a -b 

11 3 a; , a; + 

1 + X 

1 — X 

■ 50 20 

a _ 

b 

3 a; X -{• a 

y - b 

y - a 

^^•50 20 


39 . 


40 . 


X — a 


X + a 

ax 

y ^ 

3 

a — b 

6 

46 . 



a 

46 . 

X — 


be 


a + b 
a , X 


43 . 

44 . 

b 

- b 


a + b 

y 


y + b 


1 y 1 4. 2 2/ “tJL 

2 a 2 


a ■ 

X 


= 0 



ac ah 

The following equations are quadratic, and are solved by 
factoring (see page 57). In solving a linear equation, the 
terms that contain x are collected in one member. In solving 
a quadratic equation, however, all the terms are collected 
in one member, making the other member zero. 


47. — 2 ax — 15 a^ — 0 Ans. x == 5 a, aiad rc •= — 3 a 

48. ^2 4 3 52/ = 10 62 

49. 2 + 5 arc — 12 = 0 

60. 2 - 15 by + 18 6^ = 0 

61. 10^2 + 9 62 = 21 6a; 

62. 8 a^x^ — 14 abx + 3 62 = 0 

63. a;2 + 3 ao; — 5 6a; — 15 a6 = 6 

64. 2 -- 2 ay + Sby — 3 ab = 0 

66 . — 3 ay + iby — 12 ab 

66 . 2 — 2 ax + ac = cx 

67. (2a; + 6)(a;-26)= 7¥ 

68. (a; + a)(a; — 2 a) ~ 4 a2 = 0 

69. a;2 + 6 a6 = a;(3 a + 2 6) 

60. ^2 4 2 2 62/ - 8(a - 6)2 = 0 
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90. EXERCISES —FORMULAS 

1. After solving the equation A — Iw for I, translate the 
solution into a rule telling how the length of a rectangle can 
be found when the area and the width are known. 

2. Solve A = bh for h and, as in ex. 1, state the solution 
as a rule telling how the altitude of a triangle can be found 
when the area and the base are known. 

3. Solve A = P + Prt for P and then state a rule for ' 
finding the principal when the amount, the rate, and the 
number of years are known. 

4. Use the formula found in ex. 3 to find P when : 

(a) A =: 1125, r = 5%, t = 2^ 

(b) A = 3500, r == 6%, t = 2^ 

The following formulas are taken from textbooks on 
algebra, physics, banking, engineering, etc. : 


6. 

_ n{a + T) 

2 

Solve for a ; 

fori. 

6. 

^ _ mg — t 

t m 

Solve for m. 


7. 

t^_WL- a 

Solve for L. 


8. 

/ m \ 

W + mA 

Solve for m. 


9, 

C - ^ 

Solve for n ; 

for r. 


R + r 

n 







10. 

JT U 

t 

Solve for C. 


11. 

11 

1 

Solve for W. 



12. P = (3 r _ 1) _ 76 


Solve for T. 



84 FRACTIONAL AND LITERAL EQUATIONS 


91. Suggestions for Solving Problems. The pupil should 
refer to this page for help whenever he has difficulty with 
problems of the kind shown on page 85. 

1. In many problems dealing with literal numbers it is 
not necessary to use an equation or to represent the unknown 
quantity by any letter. For example : 

If a dealer buys pencils for c cents a dozen and sells them 
for s cents each, what is the gain in dollars on n dozen ? 

Find the cost of one pencil, then the profit on one pencil ; next find 
the profit on one dozen, and finally the profit on n dozen. This profit 
may then be expressed in dollars. 

A dealer buys goods for b dollars and sells them for s 
dollars. What is the per cent of gain on the cost? 

First find the gain in dollars. The per cent of gain is 100 times the 
quotient of the gain by the cost. 

2. Proportions may well be used in such problems as : 

If n yards of goods cost c cents, find the cost of m yards. 

Here the ratio of the costs is equal to the ratio of the amounts pur- 
chased. Represent the unknown cost by x, write the proportion, and 
solve it for x. 

If it takes m men h hours to do some work, how long will 
it take n men to do the same work ? 

In this case the number of men is inversely proportional to the number 
of hours. 

3. Many problems are like those on pages 33 and 34 
with literal numbers substituted for the usual numbers, as : 

One man can do certain work in a days ; another man can 
do the same work in h days. How many days will it take if 
both men work? 

If the answer is x days, then - + f = 1. 

d 0 

Find three consecutive integers whose sum is 8. 

If n is the first of the 3 numbers, then n + (n 4- 1) 4* (n + 2) * s. 
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92. PROBLEMS WITH LITERAL NUMBERS 

1. A man buys a house for b dollars and sells it at a 
profit of r%. What is the selling price? 

2. If a train goes m miles in h hours, how many feet 
does it go in a second? how many yards in a minute? 

3. What per cent is gained on the cost if an article is 
bought for b dollars and sold for s dollars? What per 
cent is gained on the selling price? 

4. If m men can finish a job in d days, how many more 
men should be hired if the work must be done in c days ? 

6. A can do certain work in a days and B in 6 days. 
After A has worked alone for c days, he hires B to help 
him. In how many more days will the work be finished? 

6. A dealer mixes a pounds of candy worth b cents a 
pound with c pounds worth d cents a pound. What is the 
value of the mixture per pound? 

7. Divide d dollars among 3 brothers so that each om 
shall have k more dollars than the next younger. 

8. A man invests s dollars, part at 6% and the remainder 
at 5%. If the annual income is i dollars, how much does 
he invest at each rate? 

9. Find the amount of water that must be added to one 
ounce of r% sugar solution to make a t% solution. 

10. If a father is / years old when his son is s years old, 
in how many years will the father be k times as old as his 
son? 

11. The arms of a lever are I feet and r feet, and weights 
of c pounds and d pounds, respectively, are placed at the 
ends. Write the equation for Z, r, c, and d. 

/ 12. What is the average sellings price of an article if 
a articles are sold atV" cents each, t at i'cents each, and 
^ c t cents each? If the cost of the articles was k cents 
each, what is the total profit? 


I 
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93. REVIEW OF CHAPTERS 11 TO V 

1. For building a concrete road, the county contributes 
50% as much as the state, and the town pays 40% as much as 
the county. If the cost per mile is $34,000, find the amount 
contributed per mile by the state, the county, and the town. 

2. In a solution of 80 lb. of salt and water there are 4 lb. 
of salt (that is, 5% is salt). How many pounds of water must 
be evaporated to make the new solution 12% salt? 

3. Glenn and Chester, weighing 80 lb. and 90 lb. respec- 
tively, sit 5 ft. and 3 ft. from the fulcrum on the same side of a 
seesaw. How far from the fulcrum, on the other side, must 
Kenneth, weighing 120 lb., sit in order to balance Glenn and 
Chester ? 

4. If rr = 5 is a root of the equation — 13 kx == 10, 
what is the value of fc? (If a; = 5 is a root, then 5 may 
be substituted for x in the equation.) 

6. If a; — 3 is a factor of the quantity 2x^ + kx — 33, 
what is the value of &? (If rr — 3 is a factor, then the 
quantity must reduce to zero when 3 is substituted for x.) 

Use the suggestion in ex. 5 to work ex. 6 and 7. 

6. If a; — 4 is a factor of kx^ — llx + 12, what is the 
value of fc? 

7. What is the value of k if 3 a;^ + 4 kx — 14 is divis- 
ible by X + 2 without a remainder ? 

8. In the formula y = 2 gxH^ — substitute 

^00 yj 

X = y - a and simplify the result as far as possible. 

][ ^ 

9. Find the value of a; — - when x = — 7 —^* 

X r + s 

10. Prove by substitution that x = 

a + b 

Qf 

ah a + h ^ ‘ / 


is a solution 
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11. Solve the equation ^ — - — = — — jL__ by 

- 3x + 2 - 4cX + Z ^ 

regarding it as a proportion and then explain why one of 
the values of x does not check. (Remember that the prod- 
uct of the means equals the product of the extremes.) 

Solve the equations : 



4 

3 + “ 

5-2 


12. 

2 ^ 

y 

3 

= 3 + - 
y 

13. 

in + 5 

^ 4 

n 


n + 2 


n- + 4 w + 4 

14. 

X — 1 

X -f- 5 

- 9 


: X 

x + 2 

2x -\- 4 

16. 

15 t- 2 
3t-2 

= 6 - 

31- 10 

3< - 6 


16. 


17. 


~ a , xj- 

li f 


a 


S't™ 


18. 


X 

X 


J + 


X — h 
X + s 
r + 6^ 


+ 


^ + c a; + n 
2 sx 




1& 

a 

+ b _ 

c 

1- 

ax 

hx — 1 



y 

y + i 

bx , 

ax 

20. 

a 

== L: 

- hx 

ion 

i 22. — = 

- " 

- ax 


X 

ax 

— 

a 

ab 

— bx 



( 23.^, 

.Simplify 

1 - 1 -bh 

1 + 6 a + an 

'i + 

a \ 

1 - a) 


' 24. Simplify 


^ 

d , 

1 _ 1 ^ 
a 6 
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94 . PROBLEMS FROM VARIOUS SCIENCES 

1. The speed at which sound travels in air is given by 
the formula v = 1090 + 1.14(^ ~ 32) where v is the speed 
in feet per second and t is the Fahrenheit temperature. 

Find (a) the speed when the temperature is 68°, and 
(b) the temperature when the speed is 1100 ft. per second. 

2. Two men ride in the same direction around a circular 
path, one making the circuit in 2-J- hr., and the other in hr. 
If they start together, after how many hours will they be 
together again ; that is, how soon will one man make one 
more circuit than the other? 


Ex. 2 is like the astronomical problem in ex. 3 and 4. 

3. If a planet is between the earth and 
the sun, as in the figure, the planet is said 
to be in inferior conjunction with the earth. 

Venus was in conjunction with the earth 
on Feb. 7, 1926. If Venus and the earth revolve about the 
sun in 225 days and 365 days respectively, find the approxi- 
mate date of the next inferior conjunction. 

4 . Mercury revolves around the sun in about 88 days. 
If Mercury and the earth were in inferior conjunction on 
Dec. 11, 1925, find the approximate date of the next in- 
ferior conjunction. 

In business the “ turnover represents the value of the 
goods sold which the dealer must repurchase from his whole- 
saler in order to keep his stock up to date. The turnover, 



r, in dollars, should be T 


1 / 

- f C + where C is the capi- 


tal invested in the business, t is the number of months re- 


quired to make the sales, and fc is a certain number depend- 


ing on the kind of business. 


(a) Find T if C 50,000, t = 2, k = 1.5, 
(h) Find (7 if T = 6000, t = 3, k - 2. 



CHAPTER VI 


GRAPHS. FUNCTIONS 

95. Graphs of Statistics. Graphs are pictures that show 
how a quantity changes from time to time or how it depends 
on some other quantity. Fig. 1 below shows the number 
of touchdowns made by a football team during five seasons. 
Pig. 2 shows the weight in pounds of a boy at various ages. 



12 3 4 5 10 11 12 13 14 

Pig. 1 Pig. 2 


The graph is the broken or curved line joining the points 
marked with dots. 

Notice this, difference in the two graphs : The point A in 
the first graph does not represent any number of touchdowns ; 
but the point B in the second graph does represent a weight. 
(It is the weight of the boy when years old.) The only 
points on the first graph that have any meaning are those 
marked with dots ; but in the second graph, the whole curve 
has a meaning. For this reason the first graph is made of 
broken lines, while the second is drawn as a smooth curve. 

89 
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96. Construction of Graphs. The successive steps in the 
drawing of a graph are shown in the following problem : 

A boy’s weekly wage for various years after graduation 
from high school was : 

Year 1234567 8 

Wage $16 $17 $18 $20 $24 $30 $33 $34 


1. Draw a horizontal 
scale, or axis. 

2. Through the zero point 
draw a vertical scale. The 
numbers on it must be large 
enough to show the largest 
wage, but the ' divisions on 
the vertical scale need not 
be the same as on the hori- 
zontal scale. 

3. At point 1, draw a line 
to represent $16, as that is 
the weekly wage during the 
first year. Similarly, draw 
the vertical lines at the 
points 2, 3, etc. 

4. Join the tops of the 
vertical bars by a smooth 
curve or a series of lines. 

If paper with vertical and 
horizontal lines on it is used, 
the vertical bars shown in 
step 3 need not be drawn. 
Use dots to mark the points 
where the ends of the bars 
would be. 


J I I I 1 1 1 1 -U 

6 1 2 3 4 6 6 7 « 

Years 



Years 



Years 
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97. EXERCISES 

Draw the graphs for the following data. State on the 
axes exactly what the numbers represent, as years/ ^ cost 
per pupil/’ number of members/’ etc. 

1. The cost per pupil of maintaining the high schools in 
a certain city was : 

Year 1918 1919 1920 1921 1922 1923 1924 

Cost per pupil . . S27 $35 $40 $42 $43 $44 $45 

2. The cost of a certain kind of automobile varied from 
year to year as follows : 

Year 1919 1920 1921 1922 1923 1924 1925 

Cost $900 $950 $875 $800 $850 $875 $850 

In ex. 2, the prices vary between 800 and 1000 ; hence we may mark 
the lowest number on the vertical scale as 800 instead of 0. 

3. The membership in a civics club in a school grew as 
follows : 

Year of club 1 2 3 4 5 6 7 

Number of members . . . 600 620 680 750 840 870 910 

4. When Mr. Smith traveled across the country, the mile- 
age and the consumption of gasoline increased as follows : 

Miles 0 100 200 300 400 500 600 700 

Gallons of gasoline . . 0 5 12 20 28 35 41 50 

During what part of his trip were the roads the best ? 

6. As Mr. Jones’s salary increased, he saved each year a 
larger per cent of his salary, as shown in the table : 

Year 1 2 3 4 5 6 7 8 

Part of salary saved 8% 9% 10% 12% 15% 16% 17% 18% 

6. A man 25 yr. old may have his life insured for $1000 
by making a yearly payment of $20, called a 'premium. The 
premium varies with the age when insured as follows : 

Age in years 25 30 35 40 45 50 55 

Premium $20.00 $23.00 $26.50 $31.00 $38.00 $46.50 $^9^.00 
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98. Interpretation of Graphs. When several graphs 
are drawn on the same axes, we can better understand the 
meaning of the rise and fall of the curve. 

Example. The number of millions of tons of orders of a 
steel corporation on the last day of each month during .1922, 
1923, and 1924 is shown in the table below. The figure shows 
the three graphs, one for each year. 

1922 1923 1924 

Jan. 4.4 6.9 4.8 

Feb. 4.1 7.3 4.9 

Mae. 4.5 7.4 4.8 

Apr. 5.1 7.3 4.2 

May 5.3 7.0 3.6 

June 5.6 6.4 3.3 

July 5.6 5.9 3.2 

Aug. 6.0 5.4 3.3 

Sept. 6.7 5.0 3.5 

Oct. 6.9 4.7 3.5 

Nov. 6.8 4.4 4.0 

Dec. 6.7 4.4 4.8 

Business of all kinds was reported as “ very good in 1922, 
“ dull ’’ in 1923, and improving after August, 1924. 
According to the above graphs, how did the steel business vary 
in these years? Why is the manufacture of steel called a 
“ barometer of the country's prosperity? 

The production of crude oil for gasoline varies with the 
season, being greatest in the spring and summer months. 
Hence it is called a seasonal ” business. Judging from 
the above graphs, is the manufacture of steel a seasonal 
business ? 

When constructing a graph, state very exactly in the 
figure what the numbers on the two scales or axes repre- 
sent. After the graph is constructed, aim to interpret it; 
that is, observe and try to explain the high and low points 
and the variation of the curve. 
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99. EXERCISES 

Draw the graphs to represent the following data : 

1. The approximate income and expenses of a drug store 
for a year are shown below. Draw both graphs on the same 
set of axes. 



Incomk 

Expknses 


Incomh 

Expknhks 

Jan. 

$10,000 

$8,000 

July 

$16,000 

$12,000 

Feb. 

12,000 

9,000 

Aug- 

18,000 

13,500 

Mar. 

13,000 

9,500 

Sept. 

17,000 

13,000 

Ape. 

12,000 

9,200 

Oct. 

13,000 

10,000 

May 

11,000 

8,400 

Nov. 

11,000 

12,500 

June 

13,000 

9,200 

Dec. 

15,000 

11,000 


2. The following table gives the amount (the sum of the 
principal and the interest) of SI at 5% simple interest and 
also at 5% interest compounded annually. Draw both graphs 
on the same set of axes. 

Years 5 10 15 20 25 

Amount at simple interest . . $1.25 $1.50 $1.75 $2.00 $2.25 

Amount at compound interest . $1.28 $1.63 $2.08 $2.65 $3.39 

Draw the graphs for ex. 3 and 4 on one set of axes. 

3 . The value in hundreds of millions of dollars of the 
exports from the United States for 1924 was : 

Jan. 3.9 Apr. 3.5 July 2.8 Oct. 5.3 

Fi5B. 3.7 May 3.4 Aug. 3.3 Nov. 5.1 

Mab, 3.4 JuNis 3.1 Sept. 4.3 Dec. 5.0 

4 . The value in hundreds of millions of dollars of the 
imports to the United States for 1924 was : 

Jan. 3.0 Apr. 3.2 July 2.8 Oct. 3.1 

Feb. 3.3 May 3.0 Auo. 2.5 Nov. 3.0 

Mar. 3.2 JVne 2.9 Sept. 2.9 Deo. 3.0 

Judging from the remarks in the example on page 92, how 
do exports and imports vary during good and bad times? 
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100. Graphs Showing Negative Numbers. The table 
below contains negative as well as positive values of the two 
quantities x and y : 


0 1 2 3 4 

y 16 8 5 4 3 2-4-14-18 



First draw two scales, 
as in the figure at the left. 

On the horizontal scale 
the values of x increaKSe 
from left to right ; on the 
vertical scale the values 
of y increase from the 
bottom upwards. The 
distance from 0 to 1 on 
the horizontal scale need 
not be the same as the 
distance from 0 to 1 on the 
vertical scale. 


When re = — 4, the value 
of y is. 16; hence at the 
point — 4 on the hori- 
zontal scale draw a line up- 
wards to represent 16. 

When a; = — 3, the value 
of y is 8 ; hence at the 
point — 3 draw a line up- 
wards to represent 8. 

Continue in this way 
for all the values of x. 
When aj = 2, the value of 
^ is — 4, and so the line 
is drawn downwards instead 
of upwards. 
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101. EXERCISES 

Draw the graphs for the following tables : 
j fa: - 4 - 3 - 2 - 1 0 12 3 4 

12/ -7 -5 -3 -1 1 3 5 7 9 

2 fa: -3 -2-1 0 1 2 3 

12/ - 10 - 3 2 5 6 5 2 


a:-3-2-l 0 1 2 3 

y 11 8 5 2-1-4-7 


4. 

- 3 

- 2 

- 1 

0 

1 

2 

3 

4 

\y 

- 32 

0 

12 

10 

0 

- 12 

- 20 

- 18 

6 . 

- 10 

- 5 

0 

5 

10 

15 

20 


\y 

45 

30 

15 

0 

- 15 

- 30 

- 45 



6. In ex. 1, 3, 5, the graphs are straight lines. What do 
you notice about the successive values of y in these tables ? 


102. EXERCISES -GRAPHS OF EQUATIONS 

I. If 2/ = 3 a: + 6, find the values of y when x has the 
values - 4, - 3, - 2, - 1, 0, 1, 2, 3, 4. Write the values 
of X and y in a table and then draw the graph. 

In the same way draw the graphs for the following equa- 
tions, using values of x from — 4 to ■+ 4 : 

2. y = x + Z 6. 32/ = a:-|-4 

3. y = Z - X 6. 32/ + 2a:==6 

i. y = X - Z 7. iy - &x = 9 O/oJu 

8. Draw the graph for y ~ x. 

9. On the same set of axes draw the graphs for both 
y = X 2 and y = x + 2. 

10. On the same set of axes draw the graphs for both 
2/ = a: -f 4 and y = x — 4^. 

II. On the same set of axes draw the graphs for both 
y = Z X + 2 and y = — -^x + 2. 
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103. Definitions of Terms. The horizontal line on which 
the values of x are marked is called the x axis. The vertical 
line, or, more correctly, the line perpendicular to the x axis, 
is called the y axis. Frequently we give the axes special 
names, such as the time axis or the temperature axis. The 
point where the axes cross is called the origin. 

The location of any point in the figure can be stated by 

telling the value of x and 
of y at that point. This is 
the same as telling how far 
the point is to the right or 
left of the vertical axis, and 
how far it is above or below 
the horizontal axis. Thus, 
for point A, x = 2, y - 
for point J?, — 4, y = 2. 

The arrows show how to 
get to the point if we start 
from the origin. 

The two numbers which 
locate a point are called the coordinates of the point. 

The number x is called the abscissa of the point, and the 
number y is called the ordinate of the point. 

Frequently instead of saying a; = 3, ?/ = 5 for a point, we 
say merely ‘‘ the point (3, 5),’^ it being understood that the 
first number in the parenthesis is the value of x and the 
second number the value of y. What are the coordinates of 
the points C, D, E, F in the figure above? 

Exercise. Draw an x axis and a y axis. On the x axis 
show numbers from — 5 to +5, and on the y axis show 
numbers from — 10 to + 10. Then draw the arrows which 
locate the following points : 

G, (3, -- 4) I, (~ 3, 8) Z, (- 2, 5) 

if, (- 3, - 8) J, (0, 5) L, (5, 0) 
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104 . Variables. If s represents the length of a side of 
a square and p the length of the perimeter, then p = 4 
In this equation the letter .s does not denote some fixed 
length but the length of a side of any square; likewise, p 
denotes the perimeter of any square. 

A letter that represents any number that can be used in 
a problem is called a variable number, or a variable. 

The number 4 in p = 4 does not vary, because every 
square has 4 sides. The number 4 is constant while the 
numbers p and s change or vary in different squares. 

In the equation p = 4 ,9 we have the variables p and s, 
and the constant 4. The equation tells how the variable p 
depends on the variable s, or expresses p in terms of s. 
If we solve the equation for s, writing .s = ^{- p, then the 
side is expressed in terms of the perimeter. 

Similarly, the equation C = 2 tv contains the variables 
C and r, and the constants 2 and tt ; and the circumference 

G 

IS expressed in terms of the radius. If written as r = , 

2 TT 

the radius is expressed in terms of the circumference. 

106 . ORAL EXERCISES 

State the variables and the constants in the following equa- 
tions. Solve each equation for each variable, stating what 
variable is then expressed in terms of what other variables. 


1. 

F = ^C + 32 

(Fahrenheit and centigrade tem- 
peratures) 

2. 

A = 

(Area of a triangle) 

3. 

F = 3s 

(Perimeter of an equilateral triangle) 

4. 

F = Tfl! 

(Circumference and diameter of a 
circle) 

6. 

p = 2(1 + w) 

(Perimeter of a rectangle) 

6. 

W = 62.5 c 

NYB. 2d C. ALG. 

(Weight of c cubic feet of water) 



98 


GRAPHS. FUNCTIONS 


, 106. Functions. Instead of saying that the circumference 
of a circle depends on the radius, we frequently say that the 
circumference is a function of the radius. 

In an equation containing several variables, one of the va- 
riables is called a function of the other variables. 

It is just as correct to say that the radius of a circle is a 
function of the circumference as to say that the circumference 
is a function of the radius. We use one expression or the 
other, according to the nature of the problem. If we give 
different values to r and then find the value of C, we are 
thinking of the circumference as depending on the radius, and 
hence say that C is a function of r. If, however, we give 
different values to C and find the values of r, then we are 
thinking of r as depending on C, and in this case r is a function 
of C. 

107 . The value of any quantity containing a;, as 3 a; — 5, 
depends on the value of x. Thus, 3 x — 5 equals — 2 when 
X = 1 ; equals 4 when x = 3 ; equals 13 when x = 6, etc. 
Since x may be given any value, x is a variable; and the 
quantity 3 x — 5 is a function of x because its value depends 
on the value of x. 

Any expression containing x is a function of x. 

Instead of denoting 3 x — 5 by y and writing y == 3 x — 5, 
it is frequently convenient to use the symbol /(x) for any 
function of x, writing : /(x) = 3 x — 5, for example. This 
is read '' the function of x is 3 x — 5.’^ This notation is very 
useful when we wish to indicate that various numbers or 
letters are to be substituted for x. Thus, f(a) means tlie 
result of substituting a for x. For example : 

If /(x) = x2 - 3 X + 5, then f(a) = - 3 a + 5, and 

/(4) = 42 - 3 • 4 + 5 or 9 , and /(- 6) = 36 + 18 + 5 or 59. 

If we are working with several functions, we may denote 
one of them by/(x), anothei by g(x), another by F(x), etc. 
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108. EXERCISES ON THE FUNCTIONAL NOTATION 


These exercises are useful as a drill on the vocabulary. 

1. If f(x) = 2 a: + 3, find the value of f(x) when a: = 1 ; 
that is, find the value of /(I). 

Find the values of /(2), /(3), /(- 4), /(i). 

2. Given f{x) = 2x — 3. Find the values of 

/(- 3), /(-- 2), f{^ 1), /(O), /(I), /(2), /(3). 

Write the values of 
f(x) in a table as shown 
at the right. Draw a 
graph from this table. 

This is the graph of the function 2 a; — 3. 

As in ex. 2, draw the graphs of the following functions, 
using values of x from — 3 to + 3 : 


X 

- 3 

- 2 

~ 1 

0 

etc. 

f(x) 



1 




3. 4 a; + 5 5 . x^- 3x + 2 

4. — 1 6. — 5 a; + 6 


7. Given f(x) — 3. Does the graph of f(x) differ 

from the graph of the equation ?/ = — 3 ? 

8. If f(x) = x^ — 5x + 6, find : 

(a) The values of x for which f(x) = 0. 

(b) The values of x for which f(x) = 20. 

9. Given f(x) = — 3 a; + 5, arrange the following 

expressions in order from the smallest to the largest : 

M), /(- 2), /(O), /(4), /(2), /(.6) 

10. Fill in the blanks in the following statement of the 
Factor Theorem, stated at the bottom of page 52 : 

If /(n) = 0 then • * • is a factor of f{x) provided f(x) is a 
rational integral ■ • • of a;, 

11. Complete the following statement of the facts that 
were discovered in steps 1 to 4 on page 52 : 

lf f(x)j a rational integral function of a;, is divided by x — n, 


the remainder is " 
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109 . Direct Variation. The following table shows some 
corresponding values of a; and y when 2 / = hx. The pupil 
should write out a similar table for y = 3 a: or 2 / = - 4 a;. 

X -3 -2 -1012 3 4 5 

y -Zk -2k -k 0 k 2 k 3fc 4& 5 k 

The quotient of any value of y (except 0) by the corre- 
sponding value of X is always k, because = k ii y — kx. 

If y = hx then the values of y are proportional to the values 
of X. This idea is also stated in such phrases as : y is directly 
proportional to x, or y varies as x. 

The converse of this statement is also true j namely . 

If one variable is proportional to another, or if y varies 
as X, then the relation between them is y — hx. 

110. Inverse Variation. The following table for the 

equation 2/ == “ shows another kind of variation : 

x-3 -2 -1012 3 4 5 

y —-^k — ik —k k ^k ^k j^k ^k 

(Why is there no value of y when x = 0? See page 10.) 
In this table the product of x and y is always k, as the 

k 

equation itself shows : xy = k H y = -■ 

If y = ~> y “ inversely proportional to x, or y 

varies inversely as x; and conversely. 

One variable may depend on another in a great many othoir 
ways tba-n the two ways shown above. Thus, if y = kx^ we 

k 

say that y varies as the square of x ; and if y = — we say 

that y varies inversely as the square of x. When the kind of 
variation is not specified at all we say that y varies with x 
instead of y varies as x. 
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111. Denote any two of the values of x by and X 2 (read 
as X sub-one’^ and “ x sub-two’^), and the correspond- 
ing values of y by yi and ^ 2 . Then the equation ~ == ~ 

' 1/2 ^2 

is another way of stating that y varies as x and the equation 


¥1 

2/2 


X2 
a; I 


is another way of stating that y varies inversely as x. 


Whether this method or the methods on page 100 should 
be used depends on the nature of the problem. 


Example 1. y varies as x, and y — 8 when x = 2. Write 
the equation for y and x. 

Since y varies as re, let y = The value of k is then found by 
substituting y — S, a; = 2 in this equation. This gives 8 = ^*2, or 
k = 4. Hence 2 / - 4 rr is the desired equation. 


Example 2. y varies as Xj and y = 8 when x == 2. What 
is the value of y when x = 3 ? 

8 2 

Using the method at the top of this page, write -- = Hence 

2/2 = 12 ; that is, y = 12 when x = 3. 

This value of y could also be found by substituting re = 3 in the 
equation 2 / = 4 rc, found in example 1. 


112 . EXERCISES 

Write the equation for y and x in ex. 1 to 3 : 

1. y varies as x, and y =16 when x = 3. 

2. y varies inversely as x, and y = 20 when x = 4. 

3. y varies as the square of x, and y = 32 when x = 2. 

4. In ex. 1, find the value of y when x = 5. 

6. In ex. 2, find the value of y when x = 6. 

6. y varies as x, and ^ = 12 when x = 3. What is the 
value of y when x = 5 ? 

7. ^ varies inversely as X, and 2 / = 100 when x = 5. What 
is the value of y when x = 50 ? 
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113. 


EXERCISES 


By studying the numbers in the following tables : 

(a) Find whether y varies directly or inversely as x, 
(h) Write the equation for x and y. 

(c) Find the values of x and y for the blank spaces. 



6 7 8 

28 
32 

2 i 

5 

2 1 ^ 
0 2 

- 3 


After introducing suitable letters for the variables, write 
the following statements as equations (a) as shown on page 
100, and also (&) as shown in § 111, page lOl. 

6. The volume of a gas is inversely proportional to the 
pressure exerted on it. 

6. The volume of a gas varies as its temperature, 

7 . The area of a rectangle varies as its length, 

8. The area of a triangle varies as its altitude, . 

9. The electrical resistance in a wire varies as the length * 
of the wire. 


10. The electrical current varies inversely as the resistame 
in the circuit. 


11. The length of the circumference of a circle varies as the 
radius. 


12. The area of a circle varies as the square of the radius. 

13 . The number of revolutions of a wheel on a car varies 
inversely as the circumference of the wheel. 

14 . The volume of a cylinder varies as its height. 
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114. SUPPLEMENTARY EXERCISES — FREQUENCY GRAPHS 

1. The following grades in algebra were made by the 
544 freshmen in a school : • 

Grade . . . 0-69 70-74 75-79 80-84 85-89 90-94 95-100 
Number of pupils 22 45 102 190 105 56 24 

These facts are shown 
in the figure by the series 200 
of horizontal lines. If we 
counted how many pupils 
made each grade, as 75, § 

76, 77, etc., the graph £ 
would look more like the fioo 
dotted curve. | 

This curve shows the g 
distribution of the grades 
among the pupils, and is 
called a frequency graph. 

Draw the frequency 
graphs for the following : 


2. The weights of some 13-year-old boys are given below : 


Weight 
in lb. 

Less 
than 61 

61-68 

()8-75 

75-82 

82-89 

89-9() 

96-103 

103 

or more 

Number 
of l)oys 

15 I 

34 

75 

85 

62 

37 

14 

11 


(For example, 15 boys weighed less than 61 lb., 34 boys 
weighed 61 lb. or more but less than 68 lb.) The horizontal 
scale need not begin with 0; begin here with 54, and let 
each division be 7 lb. In your figure show both the series of 
lines and also the smooth curve that miglit result if 1 lb. 
divisions were used. 

3. The lengths of some ears of corn taken from one garden 
varied as follows : 

Length in inches . . 6-7 7-8 8-9 9-10 10-11 11-12 

Number of ears ... 50 150 300 250 125 25 
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115. Mathematics and Other Sciences. On page 98 it 
was stated that a function of x is some expression that in- 
volves the number x. The essential idea is that there are 
two variables, one of which depends on the other. There 
are many such relations in geometry and physics, some of 
which are stated in the exercises on page 102. 

There are, however, a great many relations in other fields 
of study in which the dependence cannot be stated by means 
of an equation. Thus, the number of bushels of wheat ob- 
tained from a field depends on the rainfall, but we cannot 
express this dependence by means of an equation. We can 
represent the variation by a graph after measuring the wheat 
obtained and the rainfall, and sometimes it is possible to de- 
rive what is called an empirical (or experimental) formula. 

Likewise, the economist states that the demand for an 
article depends on its price ; the banker says that prosperity 
depends on credit ; the chemist says that the speed of a re- 
action depends on the strength of the chemicals; and the 
doctor says that our health depends on the number of certain 
kinds of corpuscles in our blood. Every science is, a study 
of the dependence of one variable on another. 

Mathematics aims to state these relations in algebraic 
symbols and in equations. The study of the equation, then, 
frequently leads to new relations and new discoveries. Thus, 
mathematics is a tool used by all other sciences and the 
notion of function is fundamental to all. We may define it as 
follows : 

One quantity is called a function of another (puintity if 
to every value of the one there corresponds a value of the 
other. 
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116. Review of Sets of Equations in Two Unknown 
Numbers. The following illustration shows how a problem 
may lead to a set of two equations in two unknown numbers. 

Problem. The force P necessary to lift a weight W by 
means of a certain machine is given by the formula : 
p ^ a + bW 

By trial it is found that a force of 4 lb. will lift a weight of 
10 lb. and a force of 6 lb. will lift 20 lb. Find the value of 
the constants a and b for the machine. 

The information states that P = 4 when W = 10. If we 
substitute these values in the formula, we get : 

4 = a + 10 6 (1) 

The information also states that P = 6 when W = 20. 
Hence 6 = a + 20 6 (2) 

We thus have two equations to solve for a and b. 

We can find pairs of numbers that will satisfy one of these 
equations and not the other. Thus, a = 3, 6 = i\r satisfies 
equation (1) but not (2) ; and a = l,h - -J- satisfies (2) but 
not (1). The pair of numbers that satisfies both equations is 
called the solution of the set. 

The solution of equations (1) and (2) is a = 2, & = 

In earlier work in algebra we learned three ways of solving 
sets of equations (sometimes called simultaneous equations) ; 
namely, by graphs, by the multiplication-addition method, 
and by the substitution method. We shall review these 
methods as a preparation for solving sets of three equations 
in three unknown numbers. 


106 
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117. Review of Graphic Solution of a Set of Equations. 

\x + 2y = S 


Example. Solve graphically > ^ o 

[x — 2y = 2 

First, make a table of values for each equation : 


X +2y 


X -2y 


When making a table of 
values, it is convenient to 
solve the equations for y. 

Thus, re + 2 2 / = 3 is 
written y = — ^) 

and a; — 2 2 / = 2 is written 
y = i(x - 2) 

Second, draw on one set of axes the two graphs, as in the 
figure. The two lines cross at the point where x = 2}, 
y = -J-. This pair of numbers is the solution of the set. 


X 

V 


V 

- 3 

3 

3 

” 2.5 

- 2 

2.5 

- 2 

- 2 

- 1 

2 

- 1 

- 1.5 

0 

1.5 

0 

-- 1 

1 

1 

1 

- .5 

2 

.5 

2 

0 

3 

0 

3 

.5 



An equation like ax + + c = 0 is called a linear equa^ 

tion because its graph is a straight line. 
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118. Classification of Sets of Linear Equations. The set 

shown at the right has no solution because one 


2 X + 3 2/ = 5 
+ 3?/ = 7 


equation states that 2x + y equals 5 and 
the other that 2 x + Z y equals 7. The 
equations contradict each other. Such equations are called 
inconsistent. Their graphs are parallel lines, and hence the 
set has no solution. 

The next set has a different peculiarity. If we multiply 
the first equation by | we obtain the second. ^ ^ 

Any pair of numbers that satisfies the first 3 ^ + 6 ^ I 7j. 
equation will satisfy the second. Such 
equations are called dependent because each one can be 
derived from the other. Graphically, both equations repre- 
sent the same line. 

All other sets are called independent. Their graphs are 
distinct non-parallel lines. 

If the equations are written with the 4 . = c 

general coefficients a, 6, etc., it can be dx-\-ey-f 
proved that the equations are : 

Independent if the quantity ae — hd is not zero. , 
Either dependent or inconsistent if ae — hd — 0. 


119. 


EXERCISES 


Are the following sets inconsistentj dependentj or inde>^ 
pendent ? 


1 . - 


6 X 

3 X 


iy 

2y 


6 . 


.5 a; H- .8 ?/ = .6 
+ 1 . 6 ?/ - 1.2 


2x + Zy = Q 
Zx-2y = 7 

X + = 2 

3 a; + 6 y = 6 


10a: - 15?/ = 12 
14 a: — 21 2 / = 16 
9 X + 3 7/ = 12 
12 X + 4 2/ = 16 


3 X + 4 2/ = 10 
7x- 5y = 9 


2 X + 5 2/ = 11 
X + y = 1 
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120. The MultipUcation-Addition Method. To solve two 
equations in two unknown numbers, we must find a new 
equation containing only one of the unknown numbers; 
that is, we must eliminate one of the numbers. 

Example. Solve 1 ® = “ 

l7a; + 62 / = 15 

To eliminate y we look at the terms + 4: y and + 6 y. 
Since 12 is the L. C. M. of 4 and 6, we should change the 
first equation so that it contains +12 2/, and the second 
equation so that it contains ^ 12 y. Hence we multiply 
the first equation by 3 and the second by — 2. We shall 
find it convenient to show our choice of multipliers thus : 

3 bx + 4y = 11 
-2 7a; + 62 / = 15 

After multiplying both left and right members we get : 

15 rr + 12 2/ = 33 

- Ux- 12y =--30 
Add : X = S 

This work does not finish the solution because the value of y must 
still be found; but the pupil should notice how y is eliminated. 

Model Solution. Solve + = ^ 

\4x + 7y^2 

First Part i Second Part 

•j: 7 I 5 a; + 3 2 / = 14 ^ Substitute a; = 4 in the equation 
j-3|4a; + 72/ = 2 ? 5 a; + 3 2/ = 14 

i 35 a; + 21 2 / = 98 Then 20 + 3 2 / = 14 
i - 12 a; - 212 / ==-6 l 3 2^ « - 6 

I 23 a; = 92 I 

a: = 4 j 2/ “ - 2 

Check Substitute x = 4, y == - 2 in both equations : 

5a; + 32/ = 14 4x + 7y = 2 

20 - 6 = 14 16 - 14 = 2 

14 = 14 2 « 2 
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121. EXERCISES — PROBLEMS 

Solve and check the following sets of equations : 


1. < 

[ 5 X 

— 

2y = 

4 

6. < 

\2h 

+ 

k = 

2i 


[ 2 X 

+ 

3 2/ = 

13 


(12; 

h - 

- 4 fc 


2. ^ 

\ 4 X 

+ 

5y = 

7 

7 i 

\ 3 r 

+ 

8s = 

= 2 

1 


+ 

iy = 

5 

• * 1 

1 

[ 5 r 

= 

9 - 

2 s 

3.1 1 

f3:r 

— 

7y = 

1 

8. ' 1 

f i u 

— 

■■ 

= — 

1 

1 2 X 

— 

9 2/ = 

5 

r-r] 

IJ- u 

+ 

-J- V ■- 

= 8 

4.ii 

’ 5 X 

+ 

6 2/ = 

5 

9 J 

'i-x 

+ 

■hv ■■ 

= 1 

■C] 

2x 

— 

52/ = 

2 

i 


= 

y + 

4f 


^ (5u + 6v = 3 L2x + iSy = .3 

1 3 - 4 y = - 2 ‘ 1 .5 a; + 2/ = .6 


11. Some boys in a canoe go 17 mi. downstream in 2 hr., 
but need 47 }- hr. to return the same distance upstream. What 
would be the rate of the canoe in still water, and what is the 
rate of the current of the river? (If the rate in still water 
== R, and the rate of the current = r, then the rate going 
downstream is J? + r, and the rate upstream is B — r.) 

12. If a boat can go 21 mi. downstream in 3 hr., and 20 mi. 
upstream in 4 hr., find the rate of the boat in still water and 
the rate of the current of the river. 

13. The rate of the current of a river is 1^ mi. an hour. 
A boat can go a certain distance downstream in If hr. and 
return the same distance upstream in 3f hr. Find the rate 
of the J^joat in still water and the distance it went. 

- - Ti. Solve the problem on page 105. 

16. Find the constants a and 6 in P = a + hW if a force, 
P, of 8 lb. will lift a weight, W, of 10 lb., and a force of 8.4 lb. 
will lift a weight of 12 lb. 

16. If P = a + hW, and P = 3 when Tf = 4, and P = 10 
when W = 18, find the value of P when W = 20. (First 
find the constants a and b in the formula.) i 
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122. The Substitution Method. The method shown below 
can be used in more difficult situations than the method on 
page 108. (See page 176.) 

Example. Solve 1 1 ^ ^ ^ ? o / 9 \ 

1 6 X - 7 2/ = 19 (2) 

5 — 4 ^ 

First solve equation (1) for y, getting y = — 

Then copy equation (2), but in place of y write the fraction 
This is permissible because y is equal to this 

o 

fraction. The result is 

6 a:- 7 (5 -4 a;) ^ jg 

This equation contains only one unknown number, x. 
The unknown number y has been eliminated. 

The following complete solution of another set of equations 
is given here as a model of how to arrange and explain the 
work : 


Model Solution. Solve | 

2x + Zy == 

5 


(1) 

4 a; — 5 2/ = 

21 


(2) 

From (1) get 3 ?/ = 5 — 2 a;, or 

__ 5 ~ 2 .T 

3 



(3) 

Use this value of y in (2) : 

4:X — 

-2 a:) 
3 

= 21 


Multiply by 3 : 

12 a; - 5(5 

-2x) 

= 63 


Remove parenthesis : 

12 a; - 25 + 10 re 

= 63 


Solve for x : 


X 

= 4 


Substitute 4 for x in equation (3) 

= - 1 




Check. Check the solution by the method on page 108. 

This is called the substitution method because one of the 
equations is solved for one of the unknown numbers and then 
that solution is substituted in the other equation. It is not 
necessary to begin by solving the first equation for y ; we 
may solve either equation for either x or and then substitute 
in the other equation. 
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123 . EXERCISES — PROBLEMS 

By the substitution method, solve : 

I 5 a; + 2 y = 4 J 3 x + 4 ?/ = 18 

‘ l7a; - 3?y = 23 * [Sa; ~ 3?/ = 1 

f5aj + ?/ = 7 fa - 5 = 0 

1 a; — 2 2 / = 8 * [ 2 a + 3 5 = 30 

Ja + 6 = 1 fr — 6s = 0 

* i5a- 46 = 23 ‘ l3r + s = 19 

f 2 r + s = 7 : I 5 5 + 3 /c = 8.4 

* [r + 2s = 8 ‘ [h - /c = .4 

f8a + 26 = 5 f.2r + s = 1.12 

1 2 a — 6 = — 1 ’ [ r + .03 $ = .63 

I J 7 r + s = 5f . 2 I ^ + 2/ = 4000 

* lr + 3,<? = 2 * 1 .06 re + .05 ?/ = 230 

13 . If a baseball team plays 3 more games and wins all, it 
wiU have won f of the total games played. If it loses the 3 
games, it will have won -§• of the games played. How many 
games has the team won and lost so far? 

14 . ; Two weights balance on a lever when one is 10 in. and 
the other is 7 in. from the fulcrum. If 5 lb. is added to each 
weight, they balance when respectively 15 in. and 12 in. 
from the fulcrum. Find each weight. 

16 . Gold loses of its weight when weighed in water, 
and silver loses of its weight similarly. The crown of 
Hiero of Syracuse, which was part gold and part silver, 
weighed 20 lb. and lost 1|- lb. when weighed in water. How 
much gold and how much silver did it contain ? 

16. When weighed in water, tin loses about | of its weight 
and copper about of its weight. An alloy of the metals, 
weighing 46 lb., lost 6 lb. when weighed in water. How 
many pounds of each metal were there in the alloy? 
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124. Certain sets of equations in which x and y occur in 
the denominators can be solved by the multiplication- 
addition method without first clearing of fractions. 

Thus, for the set of equations shown at the 5 (3 4 

right, we multiply the first equation by 2 and ^ - - 

the second equation by 3. The fractions in 1 ^ 

the left members of the new equations can ^ ^ 

easily be added, as they have the same denominators. 

The fraction - is called the reciprocal of x. 

3 / 
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126. Sets of Literal Equations. In the example below, 
the multiplication-addition method is used. The substitu- 
tion method can also be used. 


Example. Solve for x and y : 


ax + hy - 2d^ + ¥ (1) 
hx — 3 ay —— ah (2) 


Multiply (1) by 6 : ahx -i- hhj = 2 dh + ¥ 

Multiply (2) by — a : — ahx + 3 a H j = 


Add: 

or, 

Hence y = 


3 ahj + h‘^y = 3 a^) -f ¥ 
2/(3 + &") = 3 a% + h^ 

3 a% -f ¥ ^ 6(3 + h^) ^ 

3 + 62 3 a2 + 


You can substitute ?/ = 6 in either (1) or (2) and thus find the value 
of X. In some sets, however, it is easier to find the other unknown 
quantity by beginning again with equations (1) and (2), selecting two 
new multipliers, adding, etc. 


127 . EXERCISES 

Solve for x and y. Use above method in ex. 1 to 4, sub- 
stitution method in ex. 5 to 8, and either method in ex. 9 to 11. 


1 . 


2 . 


3 . 


4 . 


ax + hy ^ 2 a^b 
x + y = a^ + ¥ 
ax + by — 2 ab 
bx + ay = a^ + ¥ 

3bx — 2ay == ia 
6 bx + j/ = 4 

ax + by^c 


6 . 


6 . 


7 . 


8 . 


(a — b)x — y = 0 
o?x — (a + b)y = ¥ 

X y — 2 a 
bx — by = 2 
X + y = a + 2h • 
a(b + 2 /) — 2 brr = a5 
(a + l)x - y = b 
ax — {a + l)y = — 


9 . 


10 . 


11 . 


dx + ey == / 

y + bx = ax 

(a + b)x — y = 2 ab + 2¥ 

(a + l)a; +(a — l)y - 2 a 
(a^'— l)x — (a^ — 1)^ = — 4 a 
(a + b)x — {a — b)y = i ab 
(a — b)x + (a + b)y — 2 a^ — 2 ¥ 
NYB. 2 d c. alq. — 8 
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128. The Multiplication-Addition Method. 


Example. Solve for x, y, and z the set : 


2x — Sy — z — — i 

(1) 

Zx 2/4-22 = 7 

(2) 

4a: — 22/-f32= — 1 

(3) 


The plan is to eliminate x from the first two equatioas, 
and from the last two equations. We shall thereby obtain 
a new set of two equations in two unknown numbers, y and z, 
which can be found by any of the previous methods. 


Multiply (1) by 3 : 
Multiply (2) by 2 : 
Add: 

Multiply (2) by 4: 
Multiply (3) by — 3 : 
Add: 


— 6 re + 9 y + 3 2! = 12 
6 re + 2 y + 4 25 == 14 

11 y +'7^'- 2() (4) 

12 reH- 4v/ + 82 r = 28 
~ 12 re + 6 ?/ — 9 g = 3 

10 2/ - = 31 (5) 


The problem has thus been reduced to the solving of the 
two equations (4) and (5) containing only y and 2 : 

11 ^ + 7^ = 26 (4) 

10 2 / - ^ = 31 (5) 


These equations are next solved by any method. We find 
that y = Zj z = — 1] and if we substitute these values in 
equation (1) we find that x = 2. 

The solution should then be checked by substituting the 
values X = 2, y = z = — 1 in equations (1), (2), and (3). 

Because of the many possible ways of solving sets of three 
equations, the pupil will find it worth while to examine all the 
equations carefully before selecting a method. 

In the example above, what multipliers should be used to 
eliminate y from equations (1) and (2), and to eliminate y 
from equations (2) and (3) ? 

What multipliers should be used to eliminate z from equa- 
tions (1) and (2), and from equations (1) and (3) ? 
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129. EXERCISES — PROBLEMS 

Solve the following sets for x, and z : 

[ X + 2y — ^ = 8 fa; + 3^ =7 

1. 2/+ ;a:="“3 8. | 2?/ — 3-2 = 5 

[30;.- 2 ^ - 2 2 = 5 [3a; + 42/ + 62 = 9 

{2x + Zy — iz=—l [ X + 2y ^ = 8 a 

2. I x — Qy + 2z = 8 9. ^ y + 2z=^—5a 

[4 a; — 3 2 / + 8 2 = 5 [2a;— y % — gl 

{5x + 2y~- 2 = 6 ra; + 2 ?/ — 2 = 26 

3. i 7 a; — 3 2 / + 22 = - 10 10 . ia;r^ +2 = 0 


4. 


6. 


6 . 


7. 

13. The sum of three numbers is 15. (Call the numbers 
/, Sj and t.) The sum of the first and the second is 5 more 
than the third number The sum of the first and the third 
is 4 times the second number. Find the three numbers. 

14. In a track meet between three teams, A, B, and C, 
the sum of their scores was 116. A and B together made 
66 more points than C. B and C together made 6 more 
points than A. Which team won the track meet? 

16. Find three numbers such that when added two at a 
time, the sums are 19, 6, and 7. 


[3a;— y — 6z == 4, 

\x + y + z 1 
u;-2/ + 2= -5 

ix^ + 

f5a;+ y — z = 5 ] 

a; - 3 2 / + ^ = 3 J 

[2 ^^+ Zy -- z 

r 6 X y‘'+"'§ z — 1 

5a;+ y — z — 2 
[ 2 a;— 2/“~52 = 3 

r a; + .2 2 / — .3 2 = 1 

.3 a; — 2 / + -2 2 ! = 8.5 

[ a; + .8 2 / + 2 = 11 


[ot -r 3 y + z 

EiTTpir 

lo; y z 

liv?-*- 

X y z 

3 + 4^8^: 

, X y z j 

2 + - + i == 

X y z 

1 1,2 
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180. The substitution method also can be used to solve 
sets of three equations. The method 
consists in solving any one of the ^ ® ^ ^ 7 f ^ f 

equations for a: or y or z, and sub- 5 a; + 3 + 2 z = 14 ( 3 ) 
stituting the solution in the other 

equations. For example, in the above set, solve equation 
(2) for y since its coefficient is 1. Substituting 8 — 2x — 3 z 
for y in equations (1) and (3) reduces these equations to 
a: -+■ 10 3 = 13 and a; -|- 7 2 = 10 from which 

a: = 3, 2 = 1. Then 2 / = 8 — 2a; — 32 = 8 — 6 — 3=— 1. 


131 . 


EXERCISES — PROBLEMS 


Solve the following sets of equations by any method : 


r2a;4- y — 32 = 0 

1. \3x + 2y + 2z = 7 
[2x + 4:y — 5z = l 
f x + 3y + 2z = 2 

2. jSa; - 6y-f 62 = 1 
[2x + 3y - 4z = 1 
f X - y - 2 = 0 

3. \3x-2y + 2z = 1 
[2a:-|-32/ — 82 = 4 

+ £ = 4 
6 3 4 

5 _y + £= 10 
8 6^2 

5 + _ c 

[2^3 5 

5 -l_ 2 /_£ = 7 

9 3 6 

? _ y 4. _ 


B. 


JO 

.3 


-f-~ = 4 
2 4 3 

5_2/_2 _ o 
2 3^ 


9 . 


10 . 


x + 3y ■{■2z = 5 

6. {2x — A:y ■\-3z = 28 
[?>x -\--2y — 2 z = 3 
\2x -\-3y — 2 = 0 

7 . Ux + 2y-3z = 8 
[3 X 2y + i z = 5 
\3x + 2y — 2 = 5 

8. 2a: -t- 51/- 22 = 3 
[4a;-3y-f'52 = 20 

x y z 


X y z 

?+?-?- n 

X .y z 


■1^2_ 1 
X y z 
2 + 1 
X y 2 

5 _ 8 _ 1 ^ 

X y z 


11 - 
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H. If A and B can do certain work in 6f days, B and C 
in 6 days, and A and C in days, how many days will it 
take each man to do the work alone ? 

12. A train starts from station A for station B. If it 
goes 5 mi. an hour faster than its usual rate, it will arrive 
40 min. ahead of time. If it goes 8 mi. an hour faster than 
its usual rate, it will arrive 1 hr. ahead of time. Find its 
usual rate, r, its usual time, t, and the distance, d, between 
the stations. 

13. It is proved in geometry that 
AD = AFf BD = BEj etc., if the 
lines are tangents to the circle. 

Find the lengths of AD, DB, and 
FC if AB = 15 in., BC = 13 in., 
and CA == 14 in. 

(Let AD = Xj DB - y, FC — z.) 

14 . In the figure, the circles are 
all tangent to each other and hence 
ABf BCj and CA are straight lines. 

Find the radii of the circles if 
AB == 13 in., BC = 11 in., and 
CA = 12 in. 

16 . If the length of a rectangle 
is increased 1 ft. and the width is increased 2 ft., the area 
is increased 60 sq. ft. If, however, the length is decreased 
2 ft. and the width is decreased 1 ft., the area is decreased 
54 sq. ft. Find the length and the width of the rectangle. 

16 . Find the equations in the following problem and tell 
how they differ from the previous ones : 

If a rectangle were 1 ft. longer and 2 ft. wider, its area 
would be 380 sq. ft. If the rectangle were 2 ft. less in length, 
and 3 ft. wider, its area would be 340 sq. ft. Find the length 
and the width of the rectangle. 

Such sets of equations are studied in Chapter XII. 
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132. MISCELLANEOUS EXERCISES 

1. By eliminating t from the two equations 

V = gt and s = -J- gf 

find an equation that does not contain t. (Solve one of the 
equations for and substitute in the other.) 

2. By eliminating t from x = t -{■ S and = 2 ^ + 5, 
express y in terms of x. (This means : find an expression 
for y that does not contain t but does contain x.) 

3. By eliminating from x = t -- 2 and + 3 i? + 1, 

express y as a function of x. (See the method in ex. 2.) 

4. Eliminate from the two equations 

X = r + 1 and y = + 2 

6. Eliminate r from the equations U = 2 7rr and A = 

(The result is a formula for A in terms of C.) 

6. Eliminate t from : x = f + 1, 7/ = — 1 

7. Eliminate t from: x = t — 1, y = f — 1 

8. If z = x^^ - if md X = 3 t, y 2 1 + 5, express 
;2 as a function of t. 

9. If h = ^(100 + d) and also h = 100 T, find an 
expression for d in terms of t and T. 

10. If y - I — and a: = 1 — express 7/ as a 

function of x. 

11. A rod made of lead expands when heated. If I is its 
length in inches at a temperature of t degrees centigrade, 
then I = a + ht where a and b are certain constants. 

In an experiment it was found that 
I = 100.00540 when t = 20, and I = 100.02430 when t = 90. 

Find the constants a and b to five decimal places. 

12. In an experiment (like that in ex. 11) with a copper 
rod, it was found that 

I = 40.00390 when t = 60, and I = 40.00520 when t = 80. 

Find the constants a and b to five decimal places. 
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133. Representing a Number by Its Digits. A number like 
548 is a three-digit number ; 26 is a two-digit number. 

If the digits of a two-digit number are t and u, how shall we 
represent the number? We cannot write t + u, for that is 
the sum of the digits. Neither can we write tu because that 
means the product of the digits. 

We can find the correct expression if we notice that 26 is 
our way of writing 20 + 6, or 10 • 2 + 6. In the number 
548, for example, the digit 4 means 40, or 10 • 4, and the 
digit 5 means really 500, or 100 • 5. 

A two-digit number is therefore represented by 10 + u. 
How is a three-digit number represented? How can you 
represent the number formed when the digits are reversed ? 

By expressing a number in terms of its digits, many in- 
teresting facts about numbers can be proved. 

184. EXERCISES 

1. Subtracting 28 from 82 gives 54. Subtracting 37 from 
73 gives 36. Show algebraically that if any number is sub- 
tracted from the number formed by reversing the digits, the 
result is exactly divisible by 9. 

2. A three-digit number can be written 100 h + 10 t + % 

which can be written as 9(11 A + + <5 + From 

this expression prove the rule : 

If the sum of the digits of a number is divisible by 9, then the 
number itself is divisible by 9. 

8. If a number ends in 5, it can be written 10 + 5. 
Find (10 ^ + 5)^ and show that this square can be written 
as 100 t{t + 1)+ 25. Notice that t and {t + 1) are con- 
secutive integers. Now explain the rule : 

To square a number ending in 5, multiply the tens’ digit by 
the next higher digit, and then write 25 at the end. Thus : 

752 = 5625 (because 7 • 8 = 56) 
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(Supplementary Topic, Pages 120, 121) 

136. Determinants. If we solve for x and y, the set 
ax + by = c 
dx + ey = f 
ce-M y = 


we find that x = 


ae — bd/ cte — bd 

can be written in a more useful form. 

I Cl 


These formulas 


consisting of 


First, we agree that an expression like 

four numbers written in two columns, with the vertical lines 
at their sides, shall mean : 

the product ae minus the product bd. 


Such an arrangement of numbers is called a determinant. 

From the six numbers ^ ^ ^ appear in the 

d e f 

equations, we can form three useful determinants : 


a b 

\a c 


c b 

d e 

r \d f 


f e 


The formulas for x and y can then be written : 

a c 

d f 

a b 
d e 

These formulas can easily be remembered by noticing that 

1. The denominators in the formulas are the same and 
consist of the coefficients of x and y. 

2. The numerator in the formula for x is found by sub- 
stituting the constants, c and /, in the right members for the 
coefficients, a and d, of x. 

3. The numerator in the formula for y is found by sub- 
stituting the constants, c and /, in the right members for the 
coefficients, b and c, of y. 


c 

b 


f 

e 

y = 

a 

~b 

d 

e 
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Example. 

By determinants, solve 

1 ^ 

X 

+ 9 2/ 

= 44 






111 

X 

-7y 

= 3 


44 

9 

1 







3 - 

7 

1 

II 

- 3(9) _ - 

308 

- 

27_- 

335 _ 5 

U/ — 

5 

9 

5(-7)- 

11(9) - 

•35- 

- 

99 - 

134 2 


11 - 

7 








Since the denominator for y is the same as that for Xy 


5 44 

y = U 5(3)- 11(44) ^ 15 - 484 469 ^ 7 

- 134 " - 134 - 134 - 134 ^ 

. The pupil should solve this set by some other method and notice 
that he must perform the same multiplications; namely, multiply 
44 by •— 7, ~ 3 by 9, 5 by — 7, etc. This will always be so when the 
ooefRcients, a, 6, d, and e, are prime to each other. Determinants, 
however, enable us to work rapidly even though the arithmetic work is 
the same. 

136. EXERCISES 

By determinants, solve : 
ri2x + 5 ^ = 11 
1 7 a; + 3 ?/ = 6 
|6a; + 9?/ = 5 
1 5 X + 8 2/ = 4 
f6a:-52/ = 7 
\l X — = % 

f 5 cc + 7 j/ = 34 
1 2 a: + 3 2 / = 16 
‘ , f (a + 'b)x - (a - h)y 

1 ■; 1 (a - 'b)x +{a + b)y 


|x - .1 2/ = 1.7 
1 .5 a: + 2 / = 4 
f 3 a; - 7 2 / = 100 
1.2 a: + .05 2 / = 110 
fl.2a:-1.7 2 / = 8 
1 .4 a: + 1.12/ = 5 
f 4 rr — .1 = 30 

®- 1 .2 a: + .03 2 / = 5 
== 6 a6 

= 2 - 4 6* 
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137. Review. A radical is an indicated root of any 
algebraic or arithmetic expression, as V9, V5, Va6. 

The small figure, Uke the » in </l, jvhich indicates what 
root is requhed, is called the index of the radical. When 
no index is given, as in Vs, the index ^ is understood. 

The radicand is the number or expression whose root is 
required, as 3 ay in Vs ay, or a h in Va + b. 

Although the square root of 9 is both + 3 and — 3, the 
symbol means only + 3, and — means only — 3. 

In earher work we have learned the following rules : 


Rule 1. Va-Vb=Vab 
Rule 2. ^ = -v/^ 

Vb 


Thus, Vg -Vw =V'i44 


Thus, 


V9 

Vie 


-4 


16 


But Va +Vb 9^Va + b Thus, Vo +Vi 

Va — Vb 9^Va — b Thus, V9 — Vi 7*^V5 

These relations are equally important when written as : 


Rule 1'. V^ = Va * Vb 
Rule 2'. aI? 

>6 Vb 

But Va + 6 7 *^ + Vb 

Va — b 7^Va — Vb 


Thus, VioO = V25 •V4 

Tlus, ^ J |-^ 

Thus, VM +Vg 
Thus, VeO ?^V64 — Vi 


These relations have been stated here only for square 
roots but they are also correct for any other root. 

mA i • 
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138 . ORAL EXERCISES 

What rule is illustrated by each of the following? 

1. = \^64. . 3. 's/ xy^ = 

2. V^50 =V25V2 4. =i^^-v/r5 

Using Rule state in some other form the products : 

6. VWS -V2Vs VsV^ VaV^ 

6. ^4^2 -^4^16 ->^12^^ 


7. Vi-V^- VfVI 

8. i 


“ -5 


¥ 


i 

1 (> 


Using Rule 1, tell how each of the following radicals can 
be written as the product of two other radicals : 

9. Vs VBo V75 Veo Vm Vz2 

10 . ^16 ^81 ^24 y^io 


Using Rule 2 or Rule 2', state in some other form : 
V 3 ^ b ^ X — y ^ a + b 


11 . 


Which of the following equations have been solved cor- 
rectly? State the errors in the other solutions. 

12. 2 x^ = 25 13. 4 = 100 14. = ¥ 

2 X = ± 5 2 X = 10 X + a = b 

X = ± 2 -|- X = 5 X = 6 — a 

Which of the following statements are correct? State 
which rule the incorrect statements violate : 


16. -IV 7 + i-V? = f(2V7)X 

16. f - fVe = ^Ve ic 

17 . iVe ■ -i-V6.= ^Vq X 

18. V 4 = 2 r + 7 »c 




19. V|(\/| + 1)= 1 +%/! O 

20. V'|(v^i' - VI) = V^Vi 

21. V|(\/.^ +V'^-) = 's/fV| 

22. V^r^ — == rVs 
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139. Changes in the Radicand. When working witli 
radicals it is often desirable to change the radicand so that 
a. The numerical coefficient and the degree of the radicand 
are as small as possible. 
h. The radicand is not a fraction. 

In making these changes we use the rules on page 122. 


Examples 

Reducing the numerical coefficient and the degree : 
® = 5 aV2~a 


^ V"(a: + yy — \/(a; -f- yyV + y) = (a; + y) Vx + y 

3. ^Z2r* = = 2 r-^4r 

4 . Vx^y = = x-^^j 

5. x^y = = x\^ 

Changing a fractional radicand to an integral expression : 

@ Vf =v"i^=V^V'i 0 = 1.V10 
® Vs - Vf •- Vii^ - iv's 

’■ V5- 

When changing a radicand, use the following processes : 

Rules. ^ Factor the radicand, choosing factors at least one 
of which IS a square or a cube, etc., so that you can find its 
square root or cube root, etc. 

If the radicand is a fraction, multiply the numerator and the 
denominator by some quantity so that you can find the square, 
root or the cube root, etc., of the denominator, and then factor. 



CHANGES IN THE IIADICAND 
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140 . EXERCISES 

Reduce the following expressions, as directed in § 139 : 


1 . 


Vl 8 o 2 

Vis a’ VEFa:® 

\/50 6 '' 

2 . 

VlQ 

V 32 

VSQ gy V75 a:V 

v ^75 x,?/^ 

3 . 


J 2 c 

Ja J25 





^3 2/ 

% 2 J 

4 . 

f 

\ 

-J..A Ji 

■xF 



,/ 



6 . 



P- aF¥ 


6 . 

^54 a 

P 32 a^¥ 

■v^l 6 xV 

p- 108 ab* 

7 . 




3/ 


Jjj/. 

..y.. y 


,.A .Ay... 

8 . 

■<IP 


j/l^ 

54 



^ 3 c 

\' 3 r 

''125 s 

9 . 


-'^'32 a' 

^625 a:» 

•v "81 f 

lOJi 

^ 1 + 


16 . • 

'' a: + 2/ 

11 . 

V‘+? 


17 . a/ - « - ^ 

+ 2 a 6 + 6 ^ 

12 . 

V’’+(D’ 


18 . -v/“i± 2 «_+ 1 
^ a — 1 

13 . 

Jr^ -ry 


19 4. 

9 


^ \2/ 


■ ^ (16 ^ 


14 . 

PM 



-20. V(V-Y+-‘^ 

16 . 

M 8 


21. J-.e:.+ ?/-_- 

^ a:?/ 

2 


22. V{: 

(c + 6)“+(a — 6)- -—(a" + 6") 
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141. Addition of Radicals. Similar radicals are those 
whose indices are the same and whose radicands are the 
same or can be made so by some change. We add similar 
radicals just as we add similar terms. Thus : 

VB +VM = iV2 + 5V2 = 9V2 

■'^8^ - 5^6* = 2 a<^b - 5 b\^b =(2 o - 5 b)\^b 

+ Ji ^ 1 + 1 + l\V^y = 

'y 'X y X \y X/ xy 

But V 50 + Vis = 5 V 2 + 4 Vs, which are not similar. 


142. 


EXERCISES 


Add the following terms, where possible ; 


1. 3V5 + 8V5 + 2V5 

2. 6V3 + 2V5 + 7V3 

3. V2+V5-V7^ 

4 . VI2 +V7^ + Vis 

6 . Vis -V20 + V5 

+v^ -Vie 

7. Vl+Vj+V^ 

8 . V|-V^+V90 
9- ■^+V|-Vj: 

10. vi-v^+vn 


. 11 . Vl8a:+V50a: 

12. V 50 a — V8 a 

13. V 50 — Vis a* 

14. VI 62 /+V 542 / 

16. V^ -Vi^ 
16. V250 a“ +Vi^^ 

IT. a ^ 

18. Vo® -fV^ 

19. '^ab'’ +V^ 


20. V- 54 +V^=n[6.. 


21. expcrimchl's^whethor ro<hic-‘ 

ing the fractions to a common denominator is of any help.) 


22 . 


•? + 62 


ab 


+ 2 + 


V 


+ 62 


ab 


+ 0 — b — ¥ 
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143. Multiplication of Radicals. . To check *tlio solutions 
of some quadratic equations (page 153), it will be necessary 
to multiply expressions containing radicals. The work is 
like the multiplication of polynomials (page 18). Thus : 

1 . 2V3 + W '5 

7V3 - V5 

14 V| + 28 Vis 

''' - 2V15 - iV^ 

42 + 26Vi5- 20, or 22 + 26V15 

2. (SV^ + 4V6)(2V3^ - sVb) 

= loV^ - isV^ + sV^ - 12VP 
= 10 aVo - ISvT^ + gvToS - 12 6 

The rule Va • = Va6 is not true if both a and b are negative 

(see page 146). Hence we assume here that a and h are positive. 

144. EXERCISES 

Find the following products in the simplest form : 

1. V3(V5-V2) 6. (V2 -V3)(V2 +V6) 

2. V2(V3+V8) 7. (V3 +V5)(V3 -Vs) 

3. Va(V^4-V6) 8. (a; -Vx”- 5)2 

4. V2(V4-V5) 9. (Va+Va^y 

6. Va(Va2 +Va6) 10. (Vy + 1 — y)^ 

11. Show that X = 5 +V3 is a solution of the equation 
— 10 a: + 22 = 0 ; that is, prove that when 5 + Vs is 

substituted for x in the equation, the expression 
(5 +Vsy - 10(5 + V3)+ 22 

reduces to zero. 

12. Prove that a- = 2 — V5 is a solution of x^ — 4 x = 1. 

13. Prove that a; = 3 + Vo is a solution of a:“ + 3 = 6 x. 
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145. Division of Radicals. According to Rule 2, page 122, 
vis -4-V6 =V'3. Frequently, however, we can perform 
the divisions more easily by first multiplying the numerator 
and the denominator by some quantity that will make the 
denominator rational. 


Examples 

15 _ 15 V3 _ I5V3 _ I5V3 _ /5 

v/3 V3-V3 V9 3 

ii _ 11 =11^ = 

^ ^2-^4 2 

3 12 ^ 12 ■(V 5 +V3) ^ 12(\/5 +V:i) 

V 5 -Vs (Vs -v^)(V5 +V3) V25 - V9 

^ ^ 

0 — 0 

^ X +v^ ^ (x +Vy)(a - Vb) 
a +Vb (a+Vb)(a—Vb) 

_ arc — x^b.+ aVy — ^/Vy 
a^-b 

Changing a fraction so that no radical appears in the 
denominator is called rationalizing the denominator. 

The numerator and the denominator are multiplied by 
some expression to make the denominator rational. The 
multiplier that is used is called the rationalizing factor. The 
radicals do not disappear entirely; they vanish from the 
denominator while others appear in the numerator. 

Pairs of quantities, like Va —Vb and Va +Vb oi 
d and a — Vb, that are the same except for the 

signs of one of the terms, are called conjugate quantities. 
Notice that the product of two conjugate quantities is a 
rational expression. 



146 . 


^^3 

DIVISION OF RADICALS 

EXERCISES 
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Vis 


1. How does the work of simplifying the fraction 

differ from the work of simplifying Find the value of 

each fraction, using the table on page 271. 

2. Write in another way and then find the value of ; 

8_ 12VTo 10 

2 V 3 V 3 Ve V& Vi V 2 

Change the following fractions to fractions respectively 


equal with rational denominators : 


ft 

V5 

A 

2V3 +V7 

Va + 

4. 

1 

!lCO 

!> 

D. 

V7 - Vs 

' \^a- VI 

A 

V7 

•7 

3V2 +V6 

Vx + 2Vy 


Vs +V3 

/. 

3 - 2V2 

V^+3V^ 


Vs +V3 

8. 

a: -V 3 


5. 

Vs -V3 

X +V 5 

11 

r + 2\/ s 


Find the indicated quotients : 
12. (\/7 + v"5) -4- ( V7 - V3) 

(a -Vb)-^(a + 2Vb) 

(^2 _ 


13. 

14. 
16. 


a 6) 4- (a ~ Va + 6) 

Is there any difference between the directions for 
I ex. 3 to 11 and the directions for ex. 12 to 14? 

After rationalizing the denominator of each fraction, 
I combine the following fractions as far as possible : 


16. 


17. 


18. 


3V2 

_ V6 , 

4 V 3 

Ve +V 3 

V 3 +V 2 

Ve — V 2 

2 

2 

2 

V 3-1 

V 3 +V 2 

V2 + 1 

V5 

Vb 

a — 6 

Va —Vb 

Va +Vb 

a + b 


NYB. 2n C. ALG. — 9 
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147 . MISCELLANEOUS EXERCISES 


Find the indicated powers of : 

1. (V2y Ans. 8^2 

2. (Vs)® 4. {-Vzy 6. (-v'2)*' 

3. (^5)^ 6. (i^y 7. QV2)“ 


Change the following fractions so that the denominators 
will be rational : 


8 cVd 

dVb + cVd 
^ ^ + V" — 1 

X — 1 


Va^ +Va:^ + ¥ 

10. / , ■ 

V ar — b'" — V a“ + 6“ 

II T ^ 

X —Vx^ — if 


12. By means of the equations A = and d = s\^2 prove 
that the area of a square is one half the square of its diagonaJ. 

b 


13. If n = 
prove that (a) 


— b +V6‘^ ~ 4 ac 


2 a 


and ^2 =' 


- V¥ — 4 ac 

■■'^2T 


- and (b) ti + —• 

a ^ 


b 

a 


14. Show that y = ~V — x^ and x == r — if 

a b 

are different forms of the equation + a^if = 

15. In a right triangle with sides 2 in. and 3 in.; the length 
of the hypotenuse is V 13 in. Hence we have here a method 
for constructing a line whose length is an irrational number. 
Vis. Using this method tell how to draw lines that will 
represent the following numbers : 

(a) Vl6 (b) Vm (c) (ri) Vw 


16. From the relation VlQ = +(Vl)‘^ tell how to 

draw a line that will represent Vl9. 

17. Find anj^her expression, like the one in ex. 16, for 
the number V 19. 
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(Supplementary Topics, Pages 131 to 133) 


148. Square Roots of a ± 2^b. The square of^a bin(^mial 
is usually a trinomial, bu^the square of (V3 +V5) is 
3 + 2V15 + 5 or 8 + 2Vi5j which is a binomial because 
the terms 3 and 5 can be added. Notice that : 

The radicand, 15, is the product of two numbers, 3 and 5, 
of which the sum is the other term, 8 ; and 

The radical, 2Vi5, has a coefficient 2. 

These ideas enable us to find, by experiment, the square 
roots of expressions like a ± 2Vb, 

Example 1. Find the square roots of 12 - 2v^. 

Since 35 = 7*5, and 12 = 7 + 5, wg write 

12 - 2 V 35 = 7 - + 5 = (V7 - V5)2 

The square roots of 12 — 2^35 are ± ( Vy — VE) 
or Vi 2 - 2V35 =V7 -Vs. (Why?) 

Example 2. Find the square roots of 14 +vTM. 

First change Vlii2 to 2^48 (not to 8^3) beoauso the coefficient of 
the radical must lie 2._ Then 

14 -|-v^i02 = 14 + 2^48 = 8 + 2^48 d- 6 

The square roots are ±( V8 +V6) or ±(2>/2 +v^6). 

149. EXERCISES 


Find the square roots of the following quantities : 


1 . 

2 . 

3 . 

4 . 
6 . 
6 . 


7 + 2VT6 

7 . 28 +V^ 

10 + 2V^ 

8. 12 -VSO 

13 - 2V^ 

9. 17 + WE 

8 - 2^15 

10. 12 - 3V12 

6 - 2 V 5 

11. 9 - 3V8 

14 - 2V33 

12. 12 a + 2 aVzE 

13. 2a + 2Va^ - 1 
, 14. a +Va2 - (>2 , 

16. 2 a; + 4 y + + 4 xy + 3 
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150. Definitions and Theorems from Geometry. To solve 
the problems on page 133 you must have in mind certain 
geometric relations stated below. Read them now, and 
later when working the problems select and read again the 



particular facts needed in the problem. 

In an isosceles triangle the bisector 
of the vertex angle bisects the base and 
is perpendicular to the base. 



In any triangle the medians are con- 
current (meet in a point). The point of 
intersection is two thirds of the distance 
from the vertex to the mid-point of the 
opposite side. 



In an equilateral triangle the medians 
are also the altitudes of the triangle. 
They intersect at the center of the 
inscribed circle. 



A regular hexagon may be divided into 
six equilateral triangles. The center of 
its inscribed circle is called the center of 
the hexagon. The radius of the in- 
scribed circle is called the apothem of 
the hexagon. 

A regular Utrahedron is a pyramid 
whose four faces are equilateral triangles. 
The altitude of the tetrahedron meets 
the base at the point where the alti- 
tudes of the base intersect. 

The volume of any pyramid or cone is 
•J- the product of the area of the base by 
pyramid or cone. 
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151. GEOMETRIC EXERCISES 

Draw a figure for eacli problem. If the answers are expressed in 
radicals, give the simplest form of the radical. 

1. Find the altitude and the area of an equilateral triangle 
whose side is a. 

2. Find the area of a regular hexagon whose side is a. 

3 . Find the area of an isosceles triangle whose sides are 
3 s, 3 .s, and 2 s. 

4 . Find the radius of a circle inscribed in an equilateral 
triangle whose side is a. 

5 . Find the radius of a circle circumscribed about an 
equilateral triangle whose side is a. 

6. The altitude of. an equilateral triangle is h. Find 
the sides of the triangle and its area. 

7 . The radius of a circle inscribed in an equilateral 
triangle is r. Find the sides of the triangle. 

8. The side of an equilateral triangle is a. Find how 
far the center of the inscribed circle is from any vertex and 
from any side. 

9 . If each edge of a regular tetrahedron is 20 in., find the 
volume of the tetrahedron. 

10. Prove that the altitude of a regular tetrahedron whose 
edge is e is c Vg. Show that the volume is 

11. The base of a pyramid is a square whose sides are s. 
The other four edges of the pyramid are e. Find the alti- 
tude and the volume of the pyramid. 

12. If ^ is half the perimeter of a triangle whose sides are 
a, 6, and c, the area of the triangle is 

A =Vs{s — a) (s — b)(s — c) 

Use this formula to find the area of a triangle whose sides 
are 8 in., 10 in., and 12 in. 

13. By means of the formula in ex. 12, find the area of an 
equilateral triangle whose sides are a. 
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NEGATIVE AND FRACTIONAL EXPONENTS 


152. By reviewing the laws for positive integral exponents, 
we shall see the advantages of introducing negative and 
fractional exponents. Just as negative numbers enable us to 
write several rules as a single rule, so negative and fractional 
exponents permit the use of fewer rules. 


I, Law of Multiplication, 

If a and b are positive integers then, by definition, 

x°' = X • X - X • X (tt factors) 

x^ = X • X * X • X Q) factors) 

X • X ' X * X (a + h factors) 

= by definition 


Hence 


x^ 


II. Law of Division, x® -r- == 

If a and b are positive integers then, by definition. 


a;® = ~ == X ' X * X (a fac tors) 

x^ X • X • X (b factors) 

Here, unlike the case for multiplication, we must state 
whether a>b or b>a. If a>b, then b factors cancel from 
the numerator and denominator of the above fraction and 
(a — b) factors are left in the numerator. If, however, b > a, 
then a factors cancel and {b - a) factors are left in the 
denominator. Hence 


^ if a>b 

x^ 


^ ' 
x^ 


1 

^ 6— a 


if 6>a 


^ We shall see (page 136) how these two rules can be 
bined into one rule by using negative exponents. 

134 
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III. Law for Eaising to Powers. (;c“) <> = x'^’> 

This is a special case of multiplication because 

(a-c) 4 • a:® • • • • (b factors) = » 

IV. Law for Finding Roots. 

Since, by Law III, = a:”', therefore 

Here a must be e.xactly divisible by & ; but this restriction 
can be removed by using fractional exponents (page 137). 

The definitions of the new kind of exponents are so made 
that the exponents obey the fundamental laws but permit 
more freedom by removing the restrictions. 

153 . Meaning of Zero as an Exponent. In order that 
Law I may be true for an expression like n** it must be true 
that 

a” • a™ = «“+”* = a"* 

Dividing this equation by a“ (which we can do unless 
a = 0) we get a" = i 

Ilonco any nuitibcr (oxc(ii)t zero) with an exponent zero equals 1. 
Thus, 4“ = 1 ; ( - 0)" = 1 ; and (2 a; - 7)“ = 1 unless x = 3.5. 

154 . ORAL EXERCISES 

State the numerical values of : 

1- 2“ 3-2“ (3 • 2)" ei* • 0 0^ ■ 6® 

2. (- 3)" - 3" ' (.|)'> ^ ^ 

" 3“ 3 

3. State the product of : a® -a®; 10^ • 10° 

State simpler forms of the following expressions : 

4.2 0;° {2xy {-2xy -2x^ -(2xY 

|n I" 2 + a;0 (3 + ^)0 

6. 1 L + l ' _1 

a° + a ¥ b (6° + 5) ¥ + b 
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156. Meaning of a Negative Exponent. In order that the 
law of division may be true for all integers we must say : 

-f- -= ^- 2 . 4 . ^5 == 21 == L 

This suggests the definition : a~^ is the same as 4* 

A similar argument for literal exponents is : 

= ^m-m ^ ^0 ^ (unless a = 0) 

Dividing the first and last members by a"'", we get 

= -1 

a"' 

Hence 4-i = |; 10~2 = X; (x + 2)-^ = a; « - 2. 

4 100 (x + 2 )'^ 

Now x°' = x°'~^ whether a>6 or h>a. 


166. EXERCISES 

1. Prove that ^ = o"‘- 

State the numerical values of the following : 


2. 

3-2 


8. 

12 


11. 

2.36 

X 

10-2 

3. 

(i)’ 

-2 


dri 

f 

12. 

2.36 

X 

10“ 

4. 

6. 

10 • 
(10 

3-1 

•3)-i 

9. 

12- 

3 

1 

- /I 3 

13. 

.269 

.269 

X 

X 

10 - 3 o 

lO'V, 

6. 

10- 

‘ -3 

10. 

9-2 


?jl6. 

.003 

X 

10-4 

7. 

12 • 

3-1 


3_4 


16. 

.003 

X 

10^ 



17. Show that 

’ 2-2 

2“i 

equals 

6 






18. Show that 


3 , 3 a?¥ 

5 — equals 


a-2 + 5-2 - 52 + ^ 

Write with positive exponents and simplify : 

a-*’+ 6 


19 . 


- 


20 . 


a“i + 6-1 


21 . 




X^ 
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167. Meaning of a Fractional Exponent. If the law 
— pi-a+h jg ijg exponents then 


-x^ = = x\ or x 

Since x^ multiplied by itself gives x, then x^ must be just 
another way of writing the square root of x. Hence 

45 = Vi = 2 and (9 = 3 

Similarly, a:”' is another way of writing the cube root of x 
because 

a:^ • # • a;^' = a;iH '■■1 = op ^ 

Thus, 8“ =V8 = 2 and ri 2.6 = Vm 7/6 = k ,,2 


a;3 . = a-T+s- i-ar = or x 

Thus, 8^' = Vs = 2 and (125 = Vi2^ = 5 

In the same way a;^ = Vx and x™ = Vx 
Also x-^ = 1 =4= and x-^- = i- =JL 

VX '^X 


EXERCISES 


Read and state the values of : V 

1. 25^ 6. 36'^ ^ ! 11. 32^ 

2 . 25-^J'^li7. 36-^^ ''^■12. 64^ i.'* 

3. 16^ ^ 8. 4'^ 13. 9^ ^ 


16. (i)-^ 

17. (i)^‘ 


A Tv a 


18- (*)"^ ^ ^ 
19. (.04)-^ 


20. .125“^ 


24. (16 6“)“^ 


-J-f ! 6 r— — “ j V 26 / -J 

4. 9. 8f 14. 9)-^''-% 19. (.04)-^,, 

6. 16^ ^ 10. 8“^ 5^^ 16. 81^ 20. .125“^ 

State the indicated roots : ' 

21 . (27*?)S- 22 . (8a“)^ 23. (25 a»)^ 24 . (16 6“)~5' 

The expression 5 x^ means 5 times the square root of x. 
The exponent * applies, like any other exponent, only to the 
number x and not to the coefficient 5. 

If X = 36, y = -iz, and z = .008, find the values of : 

26. x^ 28. y^ 31. z^ 34. x^^ 

26. 2x^ 29. 3y^ 32. 5z^ 36. yh^ 

27. 3x~^ 30. 4’2/“^ 33. 3 2“^ 36. yz^' 




31. 2 ;^ 


34. xhf 


32. 5 2^ 


36. 


33. 


36, 


% 


X ' 
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159. To find the meaning of x^, wo Mo(i(?e tliat 

so that means the cube of the square root of x. 

It is true also that rr’M" = so tlnit; multiplied by 
itself equals x ^ ; hence we can also say tliat 

is the square root of a;'*, or x^' = \/:r'* 

p p 

In general, x'’ = a/ and also x"' = ('\/x) '^\ 

For a fractional exponent, the pupil sliould r(uueml)er that : 
The denominator indica;tes tlu^ root. 

The numerator indic^atc^s ttu^ pow(U’. 

As we saw with the expression :r^ it is immal(‘rial wlicviJuu* 
we find the root first and then raise the ix'sulii to tho pow(‘r, 
or find the power first and then tlie root. Wlum (‘vaJmiting 
an expression, it is usually better to find tlui root first, as 
then we deal with smaller nuinl)crs. 

160 . EXERCISES 

Write and read with fractional exponents : ^ 

1 . Va‘^ ^5/^4 

2. '^yx^ VP V;?/“ 

Using a radical sign, write and read : 

3 . 6 “^’ x^ 

4 . q} xi 

Find the numerical value of : 


5. 

4^ 

10. 

4-i 



(!)■■* 

6. 

8’“ 

11. 

64-1 

( 4 ) 

18. 

7. 

25^ 

12. 

25"^ 

(If 

19. 


8. 

8^ 

13. 

9 -^ 



\27/ 

9. 

9^ 

14. 

00 

h-* 

I 

17. 

20. 

c;?-) 
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Using radicals, write the following in reduced form : 


21. a'* (Work thus : d^' = a^\ 

2^ = a^a.) 

22. a“' 

6“' 

yi 

23. 

at 

bi 

-■ (If 

(i/ c/ 


Since = x®*, 

we see that = 

. . 

x^' and (x^>) “ = 

Similarly, find the indicated powers of the following : 

26. (x^y 

(a:t)» (a:S)8 

(xl)6 

26. 0y'')“ 

(?/')" (y")"' 

[y'Sys 

27. (?■'')=' 

(rt)f' (y4)3- 



Since we see that • x^' = x"' 


Similarly, multiply the following : 

28 . • x^ xi • 

29 . Vy</y '^V^V 

30 . </r<rr 

Since X" -r- x^ = x“ we see thatx^ -4- x*^ = x^*^, or, written 
as a fraction : 


£! 

x”^' 


x^' 


Similarly, find the quotients of the following, using either 
positive or negative exponents : 


31 . 

32 . 


xi 

a* 




33 . 




36 . 


37 . 


1 , 


38 . 

39 . 
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161. EXERCISES 

1. Solve the equation = 16. 

Suggestion. First cube both members of the equation, 

X- = 16-1 Next find the square root of each member : x = ± v'K)!*, or 
± 16^. Hence a; = ± 64. 

Check both values of xmx^ = 16. 

Similarly, solve the following equations : 


2. 

II 

00 

6. x^= 5 

10. 

11 

3. 

II 

7. 2xi- = 5 

11. 

x''^ = 2 

4. 

= 27 

8. x-i = 3 

12. 

= 4-1 

6. 

1 

II 

fcO 

9. 5 x"^ = 3 

13. 

i 

00 

11 


14. The number 514 can be written as 5.14 X UP. 


The number 51400 equals 5.14 times what power of 10? 

Also .514 = 5.14 X 10-1 and .0514 = 5.14 X 10""l 
The number .00514 equals 5.14 times what power of 10? 

15. The above exercise illustrates the following idea : 

In scientific work, when a number is either large or small 
it is convenient to write the number as 

(a number between 1 and 10) times (a power of 10). 
Notice that : 


51.4 = 5.14 X 10^ 
514. = 5.14 X 102 
5140. = 5.14 X 103 


.514 - 5.14 X 10-“' 

.0514 = 5.14 X 10 -2 
.00514 = 5.14 X 10-3 


After studying the above numbers, invent some rules for 
telling easily what the exponent of 10 should be. 

Write the following numbers as shown in ex. 15 : 

16. 14,230,000 (Young^s modulus for brass.) 

17. .00001653 (Coefficient of expansion for zinc.) 

18. 92,897,000 (Distance in miles from earth to sun.) 

19. 2,765 (The diameter of Mercury in miles.) 

20. 43,560 (The number of square feet in an acre.) 
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162. EXERCISES FOR DRILL 

Perform the indicated multiplications : 


1. + a: - a:^) 

2. a^'x^(a^ — x^) 

3. x^'y^'{x^ + y^) 

4. a;^(a:^ - a:^ + a:) 
6. a:^(a;^ - x~^) 


6. (e* + e“®)2 

7. (e^ + e-^y 

8. ( e ^ - e -*)2 

9. (e® — e-^y 

10. (e^' + e-*)(e* — e-®) 


11. (a + aV + b)(a- aV + b) 

12. (r^ + s^)(r'^ — + s'^’) 

13. (r^' — s^)(r^ + + s^) 

14. {a^ + b^c-'-){a^ — b^c~^) 

16. (a;^ + y^)(x^ — y^){x^ + yi) 

State the indicated quotients : 

16. -i- x^ 21 . (a: + a:^ + x^) -f- a:^ 

17. a;-^ -r- 22. (t/ - 2 - y-^)-^ y-^ 

18. 2/^- _ 23. {y^ + y^ + 2)4-2/-^ 

19. <^-T-</a 24. (a^ + 4 + a-2)-^ 62 

20 . 26 . (r + 2 + r~0 
As on page 22, find by division the quotients : 

26. (a:^ - X - 2 a:^ + 3 a:^ - 3)-4- (a:'^ - 3) 

27. (a^ — + a% — b^')-i-(a^ — M) 

28. (H + 4r“ + 6 + 7r-2 + 2r-*)^(r^ + 1 + 2r-2) 

29. H- 5 + 6 e* + 2) + i) 

30. (e”® + e’’’ 4" H“ c”®*)-;- (c* + e~*) 

a~%'^ 


31. Eliminate the negative exponents in 


by 


(X””* -f” 

multiplying the numerator and the denominator by a^b\ 

32. Using the method of ex. 31, work ex. 18 to 21, page 136. 
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163. Historical Note. In rcadinp; f.ho hi.st,ory of various 
discoveries and inventions in mathematics, the pupil should 
bear in mind that before the invention of the printinf>; i)res.s 
or any of the wonderful means of rapid (communication 
that we now have, it was very difficult for secientists or 
mathematicians to exchange information or idea.s. llema! it 
is not always possible to say who deserves tluc most cixidit 
for some of the important work of the Middlt; Agees. We 
say that Nicole Oresme, a bishop in Normandy, in the 
fourteenth century first conceived a notation for fi-acitional 
exponents, and Simon Stevin of Rrug(c.s (1.548 1()2()) in- 
vented our present way of writing powcers and introduced 
fractional exponents. 

It was left for .John Wallis (lGIfi-1703), a professor of 
geometry at Oxford, to advance the use of fractional and 
negative exponents. As might 1)0 expeected, the usefidness 
of the notation led at once to the solution of many now 
problems in various fields of mathematics, and help(>d Isaac 
Newton to his discovery of a means of writing any fjower of 
a binomial like {a + 6)". Newton’s method, which is now 
called the Binomial Theorem, will be studied in Chaptesr XVI. 
Among other things, we shall see how this theorem is msed to 
compute very quickly and easily square roots, cube roots, 
or fractional powers of numbers. 

Just as the pupil finds it easier to multiply ■ v^x'' after 
rewriting the quantities with fractional e.x{)onentH, so many 
of the processes of mathematics were made easier Just by 
the invention of a clever way of expressing an idea. 

Note. The chapter on logarithms (pagcH 221 to 2.')!)) may well l )0 
studied next, or at any time after the chapter on fractional (ixpononts. 
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IMAGINARIES 

164. Kinds of Numbers. Before introducing a new kind 
of number, called imaginary numher, let us review the kinds 
of numbers that we have used so far. 

When we first learned to count, only whole numbers, 
called integers, were used. Fractions were next introduced 
through the process of dividing one integer by another. 

Negative, or minus, numbers were introduced in the 
work of subtracting a number from a smaller one. 

Any number that can be written as the quotient of two 
integers is called a rational number. 

Thus, 5, — 4, I, and 7.G are rational numbers. 

In finding some square roots we met a new kind of number. 
The square root of 3, for example, is not rational because no 
matter how far we carry out the process of finding the root 
we never reach the end of the decimals. This is an example 
of an irrational number; it is a number that cannot be written 
as the quotient of two integers. 

Thus, Vo and >5^4 are irrational numbers. The fact that there is no 
end to the decimals is not a proof that a number is irrational. Re- 
peating decimals like .3333 can be expressed as fractions and are 
therefore rational. (See page 209, example 2.) 

Both rational and irrational numbers are called real 
numbers to distinguish them from another kind of number 
that we first meet when we try to find the square root of a 
negative number. For example, V— 4 is neither + 2 nor 
— 2 as we can easily see by squaring these numbers. 

The expression V — 4 represents a new kind of number. 

143 
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165. Imaginary Numbers. An indicated square root of a 
negative number is called an imaginary number. 

Because of the name, imaginary, the pupil should not 
think that such numbers are less practical than the numbers 
that we call real. Even fractions are impractical in some 
problems, such as for counting the number of people in a 
room; negative numbers are impractical when measuring 
the length of a rectangle. Different kinds of numbers have 
different uses. Many valuable discoveries in electrical 
engineering would have been impossible without the use of 
the so-called imaginary numbers. 

When working with imaginary numbers, it is convenient 
to express them as some real number times V"— 1. Thus : 

VTTl = = V5 

V — — 1 = aV — 1 V — c = VcV — 1 

The letter i is used to represent the number V— 1. The 
above examples are then written as : 

V— 4 == 2 i, V— = ai, V— 5 = iVS, V— = iV c 

166. Addition. Imaginary numbers can be combined thus : 

5 v^ + = 8 or' 5 z + 3 i 8 i 

36 — V — 4 = 6V— 1— 2 V— 1, or 6 z — 2 z = 4 z 
= iVr + z\/3, or z(V7 +VZ) 

A real number and an imaginary number cannot be actually 
added. We can only indicate the addition by writing such 
expressions as 5 + V— 3, 4 — 7 z, 2 + zVs. 

The indicated sum of a real and an imaginary number is 
called a complex number. 

When adding several expressions composed of real and 
imaginary numbers, add the real numbers and the imaginary 
numbers separately. Thus : 

6 - -t- 7 +V^ = 6 - 2 i + 7 + 3 i = 13 + i 

7-l“2z-f-9 — 6z' — 5 = 11 — 4z 
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167. 


EXERCISES 


Express the following quantities as multiples of i ; that is, 
read them as the product of some number and i : 


1. V - 6 It is better to say “ i times the square 
root of 6 ” than “ the square root of 6 times f.” Why? 


2. 

v:= 

"5 

7. 

3x/^ 

- 25 

12. 

2 V - 2/2 

3. 

V „ 

1 

8. 

3\/- 

_ 1 

¥ 

13. 

V - 3 2/2 

4. 

V — 

"ie 

9. 

5V~- 

_ 1 

■ 9 “ 

14. 

- zV^ 

6. 

V — 

■9 

10. 

V^ 


16. 

-V^ a;2 

6. 

2^/ “ 


11. 

V — 

x^ 

16. 

V— x^ — 


Write the following quantities, using the symbol i, and 
then add any terms that can be added : 


17. V— 9 +V— 4 

18. V— 9 -VI 

19. V— 25 +V- 4 

20. V^ +V^^ 

21. V- 4 +Vi 

27. (-9)H(- 

28. 


22. V — 4“ 

23. V— -V¥ 

24. ^2 

25. X +V — 

26. — X +V — 
16 )^- (- 25 )-^+ 9 "^- 


168. Powers of i. Since any imaginary number can be 
written as some real number times the number i, it will be 
useful to record the powers of i. 

By definition = — 1 

Then =- ^* 2 . i 

^*4 — ^’2 . .^*2 1 _ j = - f . 1 

^ • i = 4- 1 . i = -f i 

Continuing this process we find that the powers always 
reduce to one of the four values : — 1, — 4- 1* 

Find and compare the values of and 

NYB. 2d 0. ALO. — 10 
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169. Multiplication. The product V- 2 n/— 3 (lUTUiot be 

found by using Rule 1 on page 122 liecause that rule a,pplies 
only to real numbers. The correct product is found t/luis : 
•>/ — 2 = ^'^/2 and V"— 3 = 

Hence = iV2 ■ tVs = jVg = - iVg 

= — x/g 

In general, aV— h = i''/ a • i^b = i~'\/ab = —'V'ab. 
Either the pupil must remember this rule or, bettor, in all 
such problems the pupil should write each number in terms of i, 
and remember that = — 1. 

Notice the difference in the following products : 

1. = iVs ■ iV7 = i^V2l. = - v'2l 

2 . Vz = Vs • zV? == z V 21 = V- 21 

170. To multiply two complex numbers, write (iaeh nuralx'r 
in terms of z and then proceed as on page 18 : 

Example. Multiply 2 +V— 3 by 4 —V— 5. 

2 ~bV — 3 = 2-1- z'Vs 

4 -V^ = 4 - zVs 

8 4-4 z Vi 

- 2 zVg - z2V]5 

8 + zXiVi - 2V5)+' Vl5 

171. Division. The fraction — - indiciates tJui division 

V- 2 

of Vg by V— 2. To make the divisor a real mimlx'r, mul- 
tiply the numerator and the denominator by V — 2. I’hus : 

Ve _ Vg • VTr2 _ jVE ^ 2iVz _ _ 

V- 2 V- 2 • V -^2 - 2 - 2 * ' 

Likewise 

5 ^ 5 (2 - zVs) ^ 10 - r> zVs 

2 4 -V- 3 ( 24 - zV 3)(2 - zVs) 7 
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172. 


EXERCISES 


Perform the indicated multiplications and simplify the 

results as far as possible : 


1 . 

2. V— 9\/ — 4 

3. 

4. Vgv^ 

6 . 

6 . 

7. "s/— 

8 . " n /— x'V — xy^ 

9. I 

19. (a + hi)^ + (a - Uy 
Make the denominators 
real and rational numbers : 


10. (5 + 0(2 + f) 

11. (5 + t)(5 - i) 

12. (6-50(2 + 3f) 

13. (x iy){x — iij) 

14. (3 +-\/^)(3 -\/171) 

16. (2 +\/-l)(6 

16. (2 +V'£3)(5 -\/3) 

17. (5 +V-1)2 

18. (7 -V^y 
(a + bi)(a — hi) 

the following fractions into 


20. 

22. 18 

CO 

o 

V-3 


■■ 2 +V'- 1 

V- 18 

21. 

V- 3 

23. 

V- 5 

26. - 

4 -V- 5 


26 . Show by substitution that x = 2 +V— 2 is a solu- 
tion of the equation a:^ — 4 a: + 6 = 0. 

27 . Show that a: = 3 + i and a; = 3 - i are both 
solutions of the equation - 6 a: -f 10 = 0. 

28. Every number has two sqttare roots, and three cube 
roots. To find all the cube roots of 1, for example, write the 
equation = 1, or x’’ — 1 = 0. Solve this equation by 
factoring the loft member : (x — l)(x2 -f x H- 1 ) = 0. 

Two of the solutions are imaginary numbers. Denoting 
them by A and B, prove the following interesting facts : 

(a) A^ = B (b) B^ = A (c) AB = 1 
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173. REVIEW OF CHAPTERS VII TO X 

Solve the following equations and sets of equations : 

11 - a; - a;® 


7. 


8. 


9. 


10 . 


11 . 


1 . 


2 . 


X -f” 2 
X — S 

a; + 3 ' 

2 2/+ LI 

.3 


3 ““ a; a;2 — a; “ 6 

a;2 — 24 _ ^ + 5 ^ 

a:*^ +■ 6 a:- + 9 a? 

iy±A - 16 

.5 


4. 


Sx — .5 


a;^ + 6 a: + 9 

y - -05 ^ 

.2 

2 a: + .25 


+ 


.5 


2(a; - 1.5) 


= 44.7 


X a j^x 


a 


2a 


a —■ 1 a + 1 

X — 2h^ _ X — 10 ¥ 
a — b a + 3 h 


= 46 


\2 X 2 y = 3(ci + 6) 
\bx — ay — ¥ — a?- 

12. 

f ax -h ¥y = a‘^ + 2 d) 
[Zax-2¥y = Sd+ab 

ra: + 22/~"30 = 5 

2a: + 2/ + 62 : = 2 
[a; + 42/ + 3;2; = 8 

13. 

!x — y + >iz = 0 
2x4-2 ?/ + 2= — 5 
[Zx + y — z = 0 

{x + 2y — z = Za 
\2x — y z = a ■\-h 

14. < 

{x + y = z 

':hx + ay ~ 2b{z — h) 
[ax — by = z(a — b) 

'x + y + z-^-u — 2 
a; — 2/ + 2: + w= -“2 
x + y — z + u — % 
x-{-y-^^z--u — — A 

16. < 

hs=L2i!.Jz.,.g = 0 

2/ + ;s + — 2 

X + 2/ + = 2 

^ w = 3 

'x + y + z + u = ^ 
a; — 2 / + 2 ; 2 : = 6 

2/ — -2 + 3 w = 6 
.a; + 22/ — 2 z4=— 7 

16. - 

' a: + 2 y + z ~ 3 

X ^ 2y + 3 ^ + w = 4 
2 a; — 4 2 / + w = 5 
+) 27 — ^ + w = 6 
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174. REVIEW — EXPONENTS AND RADICALS 

1. What is the quotient of 

2. What is the product of 

3. Is a; or the square root of i 

4. What is the square root of of 

6. What power of 2 does '^'V^2 equal? 

6. Show that 3^ • 9'' • 81”'*'^ = (Change 9^ to 

(3^)”, or 3^"'; and change to or Then 

3^ • 3^"' • = what power of 3?) 

7. Express as a power of 3 : 3^ ♦ 9”“^ • 27^’^. 

8. Express as a power of 2 : ^1.4” • 8^"’'^ A 

9. Express as a power of 4 : 2® • 16'' • J 

10 . If 2‘* • 8"’*"^ • 4" = 2^® find n. (Change the given 
equation to 2^ • 2'^"’*“''^ • 2^" = 2^1 Then it must be true that 
3 + 3 n + 3 + 2 n = 16. Solve for n.) 

As in ex. 10, solve the following equations for n : 

11. 2" • 4”'"“^ • 8"+^ = 2^ 14. 9^ • 3"+^ • 27" == 3^ 

12. 3 • 9"+2 . 27^+" = 9 15. 5 • 25" • 625^" = 5^^ 

13. 4" • 8"“"216" = 8 16. 52 ■ 125" = 5"+« 

17. Find the value of — 8 t + 17 when x = i + i. 

18. Find the value of rr^ — 2 ax when x = a + ai. 

19. Since (a + 2 i)(a — 2 z)= + 4, what are the 

factors of + 4 ? 

20. Using imaginary numbers, as in ex. 19, factor : 

(a) + ¥ (6) x^ + iy^ (c) a^ + 9¥ 
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QUADRATIC EQUATIONS 

176. Review of Trinomial Squares. A inoihod of solving 
quadratic equations by factoring wa.s studied on {)ag(^ 57. 
Another method, which is used when fa(dioring is iinpossibhi, 
•“ depends on using trinomials that arc squares. This method 
is particularly important because it leads to a formula by 
means of which all quadratics can be solved ra[)idly. 

A trinomial like 9 + 30 xy + 25 ;//- whose two facstors, 
(3 a: + 5 2/)(3 iS + 5 2 /), are the same is called a trinomial 
square. Either factor, since both are tlic) sanies, is the square 
root of the trinomial. 

Such squares can be recognizisd at sight because two 
terms must be squares and the other term twice the iiroduct 
of the square roots of the terms that are squares. 

Thus, 9 + 30 x?/ + 25 / is a square because : 

(1) The first term, 9 x^, is the square of 3 x. 

(2) The last term, 25 is the square of 5 y. 

(3) The middle term, 30 xy, is twice the product of these 
square roots. 30 xy equals 2 • 3 x ■ 5 ?/. 

Note that since the square root of 9 x® is either + 3 x or 
- 3 X and the square root of 25 y^ is either + 5. y or - 5 y, 
the middle term might be either + 30 xy or — 30 xy, and 
the trinomial would still be a square. 

9 x2 - 30 x^ + 25 2/2 =(3 X - 5 yf 
160 
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176. ORAL EXERCISES 

Which of the following trinomials are squares? State 
their square roots. What changes are needed to make the 
others into trinomial squares? , , 

1. 4 a; + 12 ah + 9b^ 


2 . 

3. 

4. 

6. 


4 a; - l^ a6 ^-f 9 62 
9 a2 + 2562 + 16 6*2 Q 
4 a:i2 — . 10 4“ 25 

24 cc + 16 + 9 ^2 , 


6. 

7. 

8. 

9. 

10 . 


100 a;2+ 180a:^ + 81?/ C 

100 '+" 81 ,|/'~ 180 ^ 

25 — 54 xy + 81 if y 

9 x^ + 95 xy 4- 100 2/2 - 
9a2 + 60a6+^ 


Find the missing term in each of the following so that the 
resulting trinomial will be a square : 

11. rc2 + - . +16 14. rr2 + + 64 


■12. 2/2 


+ 9 


13. 4a2+:?: + 4962 


16. 

16. 




a:^ + 




4- X 

+ 4 


17. If a;2 and + 10 a; are the first and second terms of a 
square, the missing third term can be found, as follows : 

According to the rules, the middle term, + 10 x^ is twice 
the product of certain square roots. Hence + 5 a; is the 
product of the square roots. The square root of the first 
term, x^, is x ; hence the other square root is 5. The third 
term is therefore 52, or 25. Thus : 

a;2 + 6 a? + *^1 The missing third term is + 9. 

x^ — 12 a? + The missing third term is + 36. 

^2 — 14 a6 + The missing third term is + 49 ¥. 

What are the terms needed to make the following quan- 
tities squares? 

f2 ^ 12 t + 

fi + 12t + 

^2 ^ 3^ 4“^ 
c^ + 5c 


18. 

19. 

20 . 
21 . 
22 . 


+ 16 X 23. 
+ 10 ah +2\ '24. 

y2 ^ 26. 

r'^ + 8 r+/t- 26 . 


+ 14 5 ,27. y^ + 7 y +c//, 


28. 

29. 

30. 

31. 

32. 


a2 — 9 a + 

62 + 11 6 +j 

+ X + A , 
X^ — X 


x^ + ax + ^ 

f 


ii- 
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177. Solution by Completing the Square. 

Example 1. Solve the equation + — 16 = 0. 


+ 0 :c + 9 == 25 
+ 3 := 5 

.r = 2 


First transpose — 16 : + 6 .t = 16 

Add 9 to each member, because this will 
make the left member a square : 

Find the square root of each member : 

From this new equation, find x : 

This solution is not complete because a quadratic ecpiation has two 
solutions. The second solution can also be found from the above work 
if we notice that the square root of 25 is either + 5 or 5. Hence 
a; + 3 = 51 fa; + 3= -5 

a; = 2J I rc=~8 


Example 2. Solve the equation 

Transpose + 9 : 

Add + 25 to each member : 

Find the square root of each member : 

f ^ _ ft 

Solve the two new equations : ] ' _ o 1 

[ tr — y = .1 

The two solutions x = 9 and a; = 1 should next bo chccjkod by 
substituting them in the equation — 10 + 0 = 0. 

An easy way of writing the two square roots of a number, 
16 for example, is to write + 4, meaning “ + 4 or — 4.” 

The trinomial - 10 a: + 25 also has two square roots, 
one of which is the negative of the other, (a: - 5) is one 
square root and -(x - 5) is the other; but if we write 
— (a; — 5) = 4 and —(x — 5) — — 4 
we find that a: = 1 and a: = 9 are also the solutions of those 
equations. There are always just two solutions. 

Rules. Write the equation in the form + 6x = c. 

Add to both members the square of one half of b. 

Find the square root of both members of the equation and use 
both square roots of the right member, thus obtaining two simpler 
equations. Solve the two new equations for x. 

Chech both solutions by substituting them in the original 
equation. 


a;2 - 10 a: + 9 = 0. 

“ 10 z = — 9 

- 10 + 25 « lO 

+ 4 or 
- 4 


SOLUTION BY COMPLETING THE SQUARE 153 


178. EXEECISES 

The equations are arranged here in three groups, 1 to 12, 13 to 21, 
and 22 to 30, according to the care needed in the arithmetic work. 

Solve the following equations by completing the square. 

Ex. 1 to 21 can be checked by solving them a second time by 
facitoring. In ex. 22 to 30 factoring is not possible. Check 
these as in ex. 11, page 127. 

1 . - 8 x - 20 = 0 7. + 12 a; = 28 

2. a:^* + 10 a; + 21 = 0 8. a:^ + 14 a; + 48 = 0 

3 . a:= - 6 a: - 7 = 0 9. = lo i - 24 C''*- 

4 ,.2 _i_ + 8 = 0 10. y'* - 15 = 2 y 

6. y2 _ 12 y + 20 = 0 11. = 16 j; - 15 

6. - 2 « - 3 = 0 12. 36 + a:^ = 20 a: 

13. y2 - 9 y + 20 = 0 Think of i of 9 as |, not as 4J. 

14 . a:''* - 7a: - 8 = 0 18. = 4 - 3 f 

16. 1 / + 5 y = 36 19. r*’ = 5 r — 6 

16. r2 - 3 r - 40 = 0 20. + 7 s = - 12. 

17. + 9 s = 10 21. y2j= 5 y + 14 

22. a:^ — 6 a; = 4 Ans. a: = 3 ± Vi3 

23 . - 6 a: = 2 27. + 6 x = 6 

24. x^+ 8^5g = 5 28. x2 - 6 X = 6 

26. ?/ = 10 y - 18 29. x^ + 6 X = - 6 

26. 12S - 3 = x^ 30. X** - 6 X = - 6 

31. One arm of a right triangle is 4 in. longer than the 
other arm. If the hypotenuse is 18 in. long, how long are 
the arms? (Use the table on page 271 to find square roots.) 

32. A platform is 10 ft. wide and 20 ft. long. The owner • 
decides to make the platform twice as large by increasing the 
width and the length the same amount. About how many 
feet does he add to each dimension ? 
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QUADIUTIC EQUATIONS 


179. The following solution needs careful study. In the 
rule on page 152, the coefficient of must l)e 1. Hence, 
to use the rule here, we first divide by the coefficient ol x~. 


Example. Solve the equation 5 x ^ 
Divide by the coefficient of : 


Transpose ■ 
1 of ? is ^ 


10 ’ 




9 

100 


Hence add ~ to each member 
100 

Find the square roots : 

o 

Transpose — 

,, 3 + , 3 - VSO 

The solutions are usually written as - — — and — “ • 


■ 3 a; ~ 4 = 0. 

- ii? - i == 0 

5 5 

5 5 

.llM ^ 4- 

5 fOO 5 100 

_ 

® id 1 () 

Id "id 


Unless 


other directions are given, the values in decimals need not be found. 


180. 


EXERCISES 


Solve and check the following equations : 


1. 3a:2-5a:-2 = 0 


11. 4 2/2 + 7 2/ _ 15 = 0 

12. 2 r2 + 9 r + 9 = 0 


2. 3a:2 + 5a; — 2 = 0 

3. 3a:2 — 5a: — 4 = 0 

4. 3a:2 — 4a; — 4 = 0 
6. 3x2 — 4a: + l= 0 

6. 3x2 — 4x — 2 = 0 

7. 5x2 + 8x — 4 = 0 

8. 6 X + 2 = 5 x2 

9. 7 X = 5 x2 + 1 
10. 12 = 4 X + 5 x2 


13. 4 s2 + 8 s + 3 = 0 

14. 6 <2 - 5 i! - 2 = 0 

15. 6 u2 — y — 2 = 0 

16. 3 2/2 + 2/ - 10 = 0 

17. 3 X + 4 = 2 x2 

18. 5 s = 2 6-2 + 3 


19. t = 2f-l 

20. 8 2/® - 16 2/ + 3 
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181. PROBLEMS — QUADRATIC EQUATIONS 

1. What number added to its square equals 42? (We 
can guess that the number is 6, but there are two answers.) 

2. The sum of 20 and the square of a certain number 
equals 9 times the number. Find two numbers for which 
this is true. 

3. If 3 times the square of a number is increased by 
twice the number, the result is 8. Find the number. 

4. If 5 times a certain number is added to the square oil] 
the number, the result is 66. Find the number. 

6. The difference of two numbers is 5. The sum of their 
squares is 53, Find all the numbers for which this is true. 

6. The sum of two numbers is 12. The square of the 
larger added to 2 times the square of the smaller is 99. Find 
all the numbers for which this is true. 

7. What number added to one half its square equals 12? 

Draw a figure for each of the exercises 8 to 14. In the 

figure write the length of each line either as a known number 
or as an expression in x. 

Find the dimensions of a rectangle whose area is 
54 sqTTt. if the sum of the base and the altitude is 16-^^ ft. 

Find the dimensions of a rectangle whose area is 
243^. in. if the sum of the base and the altitude is 36 in. 
si 10. The length of a rectangle is 3 ft. more than 2 times 
me width. If the area is 104 sq. ft., find its dimensions. 

11. Find the two arms of a right triangle if its hypotenuse 
is 13 in. and one arm is 7 in. longer than the other. 

Find the base and the altitude of a triangle if : 

The altitude is 3 ft. less than the base and the area 
is 20 sq. ft. 

The base is 5 in. longer than the altitude and the area 
is 42 sq. in. 


A 14. The area is 49i} 
the altitude is 20 in. 


sq. in. and the sum of the base and 
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182. Solv ing Literal Quadratics by Completing the Square. 
Quadratic equations that have literal numbers for the coef- 
ficients are solved like other equations, but require skill in 
using fractions and radicals. 


Example. Solve for x : ax^ + 3 bx — 5h — 0 


Divide by the coefficient of 3 ? : 

5 h 

Transpose the term — 


xi -P X 
a 


5?> 

a 


0 

55 

a 


1 «35. 35 


add 


\2 a) ’ 


or to each memlier : 
4 


+ : 


952 

4 a 

Write the left member as a square; simplify th(^ right member : 


,,35 , 9 52 


i^+ny 


9 + 20 ah 

"ihr 

You cannot always find the square root of the right rmunlier, l)ut 
you can indicate the square root : 

, 3 5 _ ±V9 5^~ + 2()'a5 
^ + _ - 

3 b + 2() a6 - 3 h - Vj) d- 20 all 

2 a 2 a 


The solutions are ' 


When further simplifications are possible they should be 
performed. A simple method of checking the answers will 
be studied on page 158. 


183. EXERCISES 

After studying the above example, solve for x : 


1. + 2 ax — b — 0 

2. + 6 ax — c = 0 

3. — 4 ax + r = 0 

4. 2 x^ — 6 ax = 5 
6. 3 x^ — 12 ax = 

6. 3 x2 + 9 6x + ^2 = 0 


7 . x^ + 2 ax « 2 a + 1 

8. x^ + 6 ax — 3 a!^ 

9. x‘^ + 2 6x + ab « 0 

10 . ax^ + 2 hx + ab = 0 

11. ax^ + 2 6x + c; » 0 

12 . ax^ + bx + e = 0 


SOLUTION BY FORMULA 
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184. A Formula for Solving Quadratic Equations. All 
quadratic equations can be written in what is called the 
standard or general form : 

+ c = 0 

Here the letter a is the coefficient of and h is the coeffi- 
cient of Xj while c is the term that does not contain the 
unknown number. 


Thus, for 3 + 5 X “ 7 == 0, we have a = 3, Z) = 5, c = — 7. 

By solving the standard equation by the method of com- 
pleting the square we obtain a formula : 


Solution. Solve for x : ax'^ + bx + c = 0 

c b c 

Divide by a ; transpose - : x^ + -x — 

^ a a a 


1 , 6 . 6 
of - IS . 
2 a 2a 


(£) ■ 


or 


Then 






2 J)2 

or to each member : 

¥ _c 
4 a 

5 \ 2 _ 4 


4 


, ^ _ ± — 4 ac 

^ 2a “ 2a 


— b ±'V — 4 ac 


To show how the formula is used let us apply it to the 
equation 3x^ + 5x - 7 = 0. Wherever a appears in the 
formula we write 3; wherever h appears we write 5; and 
wherever c appears we write — 7. The result is 

- 5 ±V{5Y- 4(3)(- 7)_- 5 ± V25 + 84 
^ " 2-3 ’ 6 

_ - 5 ± VToQ 
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185. The Sum and the Product of the Roots. Hereafter 
we shall call the solutions of an equation its '^roots.’' 
(See page 26.) This word has not been much used previ- 
ously in order to avoid confusion with square roots. 

Calling the roots n and ra, we can write them as : 

— 6 + — 4: ac — b — ■— 4 ao 

n — n 

If we add the roots, we find that : 
r +r — ~ ^ — 4 gc — b —Vb^ — 4 ac _ ~ 2_h _ _ h 

^ ^ 2 a 2 a a 

If we multiply the two roots, we find that : 

ri • 7-2 = (~ ^ +V&° — 4 oe) _ (— b —V ¥ — 4 ac) 

^ ^ 2a 2a 

_ ¥ —(¥ — 4: ac) _ 4 ac _ c 
4 4 a 

These useful results should be remembered in the words : 

The roots o/ + fex + c = 0 are x = ZlA ^ 

2 a 

The sum of the roots is — the product is 

a a 


186. By finding the sum and the product of the roots we can 
easily check the roots of any quadratic equation. 


Example. Solve and check : 3 — 7 a: — 20 = 0. 

Here a = 3, & =— 7, c= — 20. Notice also that = 49, and that 
the term — 4 ac = — 4 • 3 • — 20 = 240. Then, by the fonnula : 
a = 7 ± ^49 + 240 ^ 7 _ 7 ± 17 

6 6 6 


One root is ALIZ, or 4; the other root 7-17 


6 




Cheqk. The sum of the roots is 4 — or and 

3 3 


The product of the roots is 


4 |, or ~ y, and 


5. 

s' 

'k ^1. 

a 3 
£ « ^ 20 ^ 
a 3 * 



SUM AND PRODUCT OP THE ROOTS 


159 


187. ORAL EXERCISES 

Read each of the following equations in the standard form, 
rearranging the terms where necessary. State the values 
of a, b, and c in each equation. If a is negative, multiply 
all the terms by - 1 to make a positive. Also state the 
sum of the roots and the product of the roots. 

1. 3 X' + 8 = 14 a: 6. 2 = 3 ?/ + 1 

2. = 8 X - 15 7. 4 + 4 « = 3 

3. 13 X - 15 = 2 x^ 8. 3 s - 5 5= + 2 = 0 

4. 9x2 = 3x + 2 9. 3 2: + 2 -s2 = o 

6. 15 - 7 X = 2 x2 10. 1 - 8 r + 3 = 0 

188. EXERCISES 

1 to 10. Solve equations 1 to 10 above, using the formula. 
Check the roots by finding their sum and product. 

Solve the following equations by any one of the three 
methods : factoring, completing the square, or by the formula. 
Check the roots in the given equation. 

11. 9 x(x + 2) - 3 x(x - 2) = 2(x + 4)(x + 6) 

12. (r + 2)2- (r - 2)2+(r - 2)(r + 2)= 44 

13. 2 ?/2 +(y — 4)2 = 5 y(y — 4)+ 24 

14. (4 r - 7)2 - 3(2 r - 5)2 = 47 - (6 r - 5)= 


16. (x + 


-(x - ,»2=(x ■ 

- 

+ 

^-)+ 

f 

16. - 




18. X 

+ 

1 ^ 

13 

X + 2 

X 

- 4 


X 

6 

17. ^ - 


4,- = i 

19. ^ 

+ 

y _ 

5 

X — 4 

X 

+ 1 

y 

3 

2 


20. 4 - 7 _ x2-2x + 51 

x + l x + 2 x2-f-3x + 2 

21. _1_- + i + A 

x + 2 X — i 3a; + 6 

22 ^"“ 7 ^ 2 2 / 

‘ 0?'^ — X X — 1 X 
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189. PROBLEMS 

1. A boy planted a rectangular, garden next to a house. 
He had 110 ft. of fencing to put along the three sides of the 
garden and wanted the area to be 1500 sq. ft. What were 
the dimensions of the garden? 

2. A circular lily pond is surrounded by a walk 4 ft. wide. 
The area of the walk is -Jf of the area of the pond. Find the 
radius of the pond. 

3 . The sum of a number and its reciprocal is Find 
the number. (The reciprocal of a; is 1 divided by x.) 

4. The sum of a number and six times its reciprocal 
equals 5-|-. Find the number. 

6. Find two consecutive integers such that the smaller 
plus the square of the larger equals 19. 

6. Find two consecutive odd integers such that their 
product plus their sum equals 23. 

7 . A rectangular piece of tin is 15 in. by 20 in. How 
wide a strip must be cut from all four sides to make the 
remaining piece half as large as the original piece ? 

8. In building a circular arch the radius, r, is found by 

solving the equation — 2 hr + = 0, 

in which h = height of the arch, and 
/ s fi \ s = half the span of the arch. 

If r is 15 ft., and the total span, 2 Sj is 
18 ft., find the value of h. 

Can both roots be used in the problem ? 

9. If a club has n members and 2 members are to be 
selected as officers, the number of ways, A, of selecting these 
two is given by the formula N = -1^ n(n — 1). If N = 435, 
how many members has the club ? 

10. If a polygon has n sides, the total number of lines, N, 
that can be drawn joining any two corners is given by the 
formula N = ln(n — 3). If A = 14, how many sides has 
the polygon ? 
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190. The solution of literal quadratics by the formula is 
an excellent review and test of the pupil^s ability to handle 
fractions, parentheses, radicals, etc. 


Example. Solve for x: 3 x- + 5 x — 2 kx = 2 + 

First rewrite the equation so that the coefficients of and x and the 
terms without x (ian be secui easily. Thus : 

(3 - 4- (5 - 2 k)x -2=0 

Hence a - 3 - A:, h = 5 ~ 2 /c, c = - 2 

Thor. ^ - 2 A) ± V(5 - 2 kr- + 8(3 -Jl 

' 2(3 - k) 

Th(^ expression under the radical sign reduces to 
25 - 20 h + 4 /(;2 + 24 - 8 k = 40 - 28 = (7-2 k)^ 

-( 5 -2fe )±( 7 -2A0 
*' ■ ■ 2(3 -lO 

^ - 5 + 2 A: -h 7 - 2 /c _ 2 _ 1 


Then 

One root is 


The oOier root is x 


2(3 - k) 2(3 - k) 3 - k 

5 + 2 /c - 7 + 2 /c 4 A: - 12 _ _ 

■" “ 2(3 - k) 20 - A;) 


Che(4c die work by finding the sum and the product of the roots. 


191. EXERCISES 

Using the formula, solve for x and check : 


1. 

gx^ ■ 

-2 gx-\-3x — 6 

2. 

hx^ ■ 

-Shx + 3^7x-2x^ 

3. 

2gx 

^ — gH = 6x — 3g 

4. 

mx^ 

— n(m + l)a; + = 0 

6 . 

rsx^ 

+ rs = x(r^ + s^) 

6 . 

2ig 

- l)x'^ + 2(ci + 1)= xig^ + 3) 

7. 

- 

■ 2 hx — kx + ¥ + hk = 2 k^ 

8. 

- 

■ 2x + kx + 1 = kx^ 

9. 

hx'^ • 

-f 3 a: + 2 = 2 a:^ + 2 te 

10. 

hkx^ 

+ hk = xQi + k)Vhk 

11. 

2 x^ 

II 

it 

> 

+ 

1 

12. 

fy2 . 

+ rs = rtx + six 


NYB. 2r) C. ALQ. — 11 
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192. Equations Reducible to the Quadratic Form. Many 
equations of higher degree can he (‘hanged l)y various siil)- 
stitutions to quadratic equations and ther(il)y solved. 

ExAMPIjES 

1 . -8 = 0 

Here one exponent, 6, is double the otlier expoiKuit, 3. 
Substitute y for x^. Then if — 7 y 8 = 0. After 
finding that y - % and y = — 1, find x l)y solving the 
equations : = 8 and = — 1. 

There are three cube roots of 8 (scui i)ag(‘ M7, (‘x. 28) and 
of — 1, but only the real root necnl b(^ found luu’(^ 

2. {x^ -Sxy- 2ix^ - 3a;)- 8 = 0 

The repetition of the quantity (x- — 3 ;r) suggests that y 
be substituted for — 3 a;. The (upiation tlum becomes 
2/2 _ 2 2/ - 8 = 0. After finding tliat y = — 2, and y = 4, 
find X by solving the two new eciuations : 

a;^ — 3 a; = — 2 and — 3 x «= 4 

Could you recognize the proper sul)stituti()n if tlu) same 
equation were written : — 3 x)'^ — 2 a;*‘ + () x — 8 = 0? 

if it were written : — 6 + 9 x*^ — 2(:r‘‘^ — 3 a;) = 8 ? 

3. (a: - + 9(x - “) + 14 = 0 

Substitute y for 

4. - 3 a: + iVx^~- 3 z - 12= 0 

Substitute y for Vx^ — 3 a:. Tiie equation then becomes 

+ 4 1 / - 12 = 0, whose roots are 2 and — 6. Hence 

Va:^ — 3 a: = 2, and Va:'-* — 3 * = — 6 

The first equation is then changed to a:“ — 3 a: = 4. 

The second equation must be discarded, as it is impossible 
for a positive radical to equal — 6 (see page 122). 
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193. EXERCISES 

Find the real roots of the following equations : 

1. a:® - 9 x’ + 8 = 0 6. 2 x - 7 + 3 = 0 

2. 8 X® — 35 X® + 27 = 0 7. x'* + x^ — 6 = 0 

3. x® - 13 x® + 36 = 0 8. 10 x^ - x^ - 3 = 0 

4. 4 X® - 41 X® + 100 = 0 9. 5 a:-2 - 17 x"® + 6 = 0 

6. X - 5 x^- + 6 = 0 10. 4 X-® - 5 x-2 + 1 = 0 

11. (x® - 3 xY- 14(x® - 3 x)+ 40 = 0 

12. (x® + 2xf - ll(x® + 2x)+ 24 = 0 

13. X® + 10 X® + 25 x® + 10(x® + 5 x)+ 24 = 0 


14. 

(2 

X® - 5 x)® + 10 

x^ — 

25 X + 6 = 1 

16. 


- 4 X® + 4 X® 

- 

8 x^ 

+ 16 X + 15 

16. 

fx 

^-5y + 4(a, 




•5 = 0 


\ 

xJ \ 


xJ 


17. 

6( 

X + -V - 35( 

r 

X 


) + 50 = 0 



X/ ' 

< 

X) 


18. 

3( 

X + - 2o( 

f 

X 

+-] 

1 + 33 = 0 


V 

X/ ' 


xJ 

f 

19. 

2( 

X -5V + 3{x - 


-2=0 


\ 

X/ \ 


x) 



20. ^x - - 6(x - + 5 = 0 

21. X® — 3 X + 2'\/ X® — 3x — 8 = 0 

22. X® + 3 X — SV'x® + 3 X + 6 = 0 

23. X® — 8 X — 4’\/x® — 8 X + 3 = 0 

24. X® - 5 X + 10 -Vx® - 5x + 10 - 12 = 0 

26. X® + 2 X - 5Vx^+ 2 X + 6 + 12 = 0 

26. (x® - 6 X + 3)® + 7 x® - 42 X + 31 =0 

27. (x® - 8 X + 14)® -x® + 8x-16 = 0 
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194. Historical Note. Greek mathematicians as early 
as Euclid, who lived in Alexandria about 300 years b.c., 
solved quadratic equations by geometric methods. The 
pupil may have learned in geometry how the solution of the 
equation + ax — = 0 is equivalent to dividing a line of 

length a into extreme and mean ratio, the greater segment 
of the line being one root of the equation. The figure below 
shows how the equation — px q — Q can be solved 
geometrically. Since the lines AE and EB are respectively 
equal to p — Vi ^ ^ + V|. ~ g their lengths 

are the roots of the equation. 

CONSTEXJCTION : 

Draw a semicircle with AO = ip- 

Draw AC±AB, and make AC = Vg. 

Draw CD || AB and DE±AB. 

On page 56 it was stated that the number of roots of an 
equation is the same as the degree of the equation. On 
solving x2 - 6 X + 9 = 0, we find that 3 is the only number 
that satisfies the equation; nevertheless, we say that the 
equation has two roots because the quantity x^ — 6 x + 9 has 
two factors, the roots in this case being equal. 

For several centuries following Euclid, mathematicians 
were satisfied to find one root to a quadratic equation, and 
they regarded negative numbers as unsatisfactory. Now 
we know that even the square roots of negative numbers 
can be satisfactorily interpreted as roots. 
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THEORY AND GRAPHS OF QUADRATIC EQUATIONS 

195. Theory of Equations. The roots of an equation 
naturally depend on the coefficients in the equation. If 
the numbers a, h, and c in + 6a: + c = 0 are changed, 
the roots will be changed. Hence one of the interesting parts 
of mathematics is the study of the relation between the 
coefficients and the roots of an equation. 

For the quadratic equation aa:^ + 6a: + c = 0 we know that : 

6 c 

— - = ri + n - = nri (See page 158.) 

Cl Cl 

Since we can make a = 1 by dividing the equation by the 
coefficient of these relations can be written as : 

& == — (ri, + r 2 ) c = TiT^ (when a = 1) 

For the cubic equation + ca; + = 0 with the 

three roots n, T 2 , and it can be proved that 
h = (ri + r 2 + rs) c = nn + nn +.nrz d = — rir 2 r 3 
That is, b is the negative of the sum of the roots, c is the sum 
of the products of the roots taken two at a time, and d is the 
negative of the product of the roots. 

That part of mathematics which studies the relations 
between the coefficients of an equation and its roots, and 
also many other useful theorems about equations is called 
the Theory of Equations, 

In this chapter we shall deal only with the quadratic 
equation. We shall see that we can determine the nature 
of its roots (that is, whether the roots are real or imaginary, 
etc.) without solving the equation. 

165 
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196. Character of the Roots of a Quadratic Equation, 
The roots of the equation ax^ + bx + c = 0 are 

b — Vb'^ — 4 ac 


Ti =- 


— b + V — 4 ac 
2 a 


r2 


2 a 


The radicand — 4: ac is called the dismminant because 
its value decides whether the roots are (1) equal or unequal, 
(2) real or complex, (3) rational or irrational. 

I. // 62 — 4 ac is zero, the roots are equal and read. 


Thus, in 4 ~ 12 re + 9 = 0, we have a = 4, 6 = — 12, c == 9. 

Since — 4: ac = 144 — 144 = 0, the roots are equal. The usual 


solution gives as the roots : 


12 - Vo 


8 


8 


, whicli both reduce to 


1|-. It is true that there is only one number that satisfies this equation, 
but, as explained on page 164, it is customary to say that there are 
two equal roots. 


II. If — A ac is positive, the roots are unequal and real. 
The roots are real because the discriminant is positive. 
They are unequal because in one root the radical has a positive 
sign and in the other root a negative sign. 


Thus, in 3 rc2 ~ 7 rc — 20 = 0, we have a = 3, = — 7, c = — 20 ; 

and 62 — 4 ac == 49 + 240 = 289. The roots are 4 and — 

III. 7/ 62 — 4 ac is negative, the roots are unequal and are 
complex numbers. 


The roots are complex numbers because the square root of ; 

a negative number is an imaginary number. 

Thus, in 3 rc2 — 2 a; + 1 = 0, we have a == 3, 6 = ~ 2, c « 1. Since 

62 — 4 ac = 4 — 12 = — 8, the roots are complex numbers. In fact, 

XI. X 2 +VYrg 2 - VTTg 

the roots are — and ^ 

0 6 


IV. 7/62 — 4 ac is an exact square {or zero), the roots are 
rational; otherwise they are irrational. 

Thus, in a;2 — 5 a; + 4 = 0, we have 62 — 4 ac = 9 ; hence the roots 
are rational. But in a:2 — 5 a; — 3 = 0, we have 62 — 4 ac = 37 and 
hence the roots involve the irrational number V37. 
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197. EXERCISES 

Find the discriminants of equations 1 to 10, and then state 
the character of their roots : 

1 . - 2 a: - 14 = 0 6. 9 a:= - 24 a: + 16 = 0 

2 . — 10 a; + 25 = 0 7 . + a; + 1 = 0 

3 . 9x2 + 3x-2 = 0 8 . x= + x + .^ = 0 

4 . 6x= + 7x- 20 = 0 9 . x^ — x-2 = 0 

6. 6 X® - 7 X - 20 = 0 10. x^ — X + 3 = 0 

11 . For what value of k will the roots of the equation 
x^ — 7 X + 3 /c = 0 be equal? 

SoGOESTioisr. Hero (i = l, 6= -7, c=3/c, and 62-4 f,c =40-12 /c. 
Hence if 49 — 12 /c = 0, tho roots will be equal, /c = ? Prove that 
your value is correct by finding the roots. 

As in ex. 11, find the values of h for which the two roots 
of each of the following equations are equal : 

12 . 4 x^ + lex + 9 = 0 17 . (7c+5)x2 - 8 x + 16 = 0 

13 . /cx^ - 6 X + 9 = 0 18 . x2 - (fc + 2)x + 4 = 0 

14 . 2 x® - 3 X + fc = 0 19 . fcx^ - 3 /cx + 9 = 0 

16 . Icx^ + 4 X + 1 = 0 20 . x^ — (3 — fc)x + 25 = 0 

16 . 2 x^ + 7cx + 3 = 0 21 . X®* +(3 — 7c)x + 7c = 0 

22. If X = 3 is one root of the equation x^ — x + 4, 

find 7c. (Substitute 3 for x in the equation.) 

23 . In the equation 4 x^ — 24 x + c = 0, find the value 
of c if one root is 5 more than the other root. 

SuoQBSTiON. Call the roots r and r + 5. The sum of the roots is 
— 5 ; that is, r + (r + 6) = ^, or 6. The product of the roots is - ; 

d (X 

that is, r(r 4* 5) * Solve these equations for r and c. 

24 . In the equation 9 — (k + l)x + 8 = 0, find the 

value of k if one root is twice the other root. 

26. Find k if one root of + 4 fca; — 2 = 0 is 3 more 
than the other root. 
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198, Graphs of Quadratic Equations. To draw the graph 
of 2 / = - 2 a; - 3, we first find the values of y when x is 

given some values like — 3, — 2, — 1, 0, 1, 2, 3. 

^ y 

~ 3 12 

- 2 5 

- 1 0 

0 -3 

1 -4 

2 -3 

3 0 

After drawing part 
of the curve, we see that 
it may be advisable to 
extend the curve to the 
right or left. We find the 
values of y io^ x = 4, 

X = 5j and plot these 
points. 

The values of x at the points where the curve (U’osses 
the X axis are — 1, and 3. The values of y at these points 
are 0 in all cases. Moreover, if we substitute 0 for y in 
the given equation, and solve 0 == — 2 a; ~ 3 we find that 

a; = — 1, and a; = 3 are the roots. 

This work illustrates the following important fact : 

The roots of the equation + 6jc + c = 0 are the values of 
X at the points where the curve y ^ ax^ + hx + c crosses the 
X axis. 

We have thus seen how (1) the equation may be used to 
find exactly where the curve crosses the axis if the graph does 
not clearly show it, and (2) the graph may l)e used to find 
the roots of the equation. 

The graphic method shown Iiot'o for solving quadratic 
equations may be applied to all kinds of equations. 





GRAPHS OP QUADRATIC EQUATIONS 169 
199. EXERCISES 

Draw the graphs for the following equations. Use values 
of X from — 3 to + 3 at first. 

1. y = x‘^ -2x +,3' -6; 4?/ = 2:2-16 

2. "y"= 2x^ + x - 10 7. 3 2/ = a;2 - 15 ' 

3. y = x'^ + X — 10 8. 2 2/ = a;2 — 9 ^ 

4. 2/ = Li® — x^ 9. 2 a: + 3'= a:2 - 2/ ¥ ' '■ 

6. 2/ = 4 + 3 a: — a;2 10. x + y = x^ — 6 

11. On the same set of axes draw the graphs for : 

2/ = 2:2 — 2 a: — 3, 2/ = 2:2 — 2 aj + 1, y = ~ 2 x + 5. 

Notice that the only change in the equations is in the 
term that does not contain x. What is the difference in 
the graphs of the three equations? How can we tell from 
a graph whether an equation has two real roots or two equal 
roots or has complex numbers for the roots ? 

12. Draw the graph of y = x^ — 2x and on the same axes 
the graph for y = — x^ -f- 2 x. How do they differ? 

13. Draw the graph of 2/ = 2 a:’’* — a:2 — 8 x + 3. This is 
not a quadratic equation, and the curve has more turns in 
it than any of the previous curves. The method of drawing 
■the graph is the same no matter what the degree of the 
equation is ; that is, the values of y are found for some values 
of X, and these points are plotted. 

At what points, approximately, does the curve cross the 
X axis ? What are the roots of 2 x* — x2 — 8 x + 3 = 0 ? 

As in ex. 13, solve the following equations by drawing 
the graphs and .noting where the curve crosses the x axis : 

14. 4 x’ — 40 X = 0 

16. 2 x'' 3 x2 - 20 X - 21 = 0 

16. x2 - 2 x2 - 9 X + 15 = 0 

17. 3 x® + 15 x2'+ 18 X = 0 
18; x2 — 2 x2 — 7 X — 4 = 0 
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200. Graphs of Some Fundamental Equations. There are 



certain equations that occur so 
frequently in various fields of math- 
ematics that a knowledge of their 
graphs is important. They are : 

1 . 2 / = x' 

This curve is called a parabola. 
The values of y are all positive 
whether x is positive or negative. 

The equation A. = which 
gives the area of a square whose 
side is s, is of this kind. 

When the equation is y == kx^ 
the curve becomes broader or nar- 
rower according to the value of the 


number k. 



2. y^ = Xj or 
y — ±^x 
The equations 


and m!^ = | h 
(page 192, ex. 30) 
are of this kind. 



3 . x^ + y^ = 

or ?/ == ±^ 7 ’'^ — 

(In the figure, r = 3.) 

The curve is a circle if the unit 
distance, from 0 to 1, is the same on 
both axes. The center of the circle 
is at the origin, and the radius of 
the circle is the constant r. 
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4. xy = fc, or 2/ = ™ 

X 

(In the figure, h = 4.) 

The curve is called a 
hyperbola, and consists of 
two distinct branches. 

There is no value of y 
for rr = 0 because we can- 
not divide by zero. , 

The two branches each 
come closer and closer 
to the axes when the 
branches are prolonged. 


(In the figure, a = 4 
and 6 = 3; the equation is 
then 9x^ + 16 = 144.) 

The curve is an ellipse. 

The paths described by 
the planets and some of 
the comets moving around 
the sun are ellipses. 




201 . EXERCISES 

1. On one set of axes draw the curves for : 

2 / = 3 = x\ i 2 / = - -^ x^, 2 / = - 

2. Show that the equation + ^ = 1 can be written as 

o/‘ W 

y -- x^. 

a 

Draw the curve when a = 5, 6 = 4. 

What is the nature of the curve when a = 6? 
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(Supplementary Topics, Pages 172 to 174) 

202. Finding the Equation of a Curve Passing through 
Given Points. We have learned how to draw the curve 
represented by any equation. We shall see now how to find 
the equation of a curve when we know some of the points 
on it. The scientist must frequently do work of this kind, 
using data obtained in experiments. 

Problem. Pind the equation of the straight lino that 
passes through the points x = — 2, y = 1 and a; = 4, y = 3. 

If the equation represents a straight line, it must be of 
the first degree in x and y, like 2/ = 2 a; + 3 or ?/ = 4 a; + 5. 
From the information in the problem we determine what the 

true coefficiionts are. 

Let the equation of the 
line be 

2 / = ma; + & (1) 

wherein m and h repre- 
sent the numbers whose 
values wo must find. 

Since the line passes 
through the point for 
which a; = — 2, y = 1, 
equation (1) must be true 
if wo substitute these 
values in it. 

Hence 1 = _ 2 m -b 6 (2) 

Likewise if we substitute a: = 4, y = 3 in equation (1), 

3 = 4 m -b 6 (3) 

We thus have two equations, (2) and (3), from which we 
can find the values of m and 6. The solution is m = 
h = f. Writing these values of m and h in equation (1), 
we have 

2/ = If a; + I 

This is the equation of the line through the given points. 


i 

■ 

■ 

IB 

B 

B 

■ 

B 

IB 

H 

ira 

■ 

■ 

■ 

IB 

1 

1 

1 

1 

I 

■ 

E 

E 

|B 

ll 

1 

i 

1 


li 

B 

1 

1 

1 

B 

E 

■ 

■ 

■ 

■ 

IE 

i 

iB 

IB 

B 

E 

B 

B 

1 

E 

H 

B 

B 

i 

■ 

i| 


ll 


■ 

IB 

■ 

B 

m 

B 

m 

■ 

■ 

B 

B 

B 

B 

I 

■ 

lE 

B 

lE 

E 

lE 

IB 

B 

H 

E 

B 

B 

E 

E 

B 

B 

B 

B 

B 

E 

■ 

■ 

|B 



■ 


B 

B 

E 

B 

B 

■ 

■ 

B 

B 

B 

B 

1 

■ 

■ 

■ 

iB 

B 

B 


B 

B 

B 

1 

B 

B 

■ 

E 

1 

5 

a 

i 

■ 


■ 

B 

1 

B 

B 

B 

B 

B 

1 

i 

B 

■ 

i 

i 

■ 

S 

■ 

B 

B 

B 

B 

B 

B 

B 

I 

p 

p 

a 

a 

B 

1 

B 

i 

s 

E 

B 

B 

B 

B 

B 

B 

p 

a 


I 

1 

1 

B 

I 

B 

1 

1 

E 

jH 

I 

B 

B 

B 

p 


i 

1 

I 

B 

§ 

1 

E 

B 

E 

B 

1 


1 

s 

5 

g 

I 

1 

1 

1 

1 

1 

1 

I 

1 

1 

1 

1 

1 

1 

1 

■ 

■ 

il 

■ 


■ 


■ 

I 

n 

■ 

B 

■ 

B 

1 

B 

B 

PH 

B 

B 

■1 

■ 


■ 

1 

i 

I 

■1 

H 

I 

B 

S 

B 

i 

E 


■ 

B 

B 

1 


■i 

■1 

■1 

Bl 

B 

■ 

i 

S 

■ 

Bl 


■ 

■ 

■ 

B 

E 

B 

B 

El 


El 

B 

■I 

Bl 

■ 

■1 


B 

B 

El 


B, 

■ 

■ 

B 

B 

B 

B 

■I 

Bi 

■ 

E 

■I 

Bl 

■ 

i 

B 


B 

B| 


B 

■ 

B 

■ 

1 

B, 

1 

El 

11 

Bl 

B 

B 

■1 

B 

E 

jjP 

B 

i 

■ 


■ 

E 

B 

B 

I 

B 

El 

Bl 

El 

E 

Bl 

■Bl 

Bl 

s 

il 

Bl 

El 


B 

B 

B 

B 

E 

B 



GRAPHS OP FUNDAMENTAL EQUATIONS 173 


Problem. Find the equation of the parabola that passes 
through the points (- 2, 2), (1, — 1), and (4, 2). 

The point (— 2, 2) means the point for which a; = — 2, 
2/ = 2. 

From methods that 
cannot be explained here, 
it is known that the equa- 
tion of a parabola is 
y = ax^ + l)x + c (1) 
where a, 6, and c are the 
constants we are to find. 

As in the previous 
problem, we substitute 
the gi ven values of x and 
^ in (1) and get a set of 
three equations to solve : 

2 = i a — 2h + c, - l = a + h + c, 2 = 16a + 4?) + c 
The solution of this set is : a = h = — c = — f. 
lienee the equation of the parabola is y — il- — f x — f . 



203 . EXERCISES 

Find the equation of the straight line that passes through : 


1. (—2,-4) and (1, 5) 6. 

2. (2, 1) and (— 2, 9) 7. 

3. (-2, 1) and (4, 7) 8. 

4. (4, 5) and (2, 1) 9. 

6. (1, 2) and (— 5, 8) 10. 


(4, f) and (- 2, - 1) 
(1, 2) and (4, 1) 

(7, 2-|-) and (5, 2) 

(4, - 2) and (3, - 2^) 
(2, f) and (1, -J ) 


Find the equation of the parabola through the points : 

11. (1, - 1), (- 2, 11), and (3, 1) 

12. (— 1, 5), (0, 2), and (2, 8) 

13 . (2, 1), (4, 9), and (•- 1, 4) 

14 . (2, 7), (- 3, 12), and (- 1, -- 2) 

16 . (1, 0), (2, 4), and (- 1, 10) 
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204. Forming an Equation with Given Roots. By re- 
versing the four steps shown on page 57, § 56, we can form an 
equation that shall have certain roots. Thus : 

If the desired roots are x = 3 and x = — 2, then the 
preceding step was a; — 3 = 0 and x + 2 = 0 and the step 
preceding this was (x ~ 3)(a; + 2)= 0. Hence the re- 
quired equation is -- rr — 6 = 0. 

Again, the equation whose roots are x = §■ and x = is 
(x — |)(a; - i-) = 0, or x^ — fj- rr + |- = 0, which might 
be written as 12 — 11 a; + 2 = 0. 

Another method of finding the equation is to assume that 
it is + po; + ^ = 0, and then find the numbers p and q 
by means of the rules on page 158. Thus, if the roots are 
to be h + k and A — 2 &, then 

— p = (A + fc) + (A — 2 fc) and q = {h + k) (h — 2 k) ; 
that is, p = — 2 h + k and q = — hJc — 2 /cl When 

these values of p and q are substituted in x^ + px + g = 0 
we get x^ — 2 hx + kx + — hk -- 2 ¥ == 0. 

205. EXERCISES 

Find the quadratic equations whose roots are : 

1. — 3 and 5 6. A ~ k and A + 3 /c 

2. I and f 7. « + i{ and s — t 

3. A and 2 A 3 i and ^ 

4. 5 A and — A 2 A + k 

6. 3.7 and 5.4 9. 2+Vz and 2 

10. i(3 +^) and HZ -^17) 

11. 2+^—3 and 2— V— 3 

In ex. 12 to 15, i = V— 1. 

12. 5 + 3 ^ and 5 — 3z 

13. r -f is and r — is 

14. (r + 6‘)+ i{r — s) and (r + i{r — s) 

15 . 5 q-. Yni and r + s — mi 



CHAPTER XIII 


SETS INVOLVING QUADRATIC EQUATIONS 

206. Problem. A party of boys bought a canoe for $60, 
dividing the cost equally. If the number of boys had been 
4 less, the cost per boy would have been $1.25 greater. How 
many boys were there in the party ? 

The words if the number of boys had been 4 less^^ suggest 
that we use b and 6 — 4 to represent the number of boys. 
The words the cost per boy would have been $1.25 greater 
suggest that we use c and c + 1.25 to represent the cost per 
boy. Hence we write : 

Number of boys Cost per boy Total cost 

(1) b ^ c ' GO 

(2) 5-4 c + 1.25 60 

We now see that the two equations are : 

from line (1) : he = 60 

from line (2) : (h — 4)(c: + 1.25) = 60 

Before solving this set of equations (see page 177), let us 
consider the following problem : 

Problem. The sides of a triangle are 9 in., 12 in., and 6 in. 
Find the altitude on the side 12 in. 

From the figure we see that the equa- 
tions are : 

(12 xy + == 81 

x^ + y^ = 36 

Unlike the sets of equations in Chapter VII, these equa- 
tions are of the second degree in the unknown numbers. In 
this chapter we shall study such sets of quadratic equations. 

175 
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207. One Linear, One Quadratic, Equation. 

If one of the equations is of the first degree in x and y, solve 
that equatio7i either for x or for y, and substitute the result in the 
other equation. 

Example. Solve ~ ^ 

1 + (2) 

Solve, equation (1) for ?/ : 2 y = 4 ~ 3 x, or y = — 

2 

Substitute this value of y in equation (2) : 

^ = 5 

Then 4 + 16 — 24 a; + 9 x- = 20 

or 13 a;^ — 24 a: — 4 = 0. Hence a; = 2 or — 
Substitute the value of x in equation (1) : 

If a; = 2, then 6 + 2 y = 4, or y — ~ 1. 
lix = - Tir, then - + 2 ij = 4, or y = |f . 

Check the solutions by substituting them in (1) and (2). 


The answers to a set of equations should be so written 
that we can see which values of a: and y conaispond. Thus : 



X = - y = 


208 . 


EXERCISES 


1 . 

2 . 


3 - 


4. 


Solve the following sets of equations, and check : 


|x + 2/ = 3 
1 2 a:® + 2/^ = 9 
'2a: + 2 / = 2 
Zx'^ + xy = ISXfV 
3 2 / + a; = 10 
3 2/ = a;2 + 8 
J 2/ + 3 a; = 9 
l2/' + 9a:2 = 45 


5 |22/ + 9 a: - 7 ' ■ ;! 

1 9 a:^ + 7' = 2 2/ 

f3a: + 4 2/ = 18 '' ' „ 
1x2 + 22/ = 10 '' 

f 2 X2/ + 1 =0 
1 2/ + 4 X = 1 

2 X + 3 2/ = 6 
4x2/ = 2x - 15 


+! 

I / y 


8 . 
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209. If neither equation of a set is linear, a linear equa- 
tion may sometimes be found by adding or subtrae.ting the 
given equations. 

For example, in the first problem on page 175 the equations 
are be = 60 (1) 

and he -f- 1.25 6 — 4 c — 5 = 60 (2) 

If the second equation is subtracted from the first, then 
— 1.25 6-|-4c-|-5 = 0 

Solve this equation for c and substitute the result in (1). 

Again, in the second problem on page 175, the equations 
are 144 — QAx + — SI (1) 

and -t- 2 /® = 36 (2) 

If the second equation is subtracted from the first, then 

144 - 24 a: = 45 

Solve this equation for x, and then find y. 


210. EXERCISES 

Solve the following sets of equations, and check : 


1. ^ 

1 aiy = 12 

8. . 

Ixy = - 6 

1 {x - 1)(2/ - 2)= 4 

{x(y + 2)-3y== 7 

2. < 

[ a;y = — 15 

9. . 

jxy + y = 12 

t(a;-f-l)( 2 / + 6)=4 

i(3 - 2 /)(l +x) = 3 y 

3. ^ 

f rt -f 3 i = 5 

10. ^ 

f rs 4- r2 -t- 1 = 0 

[(r + 3)(t+ 1)= 10 

[ (r -f $)(/• — 2) = 1 

*• i 

\x-^ + y'^ = 13 

“■ 1 

\2x + 3y = 6 

[ (1 -f xf + 2/2 = 18 

:2/(4a; + 3)-f 9 = 0 

6. 1 

f m2 - 1,2 = 16 

i 

' 6 uv = 1 

. (m - 1)2 -h y2 25 

,(3m+1)(2 2; + 3)=8 

i 

• 4 r2 4- s2 = 8 

13. j 

' 2 xy + 1 = 0 

, (2 r - 1)2 •+■ s2 = 5 

.2(a:-M)(2/-f-4)=9 

{ 

' uv = 3 

14. { 

■a2 -I- 3 62 = 7 

{u + 1) (t; - 2) = 2 

. (a - 1)2-1- 3 62 = 12 


NTB. 2d c. ado. — 12 
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211. PROBLEMS 

1. The sum of the squares of two numbers is 13, and the 
smaller is 10 less than 4 times the larger. Find the iiumbers. 
(We can easily guess that one pair of numbers is 3 and 2 ; 
the equations will show that there is also another pair of 
satisfactory numbers.) 

2. In placing some telephone poles it was found that by 
increasing the distance, d, between them 10 ft., 4 poles less 
per mile would be used. What is the distance between the 
poles and the number, of poles per mile ? 

3 . The cost of a trip for a number of men was $72 and 
was to be shared equally. Because 6 men failed to appear, 
however, the cost per man was increased $2. What was the 
original number of men? (Use two letters, m and c.) 

4 . If a maids daily wage were $3 less, he would have to 
work 8 days more to earn $144. What is his daily wage? 

6. If a man’s daily wage were $3 less, he would have to 
work 6 days more to make $140. What is his daily wage? 

6. A man traveled 210 mi. If he had gone 5 mi, an hour 
faster, he would have made the trip in 7 hr. less time. Find 
his rate in miles per hour. 

7. Some books were purchased for $150. If the price 
per book had been $.10 less, 50 more books could have been 
bought for the same price. What was the price per book? 

8. The sides of a triangle are 10 in., 17 in., and 21 in. 
Find the length of the altitude to the side 21 in. 

9. The sides of a triangle are 11 in., 25 in., and 30 in. 
Find the altitude to the side 11 in. (Draw a figure to scale.) 

10. Find the equations for the following problem : 

The circumference of a wheel is c. By how much must the 
circumference be increased so that the wheel will make n 
fewer revolutions in going a distance d? (Let the increase 
be X ] let the number of revolutions be y and y — n.) 
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Example 1. Solve 


212. If a linear equation cannot be obtained as shown 
on page 177, try one of the following methods. 

■ 3 - 8 ?/ = 4 (1) 

. 2 a:' + 5 ?/ = 13 (2) 

These equations contain only terms like and They are called 
linear in and y\ l)ecausc if letters are substituted, as u for and v for 
7 / 2 , the new equations will l)e linear in u and v ; namely, 

3 u — 8 V = 4 and 2 w H- 5 y = 13 
You need not actually make the sul)stitution. Multiply (1) by 5 and 
(2) by 8, and add. Then 31 — 124, or x^ = 4. Hence a; = ± 2. 

Then we can find y as we usually do. 

f ^2 + = 13 (1) 

xy = 6 ( 2 ) 


Example 2. Solve 


6 


36 


Solve (2) for ?/, getting y = Then 4* = 13. Hence 

— 13 + 36 = 0, which is quadratic in form. (See page 162.) 

213 , EXERCISES 

Solve the following sets of equations : 


1 . 


8. 


10 . 


8 a;2 — = 5 

^2 5 y 2 = 10 

^2 ^ 0 y 2 -= 15 

2x^-9 2/2 .= 9 

3 + 4 y 2 ^ 31 

5 ^2 _ 0 y 2 ^ 1 

I 5 + y^ = 6 

l2(x + i)^ = f^j 
5 x^ + 2 xy = 6 
10 X — 3 xy =1 
x^ + 4 xy = 8 
X — xy === 1 

2 p.y q- ^y2 - 3 

5 xy -- y =6 


4 . 


6. 


6 . 


/y2 ~ 1 


.0x2 + 32/2 = 0| 

\xy +2 =0 
_ 4 x2 + ?y2 = 17 
[ 9 x2 + 8 7/2 = 3 
6 xy — 1 =0 

In ex. 7, add the two equations to 
eliminate 

In ex. 8, multiply the first equation 
by 3, the second by 2, and then add. 

^ 4 x2 + ?y2 = 52 
,(2x - 1)2= 7y2 - 11 
\xy =Vr8 
[ 2/^ + 4 x2 = 17 


11 , 


12 . 
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214. 


EXERCISES FOR DRILL 


Solve the following sets of equations : 


g / 4 a:® + 9 2/2 = 2 


10 . 


\%xy = 1 
1 2/2 + 8 a:2 = 11 
[2 xy = Z 


11 . 


12 . 


13 . 


j 1 4 a:2 4- 2/2 = 5 
\xy + 1 = Q 
12x2 + 92/' = 9 
1 3 a:?/ + 2 = 0 
/a;2 + 2/2 = 5 

■ 1 a:2 - 2/2 = 3 

^ ra:2=(10-2/)(10 + 2/) 14, 

[ a;2 — 2/2 = 28 
f 2/2 =(25 + a;) (25 - a;) 

■ l2a;2-2/2 = 50 

g_ |a;2 =(5 + 2/)(5 - 2/) ig_ 

■ 1 xt/ = 12 

f 2 /““ = (tv “ 

' \l2xy — I 

g f2/2=(13-a:)(13 + a;) 

’ la:2/ = 60 


19 . 


20 . 


\2x + Zy = S 
I a:2 + 2/2 = 5 
2/2 + 2 a; = 17 
2y — X = 2 
2 a: - 15 2 / = 18 
a:2/ = 48 
\xy = 12 
l3:i; + 22/ = 18 
f 2/2 - f xy 
[3a; + 2?/ = 2 
+ 2/2 = 13 
(re 1)2 + y^ = 10 
f3a; + 42/ = 5 
1 2 a;?/ — 6 re = — 3 
f 4re^ + == 16 

I (2 re - 1)2 = 9 + y^ 
re^ + 4 == 8 

+(1 + yf - 8 

2/2 = 2 — 4 re'-^ , 

7/2 4-n -- 9 = 1 


Solve for re and y : 

2^ \ax + hy-2ah 
\xy = ah 

22^ f &re + a?/ = a2 + 62 
[ret/ = ~ ¥ 

23 f 6:e — a?/ = a62 
lre?y = a6(l - 6) 

2^ 1 3 6rc + 2 = 12 a6 

[ rey = 6 a6 


25 . 

26 . 

27 . 

28 . 


f are — 2/ = 

[x^ -- y ^ 2 ah + ¥ 

I are — ?/ = a 
[ re?/ = a^(x — 1) 
f a'^re — by — a 
1 xy = 1 + 6 
f are^ + hy^ = c 
\x^ — y'^ ^ d 
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215 . Graphic Solutions. The graphic method shown on 
page 106 can be used for all sets of two equations. The 
coordinates of the intersection points are the solutions. 

216 . EXERCISES 

The figures on pages 181 to 183 are intended only as suggestions on 
the general form of the curves ; hence no scales are shown on the axes. 

Solve graphically and algebraically the sets : 

{y=^x^-2x-l ( 1 ) 

* 1 2 / = ^ + 3 ( 2 ) 

What are the coordi- 
nates of A and B in your 
figure ? 

On the same axes draw 
the graph iox y ^ x — ^ 
and solve this equation 
with equation (1). How 
many solutions are there? 

How is this shown by the 
graphs? 


2 [x^ + y^^lO ( 1 ) 

{ y + 4. = x^ (2) 

On the same axes draw 
the graph of y Z = x^. 
In how many places does 
this curve cross the curve 
for equation (1) ? 

Sketch figures to show 
how there might be from 
one to four intersections 
of a parabola and a circle.. 
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Solve graphically and algebraically : 

f t = 4 (1) 

* \y^ - X -S =0 ( 2 ) 

What are the names of 
these curves ? Make some 
sketches showing the most 
and the fewest number of 
intersections that two such 
curves can have. 

(a) If the graph of (2) 
is moved horizontally 6 
units to the right, its equa- 
tion is changed to 

0. (3) 

Solve equations (1) and (3). How many solutions has 
this set ? How is this shown by the graphs ? 

(&) Consider equation (1) and : 2/^ — a; + /c = 0. (4) 

Adding (1) and (4) gives x- — x + h -- 4 = 0. Find a 
value of k such that x — 2 will.be one root of tliis equation. 
(See page 167, ex. 22.) Substitute this value of k in (4) and 
draw the graph. How many intersections are there? 



4 [x^ + if^2b (1) 

= 9 ( 2 ) 

Where is the center and 
what is the radius of the 
circle ? The equation 
{x 2)2 + 7/ = 25 (3) 

represents a circle for which 
the center is (2, 0) and the 
radius is 5. 

Without solving the set 
(2) and (3), tell how many 
solutions this set has. 
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f a;2 + 2/^ = 9 (1) 

la:2 + 4 7/=16 (2) 

For equation (2) the numerical values of y can be found 
more easily if the equation is first solved for y] thus, 
y = ± 4" '^16 — xK The radicand shows that if x is more 
than 4 or is less than — 4, the value of y is imaginary. For 
such values of x there is no real point on the curve. 

(a) Complete the table below, and draw the graph. 

+ 4 2/2 = 16 


re 

y 


V 

- 4 

0 



- 3 

± W7, or ± 1.3 



- 2 
- 1 

+ or i 1.7 


1 1 ^ 

0 

1 

2 

3 

4 


V' 


(6) On the same axes draw the graph for 



= 16 (3) 

also for 0:2 ^2 4 (^4) 


In how many points do the graphs of (2) and (3) intersect ? 
The graphs of (2) and (4) ? 

(c) Write the equation of some circle that will not inter- 
sect (2) in any point. 

The equations studied in this exercise are of the form 
ax^ + 62/2 = c. If a, 6, and c are all positive, the curve is an 
ellipse (or a circle if a = b). .For other values of the con- 
stants a, 6, and c, the curve is a hyperbola (or two intersect- 
ing straight lines if c = 0). 
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(Supplementary Topic, Pages 184 to 187) 

217. A knowledge of the methods used below is not neces- 
sary to solve most sets of equations, but the methods are 
interesting and frequently shorten the work. 


Example 1. Solve 


- 2 /' = 21 ( 1 ) 

+ 2/ =3 (2) 

Equation (2) is linear. Notice, however, that the left 
member of (1) is factorable and one of its factors is the left 
member of (2). Hence dividing (1) by (2) gives x — y = 7. 
Using this equation and (2) we have replaced the given set 
by the new set : j x — y = 7 

[x + y = 3 

The new set is said to be equivalent to the given set because 
both sets have the same solutions. 


Example 2. Solve 


_j. 2^3 = 05 

x-\-y = 5 (2) 

As in example 1, factor the left member of (1) and then 
notice that (1) can be divided by (2). The new set is 

Xy-\-yi= 13 (3) 

a: -f- 2 / = 5 (2) 

which is equivalent to the given set. Now solve (2) for x or 
y and substitute in (3). 

+ a:2/ + 2/® = 19 (1) 

* 2 / = 6 ( 2 ) 

Add (1) and (2), obtaining x"^ + 2 xy -\- y^ — 25. The left 
member is a trinomial square. Hence x + y = ± 

Multiply (2) by — 3, and add to (1) to get another tri- 
nomial square, x"^ — 2 xy y^ = 1. Hence x — y - ± 1. 
The given set is now replaced by the four sets : 

X y = b [x-\-y=—b jx + y-5 lx + y= — 5 
X - y = 1 [x - y = 1 [x - y =- 1 [x - y =~ 1 

Solve the four sets and check the solutions in (1) and (2). 


Example 3. Solve 
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218. 


EXERCISES 


1, Solve example 2 on page 184 by solving equation (2) 
for y and substituting in equation (1). 

Solve the following sets of equations : 


3. 


4. 


6. 


6 . 


7. 


8. 


9. 


10 . 


11 . 


12 . 


13. 


14 . 


= 15 

\2x - 2 / = 3 
r 9 - 4 2/2 = - 35 

\3x + 2y = 7 

r + 3t = i 

r2 + 5 + 6 ^2 = 8 

f xy + y^ = 20 
+ xy = 5 

— Suv = i 
uv Z = 1 

fr + s = 3 

1 2 rs + 2 §2 = 15 

9^8 _|_ g3 — 9 

r + 5 = 3 
x^ — y^ = 63 

X - y = 3 

x^ + xY + 2/4 = 21 

^ xy -jr y^ = 7 

x^+xy + 4 2/^ = 12| 
xy = 2 

- st + f = 13 

St -4=: 0 

y^ + 2yz + 9z^=^17 
yz - 2 

r2 — 7-5 + 4 §2 = 4 

rs = I 


16. 


16. 


17. 


18. 


19. 


20 . 


21 . 


22 . 


23 . 


X^ + 2/2 = 10 

x^ — xy + y^ = 7 
a;2 — 4 2/^ = .28 


2 2/ = .20 


x^ 


yl 


.28 


a; + 2/ = 1-40 

x^ — if = 26 
x'^y — xy^ = 6 

f + §3 = 35 
[ rh + rs2 = 30 

16^9 

-.0 . o O 


r 

-? = i 

y 

+ 1 = 9 


4 

X 
1 

- + - = 3 

X y 

^ ^ 

— = 6 
xy 

^ + 1 = 5 


r 


^2 

- + - 
X y 
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219. Homogeneous Equations. A is honwgeneous 

in X and y if the sum of the exponents of x and y is the same 
in each term. When a homogeneous quantity is set equal 
to zero we have a homogeneous equation. 

Thus, H- 6 2 /^ = 3 xy is a homogeneous equaiion ; it c^an bo wriq,eii 
as + 6 — 3 xy = 0. But + 6 if = 8 is not liomogenoous; 

neither is — 3 xy = %x. 

If a set of equations does not contain a linear equaMofi, ex- 
amine the set to see whether it contains a homogeneous equation 
and solve the latter for x or for y. 


Solve (1) by factoring. Then 
Substitute both values of y in 
Substitute 2 / = — 3 a; in (2) : 

2x2-3a;~5 = 0 
Then x = f, and a; = — 1. 

Find y by using y Zx. 

The solutions are : 


X = 2| 


X = — 1 

y=-7i 


y = Z 


( 1 ) 
( 2 ) 

— 3 ;r, and y = 9 a*. 

Substituiie y = 9 x in (2) : 

2 + 0 .c - 5 = 0 

Then X = find x — 5. 

Find y l)y using y ~ 9 x. 

The solutions are : 


II 


1 

II 

y - 45. 

i 

11 

1 

Ox 


Example 1. Solve ( ^ ~ J 

1 2 a:= + 2/ - 5 = 0 

V = 

( 2 ): 


Notice that there are four sets of solutions. 


Example 2. Solve i ^ ^ 2/“ 12 (1) 

[ xy + y- = 3 (2) 

Neither equation is homogeneous; but a horaogeiHM)u.s 
equation can be found by multiplying (2) by — 4 and adding 
the result to (1). The new equation is 5 — 4 xy — = 0. 

The solutions of this equation are x = y, and x = — I y. 
Next, substitute each of these values of x in equation (1). 

Suggestion. If the pupil has the haliit of solving the equation 
always for y, he will find it helpful to rewrite .5 - 4 :cy — y“ =• 0 tia 

+ 4 xy — 5 =0 before factoring. 
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220. If a set contains neither a linear nor a homogeneous 
equation, try one of the following methods. 

2y = 0 (1) 


Example 1. Solve 


— X 


tf + 2x-5y = 0 


( 2 ) 


Subtracting (2) from (1) gives an equation that can be factored even 
though it is not homogeneous. The result is — 7/2 _ 3 .'i; -f- 3 2/ = 0, 
or (x - y)(x + y - 3) = 0. 

Hence x = y, and rc = 3 — ?/. 


Example 2. 


Solve 


+ 2/2 = 26 
xtj + X + y = - 1 


( 1 ) 

( 2 ) 


Multiplying the second equation by 2, and adding the result to the 
first equation, gives 

x^ + 2xy + f^ + 2x + 2y =24 
or (.T + ?/)“ + 2(:r + 2/) ~ 24 =0 

Hence a; + 2/ = — 6 and a: 4- ?y = 4. Each of these equations should 
then be solved with equation (2). 


221. EXERCISES 

Solve the following sets of equations : 


1 . 


4 . 


6 . 


7 . 


— 3 xy + 2 if = 0 

— 5 y = 6 

y^ — 12 xy + 20 == 0 

x^ — y -- 24 = 0 
x^ — 5 xy + 4 2/2 = 0 

X + 12 = y2 

2 y2 — 5 xy + 2 x2 = 0 
x2 + xy == 150 
2 x2 + xy = 16 
xy + y2 = 24 
x2 + xy == 2 
y2 — 2 xy == 5 


x2 — 8 y 
x2 - 2 y2 


12 = 0 
■ 4 y = 6 


8. 


9 . 


10 . 


11 . 


12 . 


13 . 


14 . 


X2 — X 

y2 + X 


3y = 
5 y = 


=: X + ?> y + 
y2 + 3 X = y + 60 
6 x2 - y - 1 = 0 
2y2 + l = 8x2 — y 
x2 + y2 = 82 
xy + x + y= "~l 
a ;2 + 4 y 2 == 37 
2xy — x + 2y = 1 
y2 + 6 x2 = 5 xy 
x2 — y = 8 X — 24 
y2 + 4 xy = 5 x2 
2 x2 + y = 3 
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222. Conic Sections. In a field of mathematics called 
Analytic Geometry, equations are studied and classified 
according to the nature of their graphs. An equation of the 
second degree in x and y represents either a parabola, an 
ellipse, or a hyperbola. The circle is regarded as a special 
kind of ellipse, and the hyperbola in some cases may be 
two intersecting lines. All these curves are called conic 
sections because they can be made by cutting a double cone 
by a plane, as shown in the illustrations below. 

Reflectors of searchlights have a parabolic shape. Elliptic 
and parabolic curves are seen in the designs of many bridges 
and arches. We know that the path of the earth around the 
sun is not a circle but an ellipse. Comets move along parab- 
olas or ellipses. 



Circle 
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223. Equations in which the unknown number occurs 
under a radical sign are called radical equations. When 
such equations are changed in various ways into linear or 
quadratic equations, it may happen that, while the algebraic 
changes are correct, the result does not check in the given 
equation, as the following example shows. 


Example 


Solve Vrc — 5—2=0 

Vx- 5 = 2 (1) 

Square (1) : x — 5 = 4 (2) 

a? = 9 

Chech. Vg”- 5 - 2 = 0 

Vi - 2 = 0 

2 - 2=0 

Hence x = 9 is a root. 


Solve — 5+2 = 0 

(10 

rr - 5 = 4 (20 

.'C = 9 

Check. V9 - 5 + 2 = 0 

Vi + 2 = 0 

But 2 + 2 0 

Hence x = ^mnot a root. 


Equations (1) and (1') differ only in the sign in the right 
member. This difference disappears when we square ; and 
so equations (2) and (2') are the same. In (!'), x = 9 does 
not check because Vi = 2, not ± 2. (See page 122.) 

We can see also that the statement Vx — 5 + 2 = 0 can 
never be true because it states that the sum of two positive 
numbers, Vx — 5 and 2, is zero, which is impossible. 

Hence, after solving a radical equation the results must 
be carefully checked in the given equation. A number that 
is found as a result of some operations is a root only if it 
checks in the given equation. 

189 
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224. The example on page 189 shows the general method 
for solving radical equations : 

Transpose the terms so that one radical expression is the 
only term in one member of the equation. Square (or culje, 
or raise to some power) both members of the equation so that 
the radical in one member is eliminated. Kepeat the process 
until the equation is rational. 

If the equation contains more than one radical, transposing 
and squaring a second time is necessary. This method does 
not refer to equations like + a; —Vb == 0 l)ut only to 
equations in which the unknown number is under a radical. 

Example. Solve VSx — 2 —Vx~+ 3 = 1. 

Transpose — V x + 3 : V3 x — 2 == 1 + H- 3 

Square both members : 3 .x — 2 = 1 -I- 2Vx + 3 + x + 3 

Simplify : .x — 3 = Vx + 3 

Square both members : — 6 x + 9 = + 3 

Simplify : x^ ~ 7 x + 6 = 0 

Therefore a; = 6 and x = 1 may he roots. 

Check 6 and 1 in Vb x — 2 — Va; + 3 = 1 : 

X = 6, Vis - 2 - V6~+'3 = 1, or 4 - 3 = 1. 

X = 1, Vs - 2 -Vr+~^ = 1, or 1 - 2 7 ^ 1. 

Hence x = 6 is a root, but x = 1 is not a root. 

The values of x that do not satisfy the given equation, 
although obtained by correct algebraic work, are called ex- 
traneous roots of the equation. 

On page 57, ex. 1, we saw that a root of an equation may bo 
lost by dividing the equation by some factor. 

On page 74 we saw that numbers thsit are not roots of a 
fractional equation may be introduced if the Ij. C. M. of the 
denominators is not properly selected or if the fractions are 
not in the simplest form. 

Here we see that extraneous roots may be introduced 
when members of an equation are raised to a power. 
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225. EXERCISES 

1. Considering that V a means a positive number, which 
of the following statements are impossible? 

(а) Vx +1 = 2 : (d) -- VxT"3 --- 2 = 

(б) X““3==-“5 (e)\/x+'^/^ + 2= — 3 

(c) Vx Te = ■- 2 , (/) - Vx^l == 2 


Solve the following equations. Check the results. 


2. Vx + 5 == 2 

3. 2a/x -1 = 3 

4. 4 = ^ 2 
6. ^^^+"3 = 2 

6. 3V2 x"^ = 1 


7. \/4x+l='\/x + 10 

8. 3\/x -1 = 5 

9. x + l='V^x + 13 

10. ^ = v/8 x ,d- 3 

11. 'i 'v^x' + 3= V'x + l \ 


12. Show that the four equations below all lead to the 
same equation : x- — 3 x — 4 = 0. In which of the equations 
is X = — 1 a root ? In which is x = 4 a root ? 


(а) Vx + 5 — V3 X + 4 -- 1 = 0 1] ' 

(б) Vx+T^ + Vs^Fi -1 = 0 

(c) Vx +”"5 - Wx “+4 + 1 = 0 

(d) Vx "+‘5 +V 3 x + 4 + 1=0 


Solve and check, stating also the extraneous roots : 

, "f' cv ■•■',,4 

18. 2 X — Vx + 1 = 8 

19. V2x + 1 — Vx = 1 

20. Vx +Vx + 5 = 5 


11 


13. X + Vx — 5 

14. y —Vy — 3 = 0 
16. V2 ,s‘ — 3 = 9 — s 

16. 2Vy*+’ 1 + 2/ = 7 

17. Vx + 1 + X = 5 

23. V2x + 5— Vx — 6 = 3 

24. Vx + 6 


21 . 3 X + Vx" — 1 = 7 

22 . V4r— Vr + 9 = i 


26. V4x 




1 =V3x +7 
1 - Vila's = 3 
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Solve and check : 

26 . V 2 x + 5= y/x — 1 + 2 

27 . Vx + 7 =Vx + 1 

28 . Vx +1=3 +Vx — 8 

29 . Vx^ — X + 2 + a; = 4 

^ — 5 a: + 9 = x ' 

31 . V2 a: + 21 = 2 + Vx + 7 

32 . V'2a: + 29 — Va: + 6 = 3 

33 . Vx - i = 3 + Vx - 10 


Solve : 


34. ay = hV a? — x^ for x. This is one form of the equa- 
tion of an ellipse. 


for s. s is the distance in feet that a body 


36. t = a/— 

^ 9 

will fall in t seconds ; g' is a certain constant. 

36. m = 'Y~ for h. m is the greatest distance in miles 
from which a light li feet above sea level can be seen. 


37. t = ^ is ■til® number of seconds required 

for one swing of a pendulum whose length in centimeters is t 

Ifv 


38. r 


-4 


wh 


for 7. V is the volume of a cone whose 


height is /i, and whose base is a circle of radius r. 


39. r = 

^47r 

of radius r. 


for S. 


S is the area of the surface of a sphere 
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226. EXERCISES — REVIEW OF CHAPTERS XI TO XIV 


Solve the following equations and sets of equations : 

1. -Q + 8 = 0 3. - 5 a;” + 6 = 0 

2. 2x-^ + 5 x-^ = 12 4. X‘^ - x-i = 12 


6. (x^ — 6 xY + x^ — Q X = 56 

6. - 10 + 25 x2 -- 10(x2 - 5 x) = 56 

7. (2 x2 + x)2 - 18 x2 - 9 a; + 18 = 0 

8. (2x2 + 5x)2^ + 36 = 0 

9. ^ ~ ^ ^ _ 2x - 2a - 5 « 
x + a + 25 2x — 2a + 5 j 


10 . 



= 1 I a +^ ^ 

a + b X 


4-ax-^X^ — b)y = b^ 

I (a + b)x - by = - b^ 


12 . 


13. 


f (a — b)x +(a + b)y = — b^ 

[2 ax + 2hy = + 2 ab - ¥ 

f(2 + x)(3 + 2/)=24 

lx + 2 / = 6 


£4. . 

16. - 

Ex. 

18. 

19. 

20 . 


f x2 + 2/2 = 

[xy ^ 

{x + Zy + 2z=^2 
X = 6(2/ - ;2:) , 
[Z(x — y) = 2 z 


16. 


17. 


x^ + X2/ = 2 a2 
X + 2/ = a 

fx + 2 / + a; = 2 
\x + ay — z + ia 
[ a(x + 2 /) + 2 2 ; = o? 


18 to 23 are based on the supplementary work on pages 184 to 187 


X^ + X2/ + - 7 

x^ — X2/ + 2/^ = 19 
x^ + 2 X2/ = 20 
2/^ = 3 X2/ — 8 
^^ + 2 / = 3(2/ - x) 
X + 2/2 = 5(2/ - x) 


21 , 


22 . 


23. 


2 2/2 ~ X = 24 
x2 + 16 2 /‘^ = 10 xy 
2/2 — x?/ — 6 x^ = 0 
x^ + 2 2/ == 18 — X 
x^ + 2/ + 3 X = 60 
2/2 + 4 x^ = 5 X2/ 
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227, REVIEW -- RADICALS 

1. When we solve Vx + (3 —VSx — 5 == 5 in the usual 
way, we are led to the values x = 3 and x = 58. 

Substituting x = 3 gives Vq — Vi =•■ 5. lienee 3 is an 
extraneous root. If the cheek read v'^9 +'\/4 = 5, then 
3 would be a root ; that is, x = 3 is a root of th(‘ eciuatiori 
+ 6 + V3 X* — • 5 = 5. 

Show, in the same way, l)y substituting x = 5S, that 58 is a 
root of Vx + 6 — Vs X ~ 5 = — 5. 

Solve the following equations. If a root is extraneous 
state, as in ex. 1, the new equation of which it is a root. 

2. Vx + 2 —Vx ~ 3 == 5 

3. V2x — 2+Vx = l 

4. Vx — 1 — Vx — 4 = 3 

5. +VxTl3 - 3 

6. Vx + 1 +Vx — 0 = 1 

The equations in ex. 7 to 13 are linear. The coefiicients 
are irrational but the unknown nunii)er does not apjxiar 
under a radical sign. The solution of ex. 7, for exa,nii)le, is 

X = but this should be changed to 5 + 2 Vg. 

v3 -v2 

Solve the following equations for x and (‘Iiecik as usual : 

7. xVs — v/2 == xV2 +V3 

8. xVs +V2(x - 3) = V5(x - 1) 

9. xVs + xVs == v'5(x +V 2 ) 

10. (x - l)\/2 +(x + 1)V3 = x(V3 -V2) 

11 . V3{x — V2) — V2(x — V 3 ) = V3 —V2 

12. (x - l)Va +(x + 1)^6 = Va + 3Vh 

13. Va(x — a) + Vh(x — 6)= aVb + hVa 
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228. REVIEW — LITERAL PROBLEMS 

1. The perimeter of a rectangle is p. If the length is 
multiplied by k, the perimeter is increased by a. Find the 
length and the width of the rectangle. 

2. The side of a square is s feet. How many feet must 
be added to the length and to the width to make it into a 
square with an area of b square feet ? 

3. Find a formula for telling in how many days A and B 
together can do certain work if it takes A alone a days and 
B alone b days. 

4. A wheel r inches in radius is making n revolutions a 
minute. Write a formula stating how many feet, /, a point 
on the rim of the wheel moves in a second. 

6. If one number is multiplied by a and another number 
by b, the sum of the products is s. If, however, the first 
number is multiplied by b and the second by a, the sum of 
the products is d. Find the numbers. 

( ' 6. ^ A mixture of a bushels of wheat and b bushels of 
corn is worth c cents a bushel for chicken feed ; but a mixture 
of b bushels of wheat and a bushels of corn is worth d 
cents a bushel. Find the cost of a bushel of wheat ; of a 
bushel of corn. 

/ 7.1' One wheel of a carriage makes n more revolutions 
'than another wheel when they go a distance of s feet. The 
difference of their circumferences is c feet. What equations 
must be solved to find each circumference ? 

/Using r and t as unknown quantities, write the equa- 
tions for the problem : A freight train goes a miles an hour 
slower than a passi^nger train. The freight train needs 
b hours more than the passenger train to go m miles. Find 
the rate and the time of the freight train. 
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ARITHMETIC AND GEOMETRIC PROGRESSIONS 

229. Problem. A boy^s wages increased $100 a year for 
a period of 10 years. If his wages the first year were $500, 
how much did he earn during all the 10 years? 

One way of solving this problem would be to add the wages 
for each year ; but when a list of numbers is formed according 
to a rule like the one in this problem, the sum of tlic numbers 
can be found more easily by a formula. 

230. A series is a succession of terms formed according 
to some rule, as : 

2, 4, 6, 8, ••• and a, a + d, a + 2 d, a + 3 

2, 4, 8, 16, and x, x^, x^--\ / ' ■ ' * ‘ ( 

An Arithmetic Progression is a series in which the dif- 
ference of any successive terms is the same. 

Thus, 3, 5, 7, 9, ••• and 10, 7, 4, 1, — 2, — 5, are arith- 
metic progressions. The.^ifference of two successive terms 
is denoted by the letter inland represents how much larger 
any term is than its preceding one. Hence, in the first 
progression d = 2, and in the second, d = - 3. 

A Geometric Progression is a series in which the quotient 
of any two successive terms is the same. 

Thus, 1, 2, 4, 8, ••• and 125, 25, 5, 1, J-, ••• are geometric 

progressions. The quotient or ratio of any two successive 
terms is denoted by the letter r, and is found by dividing 
any term by the term preceding it. Hence, in the first pro- 
gression r = 2, and in the second, t = 

- 196 
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231. EXERCISES 

The first term of a progression, whether arithmetic or 
geometric, is usually denoted by the letter a. 

State the first 4 terms of the arithmetic progression ; 

1. a = 3, d = 2 6. o = 5, d = - 2 ) 

2. o = 5, d = 4 6. a = V3, d = V5 

3. a = 7, d = 7 7. a = x%d = 2x 

4. a = 10, d = - 3 8. a = 1, d = - 2 x 

State the first 4 terms of the geometric progression : 

9. a = 2, r = 3 13. a = 1, r = x 

10. a = 5, r = - 3 li. a = P, r = L + i 


16. a = x^, r = 


11. a = 6, r = I 

12. a = 10, r = V2 16. a = P, r = (1 + iy 

Which of the following series are arithmetic progressions? 
geometric progressions ? State the value of d or of r : 

17. 3, 3, 9, 15, 21. 10, 2, — 6, — 14, 

18. 3, 10, 17, 24, : 22. b, - b^, ¥, - ¥, 

19. ■v/2, 2 4 +'\/2, ■ ' 23. X, x~^, 

20. 1, X, x^, x®, 24. 8, 4, 2, 1, 

Arrange each of the following sets of numbers so as to form 
either a geometric or an arithmetic progression : 

26. 3, 15, - 3, 9,_ 29. x^, x,x*l, 

26. V2, Vs, 3 V 2 , 30. X-*, 1, x-2, x2, 

27- i, h 1. 2, 31. ii, I, f J, 

28. 4, - 4, 8, 0 „ 32. Vs, V 12 , Vis, 

33. 3 V 2 , -V 2 , - 3 V 2 , V 2 , 

34. 6, 12, 6 V 2 , I 2 V 2 , 

36. a, a + 3 d, a + d, a + 2 d, o + 4 d, 


36. a, ar^, 
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ARITHMETIC PROGRESSIONS 

232. If a doiiotes the first and d tlu' diCfcrcnco of 
successive terms, the progression can bo writiten as 

G, <2 c?, ~f“ 2 c?, "i” 3 (3 “f" 4 cf, ••• ('L(\ 

The coefficient of d in the 3d term is 2, and in the 4th term 
is 3 ; that is, the coefficient of d in any term is 1 less than 
the number of the term. Hence, in the so-called '^r/,th 
term the coefficient of is (n — 1). 

The last, or ^ith, term is represented l:)y the letter 1. Hence 
I = 0. — l)c? 

This equation is not only a formula for I, ))ut is a relation 
between 4 numbers, Z, a, n, and d. When any 3 of these are 
known, this equation is used to find the fourth. 

Example 1. Find the 1.5th term of: 4, 7, 10, 13, •••. 

•Here a = 4, d — 3, and wc wish to find I when n ~ 15. 

Substitution in the formula gives I == 4 +(15 — 1)3, or 46. 

Example 2. Find the number of terms in the prog-rcssion : 

2, 8, 14, 20, 56, 62, 68. 

Here a = 2, d = 6, and I = 68. Wo wisli to find n. 

Hence 68 == 2 +(?i — 1)6, or n = 12. 

233. EXERCISES 

1. Find the lOth term of 5, 9, 13, 17,-** 

2 . Find the 9th term of 4, -§•, f, I,--- 

3. Find the 12th term of V3, Vl2, ^27, VdS,*** 

4. Find the 100th term of 5, 10, 15, 20,-** 

6. Find the 100th term of 1, 3, 5, 7,*** 

6. Find the fcth term of c — 2 6, c, c + 2 5, c + t ?>,*■* 
'"^*^ind the number of terms in each of the following pro- 
gressions : 

7. 3, 8, 13, 243, 24S_ 

8. -12, -3, 6] •••, 114 

9. 1, 3, 5, •••, 99 

10. 17, 23, 29, •••, 203 


! 
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234. Arithmetic Means. The numbers 5 and 8, when 
written between 2 and 11, form the progression 2, 5, 8, 11. 
Hence 5 and 8 are called arithmetic means between 2 and 11. 

Arithmetic means between two numbers are numbers that 
form an arithmetic progression when inserted between the 
given numbers. 

To insert some means between two numbers, find the value 
of (I and then form the terms a + d, a + 2 d, a + 3 d, 

Example. Insert 3 arithmetic means between 2 and 11. 

Here a ~ 2, Z = 11. Also, n = 5 because the progression will 
contain 5 terms : the first term, the 3 means, and the last term. 

Hence 11 = 2 +(5 — l)d, or d = 2-^. 

The progression is 2, 4|, 6i, Sf, 11. 


235 . EXERCISES 

1. If 5 means are inserted between two numbers, how 
many terms will there be in the progression? 

2. (a) Insert 2 arithmetic means between 10 and 34. 

(6) Insert 3 arithmetic means between 10 and 34. 

(c) Insert 5 arithmetic means between 10 and 34. 


Insert 3 arithmetic means between 

3. “■ 6 and 58 6. Vis and Vl62 

4. 3 and — 11 6. /i and k 

7. A single mean inserted between two numbers is called 
the arithmetic mean of the numbers. By using two general 
numbers, as h and k, prove that the arithmetic mean of two 
numbers is half the sum of the numbers. Is the arithmetic 
mean the same as the average of the numbers? 

Ex. 8 to 11 may be used to review work on radicals. 


Insert 4 arithmetic means between : 

8. — r; and — 10 . and 

2-V3 V3 - 1 V 6 +Vc; 



5b 
— 

5 b 

Vb - 1 


9 . 
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236. The Sum of n Terms of an Arithmetic Progression. 
If the progression 2, 5, 8, 11, 14 is written in the 

reverse order 14, 11, 8, 5, 2 we see that the 

sum of any term and the one beneath it is 16, which is 

the sum of the first and last term. Also, there are as many 

16's as there are terms in the progression. Hence twice the 
sum of the terms is 5 • 16 and the sum of the terms is 40. 
This plan is used to find a formula for the sum. 

If I is the last term of the progression, then the next to the 
last term is I — d, and the term preceding it is Z — 2 (i, the 
next is I — 3 dj etc. If, therefore, we write the terms in 
the usual order and also in the reverse oi*der, we have 
S = a + (u + d) -[- (u + 2 cZ) + * • • -f- (Z — 2 rf) + (Z — rf) -f- Z 
and 

Z+(Z -d) + (l -2d)+ •-+(a + 2d) + (a + d)+ a 
Adding each term to the one beneath it gives (a + Z), and 
there are n such terms. Hence 2/S = n(a + Z). Dividing by 

2, we get /S = | (a + Z), a formula for the sum, S, of n terms. 


This set of two equations contains five quantities ; a, cZ, Z, n, 
and 8. When any three are known, the other two can be found 
by solving this set of equations. 

Example. Find the sum of the first 100 odd numbers. 
The progression is : 1, 3, 5, 7, ••*. 

Here a = 1, fi = 2, n = 100. Hence we must solve 
I = 1 +(100 - 1)2, 8 « + 1) 

Solve the equations and finish the problem. 

Exeecise 1. Solve the problem stated on page 196, §229. 

Exeecise 2. Prove that aS = ~ [2 a +(n - l)(i]. 

2 ' 



I S.|(a + I) 

I Z = a + (n — l)c? 
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237. EXERCISES — ARITHMETIC PROGRESSIONS 

1. Find the sum of 8 terms of 3, 7, 11, 15, ••• 

2. Find the sum of 10 terms of — 5, — 2, 1, 4, 

3. Find the sum of 12 terms of 2, 8, 14, 20, ••• 

4. Find the sum of 20 terms of 4, 9, 14, 19, ••• 

5 . Find the sum of 12 terms of 1, 3, 5, 7, ••• 

6. Show that the sum of the first n odd numbers is 

7. Find the sum of the first 100 even numbers. 

8. Show that the sum of the first n even numbers is 
n(n + 1). 

9. Find the sum of the first 100 integers. 

10. Show that the sum of the first n integers is n{7i + !)• 

11. Find the sum of the first 100 multiples of 6. (The 
successive multiples of 6 are 6, 12, 18, etc.) 

12. Find the sum of the first n multiples of 5. Why is 
this sum exactly 5 times the sum found in ex. 10? 

13. Find the sum of the even numbers between 19 and 51. 

14 . Find the sum of the multiples of 3 between 53 and 97. 

16. Find the sum of all the numbers between 58 and 344 

that are exactly divisible by 7. 

16. (a) Find the sum of 50 terms of 132, 129, 126, ••• 

(6) Find the sum of 39 terms of the same progression. 

Why are the sums in (a) and (6) the same ? 

17 . Write an equation stating that the 3d term of a 
progression is 13, and another equation stating that the 7th 
term is 29. ‘ Solve the equations for a and d. 

What is the 12th term of the progression? 

18. The 5th term of a progression is — 2, and the 9th 
t^rm is ll. Find the 11th term. (Use the method in ex. 17.) 

\19. Jnq 6th term of a progression is 2 /i + 5 fc; the 8th 
tem IS 3 Find the 3d term. 

20. The 5th term of a progression is V2 ; the 8th term is 

-f- 3 V 3 . Find the sum or the first 10 terms. 

■ I 
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On page 200 it was stated that when any three of tlie 
numbers a, rf, I, n, and S are given, the other two can be 
found. The ten ways in which the three numbers can be 
selected are shown below in ex. 21 to 27, 29, 31, 33. 


Ex. 21 to 27 lead to easy linear equations. Ex. 27 to 30 
lead to sets of linear equations. Elx. 31 to 36 lead to sets re- 
quiring the solution of a quadratic equation. 


21. 

Given a 

= 

3 , 

1 

= 

27 , 

71 

= 13 ; 

find d and N. 

22. 

Given a 

= 

4 , 

d 

= 

3 , 

1 

= 37 ; 

find n and S. 

23. 

Given a 

= 

6 , 

1 

= 

42 , 

S 

= 240 ; 

find d and 

24. 

Given d 

= 

2 , 

1 

= 

19 , 

71 

= 8 ; 

find a and N. 


Given a 

= 

10 , 

d 

= 

2 , 

71 

= 15 ; 

find 1 and N. 

26. 

Given a 

= 

9 , 

n 

= 

12 , 

S 

= 438 ; 

find d and L 

27. 

Given d 

== 

4 , 

n 

= 

8 , 

S 

= 136 ; 

find a and 1. 

(fp Given d 

= 

- 2 , 

n 

= 

12 , 

S 

= - 36 ; 

find a and 1. 

29, 

Given 1 

= 

57 , 

n 

= 

12 , 

s 

= 354 ; 

find a and d. 

30. 

Given 1 

= 

- 28 , 

n 

= 

20 , 

8 

= - 180 ; 

find a and d. 

\F- 

Given 1 

= 

12 , 

d 

= 

-4, 

8 

= 208 ; 

find a and n. 


Given 1 

= 

40 , 

d 

= 

5, 

8 

= 150 ; 

find a itnd n. 

33. 

Given a 

= 

15 , 

d 

= 

-3, 

8 

= 27 ; 

find n and 1 

34, 

Given a 

= 

5 , 

d 

= 

4 , 

8 

= 90 ; 

find n and 1 

36. 

Given 1 

= 

12 , 

d 

/I 

r.Jii 

— 3 , 

8 

= 100 ; 

C* ci * V'»*- 

= 66 ; 

find a and n. 

36. 

Given a 

= 

21 , 

d 

:§ 

find n and 1. 


37. A clerk was promised a salary of $1200 a year with an 
increase of $60 each, six months or an increase of $120 each 
year. Which was the better offer for the clerk ? 

Suggestion. Find the total earnings for 10 yr. iind(ir each phui. 
The increase in salary is stated on an annual basis wlK^thcu* the (?lerk 
draws the salary for a year or for half a year. When the annual salary 
is 11260 the clerk earns $630 during the half ycnxr. 

38. If lu) and k denote the 13th and the 6th terms of an 
' arithmetic progression, prove that Zm — 4 = 7 d, or, in more 

general language, I,, — In =i'r — m)(l 
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23g. PROBLEMS 

1. An object falls 16 ft. the first second, 48 ft. the second 
second, 80 ft. the third second, etc. How far will it fall in 
12 sec. ? 

2. How long is a hillside if it takes 13 sec. for a sled to 

reach the bottom by going 3 ft. the fkst second, 5 ft. the next 
second, 7 ft. the next, etc. ? ‘ ' 

3. A sled, after reaching the bottom of a hill, moves 27 ft. 

the first second and 1-^ ft. less each succeeding sec 9 nd. In 
how many seconds will the sled stop? \ 

4. If 153 fence posts are to be piled so that the top layer 
shall contain 1 post, the next layer 2 posts, the next 3 posts, 



brings back, one at a time, 10 peanuts. The first peanut is 
5 ft. from the mark and each of the others is 5 ft. farther than 
the preceding. How many feet does each player go in gather- 
ing the 10 peanuts? 

6. The cost of drilling a well was $1.00 for the first yard, 
$1.25 for the second, $1.50 for the third, etc. How much did 
it cost to drill 50 ft. ? 

7. A ball falls from a height of 30 in. On each rebound 
it reaches a height 3 in. below the height the time before. 
Find the total distance up and down through which the ball 
moved. Ans. 300 in. 

3. A Vacation Savings Club collects 2 cents the first week, 
4 cents the next week, 6 cents the next, etc. How much is 
collected in 50 weeks? 

9. In a plan like that in ex. 8 (the weekly increase being 
the same as the first payment), what are the payments if 
$63.75 is to be collected in 50 weeks? i 

10. A clock strikes only the hours. How many strokes does 
it make in a day? 
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GEOMETRIC PROGRESSIONS 

239. By definition (page 196) the successive terms of a 
geometric progression are made by using the first term, a, 
and multiplying each term by r to form the next term : 

a, ar, etc. 

The exponent of r in the third term is 2, in the fourth term 
is 3, etc. ; that is, the exponent of r in any term is 1 less than 
the number of the term. H@nna,ihe nth term is 

The symbol tn is also usedtor the nth, or last, term of a 
geometric progression. Subscripts, like «, are very con- 
venient in some problems and are much used in all kinds 
of mathematical work. 

Example. Find the 10th term of : 8, 4, 2, 1, 

Substitute a = 8, r = n = 10 in the formula above. 

I, or ti, = 8(i)^ - 8(^-b) - 

240. EXERCISES 

Write the first 6 terms of the progressions : 

I. 2, 1, f 4. P, P(1 + i), P(1 + i)2 

2- 6, - 3, 1 6. VI, .jV6, 

3. 5 V 2 , 10, lOV^ 6. 16, - 4, 1 

7. Given o = 4, r = 3, find the 6th term. 

8. Given a = 6, r = find the 11th term. 

9. Given a = — = , r = V2, find the 9th term. 

V 3 - 1 

10 . Find the 8th term of 6, — 12, 24. 

II. Find the 10th term of —1— 1 

2 V2 2’ 2 

12. Find the 7th term of a, -, — • 

a a? 

13. Find the 6th term of .4, .04, .004. 
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241. Geometric Means. The numbers 6 and 18, if written 
between 2 and 54, form the progression 2, 6, 18, 54. Hence 
6 and 18 are called geometric means between 2 and 54. 

Geometric means between two numbers are numbers that 
form a geometric progression when inserted between the given 
numbers. 

To insert geometric means between two numbers, find the 
value of r, and then write the terms ar, ar^, etc. 

Example. Insert 3 geometric means between 2 and 162. 

The progression will have 5 terms ; hence n = 5. Also a = 2, 
and k — 162. Then 162 = 2 • or 81 = r = 3 and -- 3. 

One possible progression is : 2, 6, 18, 54, 162. 

Another possibility is : 2, — 6, 18, — 54, 162. 


242. EXERCISES 

In the work of this chapter use only real values of r. 
Insert 2 geometric means between : 

1 . 2 and 54 3. and 

2. 5 and 40 4. x and x^ 


Insert 3 geometric means between : 

6. 10 and 160 7. and 

6. and 8. x~^ and x~'^ 

9. Prove that the geometric mean of two numbers, as h 
and kj is the square root of their product. 

10. Write two equations, one stating that the 4th term 
of a geometric progression is 16, and a second equation 

‘ stating that the 7th term is 128. Solve the equations. 

What is the 3d term of the progression ? the 6th term ? 

11. The 5th term, of a geometric progression is 8, and the 
9th term is 128. Piii^ti^Sd term. Find the 12th term. 



The sum of the 


The 2d term 4. 

13. The 1st term of a geometri^ ’progression is 
5 th term is b. Find the other terms. 


of a geometric pro- 
Find a and r. 

a, and the 
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243. The Sum of n Terms of a Geometric Progression. 
If each term of the equation /S = l + 3+ 9 + 27+ 81 
is multiplied by 3, we get 3>S = 3 + 9 + 27 + 81 + 243. 
The numbers 3, 9, 27, and 81 appear in both equations. If 
the upper equation is subtracted from the lower, the result 
is 2S = 243 - 1, or S = 121. 

The same plan is used to find the sum, of n terms. If 
we write first, the sum of n terms, and second, the sum 
multiplied by r, we get the two equations : 

Sn = a + ar + ar^ + ar^ + ••• + 
rSn = ar + ar‘^ + ar^ + ar^ + ••• + ar''”’- + (rr"- 


If the upper equation is subtracted from the lower, there 
remains in the right member only the term a from the upper 
line and the term ar^ from the lower line. Hence 

rSn — Sn = ar^ — a, or (r — l)Sn = a(r" — 1), or 



The first form is best when r > 1, the second when r 



Example. Find the sum of 6 terms of 16, 8, 4, 2. 
Substitute n = 6, a = 16, r = in the formula for Su : 

^ i ki- = 16 i H 


5. = 16 - 


1 


= 311 -. 


/ 244 . 

Find : 

g 1. Se for 2, 4, 8 
^2. (S: for 2, — 4, 8 
\18. Ss for 16, 8, 4 
4. S„ for A, 1 

6. *S(i for V'ii, 1, |V3 


4 

EXERCISES 


1 6. *87 for f , 1, f 

7. S, for 5, 2.5, 1.25 

8. 87 for 3, 1, If 

9. ,8t, for.l, .01, .001 
0. (8|, for 2, Vf), vis 


11 . Show that: (a) S„ = (5) 
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245. exercises —FACTORING 

Ex. 1 to 4 should be worked together as a group ; likewise ex. 5 to 11. 

1. Using the formula for Sn, show that 

1 + a; + + ••• + = - — ~ 

1 — X 

2. In ex. 1, replace x by Then multiply the left mem- 
ber by To multiply the right member by multiply 
the numerator by a'' and the denominator by a. Hence 
show that 

=(a - + a^-25 ^ jn-i) 

3. Using the idea developed in ex. 2, factor : 

(a) - ¥ (b) x^ - y\ (c) 

4. Which of the quantities in ex. 3 can be factored in 
some other way ? 

6. Using the formula for Sn, show that 

1 - X + + ••• ± = i-UXlU?)” 

1 x) 

6. If n is an odd number, does (~ x)” equal -- x^ or 
X”? If n is an even number, does (—a;)'' equal — x^ or x^? 

7. Show that if n is an odd number, 

1 q.. q.. — X + + ••• + x''-^) 

8. Show that if n is an even number, 

1 — a;'' = (1 + x)(l — X + x^ — x*^ + — x””0 

9. In ex. 7 and 8 replace x by - and show that 

if n is odd, (a” + 6^0 = (a + b)(a^-’^ - + h b^~^) 

if n is even, (a^ - b^) = (a + b)(a^~^ — + 

10. Using the ideas developed in ex. 9, factor : 

(a) + ¥ (b) x^ + (c) — a® (d) — v^ 

11. Which of the quantities in ex. 10 can be factored in 
some other way? 
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246. The Sum of an Infinite Number of Terms of a De- 
creasing Progression. If we add more and more of th(s 
terms in the progression 

9 1 1 I I ... 

"j if) Tj '8'} 

the sum, Sn, obviously becomes larger and larger. However, 
no matter how many terms we add, the sum can never become 
larger than 4. We can see this geometrically from the figure 
below. 

AB represents 4 in., and AC is half of it. CD is half of 
the remainder ; DE is half of the next remainder, etc. Then 
the sum AC + CD + DE + EF + ••• is the same as the 
sum of the terms in the progression above. 

From the figure we see that as we add more and more of 
the parts, the sum gets closer and closer to the number 4 

A C D E FB 

but can never be more than 4 ; also, by taking enough parts 
we can make the sum as close to 4 as we wish. 

In the above progression r = Only if r is numerically 
less than 1 is it possible to find a number beyond which the 
sum cannot go and to which we can come as close as we 
please by adding a sufficient number of the terms. 

The symbol for the limiting number is or just S, 

When the number of terms, n, becomes larger and larger 
we say n becomes infinite or n increases indefinitely j and the 
progression itself we call an infinite progression. Also we 
say Sn approaches a number rather than Sn comes closer 
and closer to a number/^ 

If, as n increases indefinitely, the sum Sn approaches a 
number, S, and can be made as near to S as we choose, then 
S is called the limit of Sn- This limit is also called the sum of 
the infinite progression. 
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247. Formula for the Sum. If the terms of a progression 
become larger and larger, the sum also becomes larger as we add 
more terms. Hence we shall deal only with decreasing progres- 
sions ; that is, those in which r is numerically less than 1. 

The formula (page 206) for the sum of n terms can be 
written as the difference of two fractions : 




( 1 ) 


In examining the second numerator, ar^, remember that 
any power of a number smaller than 1 is less than the number 
itself. Thus, is less than ; and is less than {^y. 
In fact, (-lO"" approaches zero as n increases, tience, if 
r < 1 then r"' approaches zero as n increases ; likewise ar” 
also approaches zero. 

Therefore, as n increases, the numerator of the second 
fraction in (1) approaches zero ; the denominator does not 
change. Hence the entire second fraction approaches zero 
as n increases. The first fraction does not change at all since 
it does not contain the number n. Hence 

As n increases, Sn approaches the value 


If r < 1 , then S = 


Example 1. Find the sum of : 9, 3, 1, ••• 

a 9 

Substitute a = 9, r = I in the formula : S = == TTTi ” 

Example 2. Write as a fraction the decimal .41414141 ••• 
Such a decimal is called a repeating decimal. It can be written as the 
sum of the fractions + i,ooo!o00 + "■ 

This is a geometric progression for which a = .41 and r = .01. 

Hence S = ^ Ig' .41414141 ••• = ||- 

NYB. 2d C. ALG. — 14 


% 
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248. 


EXERCISES 


Find the sum of the following progressions : 


1. 4 + 1 + |- + ••• 

2 . 1 + .1 + .01 + •• 

3. 3 - 1 + i 

4. 5 + 1 + .2 + - 


6 . 100 - 10 + 1 - •• 

6. 3 -|- 1 

7. V5 - 1 + 5 — 

8. 6 H" 4 2| ”1" 


Express as fractions the following repeating decimals : 

9. .15151515 ••• 12. 2.1636363 

10 . 4.15151515 ••• 13 . .00111111 ••• , , iAy ,, 

11 . .103103103 ••• 14 . 3.61242424 ••• 

16. A particle moves in a straight line with such a speed 

that during any second it moves 75% as far as it did during 
the preceding second. If it moves 40 ft. in the first second, 
what is the greatest distance the particle can get from its 
starting point ? 


16. A sled after reaching the foot of a toboggan goes 50 ft. 
the first second. If each second thereafter it goes as far 
as in the previous second, what is the greatest distance the 
sled can go ? 


17 . A wheel whose circumference is 5 ft. makes 40 revolu- 
tions the first second. If the number of revolutions ea,(4i 
second thereafter is 90% of the number for the previous 
‘Second, how many feet will a point on the rim have moved by 
the time the wheel stops ? 

18 . In the figure at the left, a 
square is inscribed in a circle, then a 
circle is inscribed in that square, et(j. 
Call AB = a, and show that the radii 
of the successive circles form a decreas- 
ing geometric progression. 
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249. Historical Note. The pupil of to-day does not study 
the various topics in mathematics in the order in which they 
were developed historically. Thus, he learns to solve quad- 
ratic equations and sets of equations before he studies pro- 
gressions. The Babylonians, however, were acquainted with 
progressions between 2300 and 1600 years b.c. One tablet 
records the size of the illuminated portion of the moon for 
successive days after the new moon. Assuming the entire 
area of the moon to consist of 240 parts, the Babylonians 
stated the portion for the first five days as the ^ometric 
progression 5, 10, 20, 40, 80, and for the ne^^fnfte^days as 
the arithmetic progression 96, 112, 128, etc. 

As we add more and more terms of a progression, the sum 
of the terms increases numerically but, as stated on page 208, 
a geometric progression whose ratio is between — 1 and + 1 
has a limit. In the study of mathematics we meet many 
infinite series besides the geometric progressions and in each 
case the important question is whether or not the sum ap- 
proaches a limit. If not, the sum cannot be used in com- 
putations. A series that does have a limit is called convergent 
It was not until the nineteenth century that mathematicians 
began to study series extensively and to find various tests for 
distinguishing a convergent series from others. The work 
was done by mathematicians from many countries, in par- 
ticular by Gauss, a German, Abel, a Norwegian, and Cauchy, 
a Frenchman. The French astronomer La Place made a 
great deal of use of series in his work on Celestial Mechanics^ 
which is a study of the orbits described by planets and other 
heavenly bodies moving according to certain laws. 
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THE BINOMIAL THEOREM 

250. The binomial theorem is a set of rules for writing 
the terms of (a + 6)” without doing the usual multiplying. 

If we multiply in the usual way we find that 
(a + hy = a^ + 2 ab + ¥ ‘ 

(a + 6)3 = a3 + 3 o?h + Zah^ + 6^ 

(a + by = + 4 + 6 0 ?^ + 4: a¥ + ¥ 

(a + 6)s = aS + 5 a^b + 10 a^b^ + 10 d^¥ + 5 a¥ + ¥ 

A study of these expansions shows that for (a + 6)^ : 

1. The first term is a^. The last term is b^. 

2. The exponents of a decrease by 1 from term to term, 
while the exponents of b increase by 1. Also, the sum of the 
exponents of a and b in each term is n. 

3. The coefficient of the second term is n. If the coefficient 
of any term is multiplied by the exponent of a in that term, 
and divided by 1 more than the exponent of b in that term, 
the result is the next coefficient. 

4. The number of terms is n + 1. The signs of the terms 
are positive. If, however, 6 is replaced by ~ 6, then the 
terms that contain any odd power of 6 will be negative. 

From these observations we conclude that 

(a + 6)^ = a” + 

1 * 2 

■+ ? - <» a-V + ■■■ + I,- 

212 
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Example 1. Write the first 5 terms of (x + 3)1 


The 1st term is 


or 


The 2d term is 

na'^~^h 

or 

Sx’’ -S 

The 3d term is 

n(n - 1) 

or 


The 4th term is 

n{n ■ 

!)(«• 2) 3^3 

or 

^ ■ 0 a:^ • 33 

The 5th term is 
n{n — l)(n 

1 -2 -3 

— 2)(n — 3) 

or 

1.2*3 

8-7-6-5^,.34 

1 • 2 

•3-4 “ ^ 

1 •2-3-4 


(x + 3)8 = ojs + 24 + 252 a;® + 1512 + 5670 + ••• 


Example 2. Write the first 4 terms of {x^ + 2 yY^. 

It is a good plan to write first only 

(x^) 10 + (x^) 0(2 y) + (a;2) 8(2 + (x^y(2 y? + 

Then write the proper coefficients in the blank spaces, and simplify. 
251. EXERCISES 


Find in the simplest form the first 4 terms of : 


1. 

(a: 4 - 3 yy 

7. 

(x 

+-y 

2. 

(x^ + i yV 



2// 

3. 

(x^ - i yY 

8 . 

(- 

\® 
+ a:j 

4. 

{x^ + 3 y^Y 


\y 

6. 

(i X - y^Y 

9. 

(- 

_ yV 

6. 

{Sx + iy^Y 



x) 


10 . In ex. 10, find the first 4 terms of 

(^2 1)8 divide each by x^; or, write the given quantity 

/ 1\8 ‘ 
as + -j and expand as in ex. 7 to 9. 
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252. The rth Term of {a + hy\ To write any required 
term in an expansion without writing all the terius that 
precede it, we need a formula for the rth term. 

According to the rules on page 212, we know that 

the 4th term is 

\ * Jt * o 


the 5th term is 
the 6th term is 


njn - l)(re - 2 ){n - 3) 

1-2 - 3 -4 “ “ 

n{n - l)(w - 2 ) (n - 3) ( n - 4 ) . 

1 - 2 - 3 - 4 - 5 '” ^ 


A study of these terms shows that in the rth term : 

1. The exponent of 6 is 1 less than the number of the term, 
or r — 1. Since the sum of the exponents in any term is n, 
the exponent of a must hen —(r — 1), or n — r + 1. 

2. The numerator of the coefficient is the product of the 
(r — 1) successive integers decreasing from n. 

3. The denominator of the coefficient is the product of 
the integers up to and including r — 1. If we count the 
number 1, then the denominator also consists of (r — 1) suc- 
cessive integers. 

Hence the rth term (r not equal to 1) is 

n(n — l)(n — 2 ) ••• (n ~ r + 2 ) ,,, , 

1 • 2 • 3 - { r-1 f 

If b is negative and r ~ 1 is an odd number, the sign of the 
term is negative. In all other cases it is positive. 

We will find it easier to remember the rules if we fix our 
attention on the number (r — 1). Notice that in the coeffi- 
cient there are (r — 1) factors in the numerator, and (r — 1) 
factors in the denominator. The exponent of b is (r — 1), 
and of a is n — (r — 1). 


Example. Write the 6th term of (4 a; + 7 

Since r — 1 = 5, the 6th term is ^ ■ 3''’ f * p ™ 
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253. 


EXERCISES 


1. 

2 . 

3 . 

4 . 
6. 


Write: 

5th term of (x + 1)® 
5th term of + 3) 

4 th term of (x + 3 y-y 
7th term of (x + 6)^^ 
6th term of (a; + 2 hy^ 

11. Write the term of (: 


6 . 

6th term of 

7 . 

5th term of 

8 . 

4th term of 

9 . 

7th term of 

10 . 

6th term of 

+ 2y^ that contains 


(2x + yy^ 
(x^ - yy^ 
(x — y^y^ 

a X + yy^ 
(a + i hy 

x\ 


Hint. The following argument shows that the 5th term contains x^. 
In the formula on page 214 for the rth term, the exponent of x is 
— r + 1). We therefore wish n ~ r + 1 to equal 7. Since n = 11, 
we see that 11 — r + 1 = 7, or r = 5. 


12. Write the term of that contains x^. 

Hint. Substitute y for x’^ and, as in ex. 11, find the term that con- 
tains Or, as in ex. 2, page 213, note that the powers of x are : 

(^2)10 ^ ...(^2)9 + ... (^2)8 + ...(^2)7 4. .... 

Which term will contain x^ ? Find that term. 


13 . Write the term of {x^ + 1)^ that contains x^^. 

14 . Write the term of (x^^ — 1)® that contains x^^. 

16 . Write the term of (x^ + 3)^ that contains 

264. The Factorial Notation. The symbol 3 ! means the 

product of the integers 1, 2, 3. It is read ^‘factorial 3.^^ 
Similarly, 4 ! means 1 • 2 • 3 • 4 ; and 5 ! means 1 • 2 • 3 • 4 • 5. 

Likewise, n ! means the product of the successive integers 
from 1 to n inclusive ; that is, 

n ! = 1 • 2 • 3 • 4 (n — 2)(n •— l)n 

The factorial notation is convenient in writing various 
formulas. Thus, the rth term of the binomial expansion is 
n{n - l)(w - 2) - in-r + 2) 

( r - 1) ! 

However, when the actual value of the coefficient is wanted, 

we replace (r — 1) ! by 1-2*3 (r — 1) so that we 

can use cancellation in simplifying the fraction. 
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255. Compound Interest. If % is the rate of interest on 
P dollars, the interest for one year is Pi, and the amount for 
one year is P + Pi, or P(1 + i). 

To find the amount due at the end of any year, multiply the 
principal for that year by (1 + i)‘ 

In previous work the letter r, for various reasons, was used to denote 
the rate of interest. Hereafter the letter i will be used in order to agree 
with the most modern practice of actuaries. 


Hence the amount due at the end of the second year is 
(1 + i) times P(1 + i), or P(1 + ; and the amount at the 

end of the third year is P(1 + iy ; etc. 

The amount, A, due on P dollars after n years with interest 
at i% compounded annually is: A — P(1 + i)’’. 

Thus, the amount due on $5000 after 10 yr. at 6% com- 
pounded annually is 5000(1 + .06)^°, or 5000(1.06)^°. 

The binomial theorem can be used to find the value of 
(1.06)^'’. For example : 

(1 + ,06yo ^ 110 + 10(1)9(.06)+45(1)K.06)2 + 120(1)7(.06)« 
+ 210(1)'(.06)^ + 252(1)^.06)5 + ••• 

To find the value to the nearest thousandth we must add 


terms until the third 
decimal place is no 
longer influenced. 

The value is 1.791 
because 1.7908 is 
nearer to 1.791 than 
to 1.790. 


.062 .0036 

.062 = .000216 
. 06 " = .00001296 
. 06 « = .0000007776 


1^2 = 1 . 

10 (. 06 ) = .6000 
45 (. 06)2 = . 1(520 
120 (. 06)2 = .02592 
210 (. 06)4 = .00272 
252 (. 06 )s == .000 19 
1 . 790 F 


256. EXERCISES 

Find to the nearest thousandth the value of : 

1 . 1.06*^ 4 . 1.05^ 7 . 

2. 1.06-^ 6. 1.05« 8. 1.03^^’ 

3 . 1.06^ 6 . I.05’« 9 . 1.08'' 
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(Supplementary Topics, Pages 217 to 219) 

267. Proof of the Binomial Theorem. The proof of this 
theorem for positive integral exponents is based on a method 
called mathematical induction, and proceeds thus : 

1. If we square (a + I) by the usual method, we find that 

(a + 6)2 = + 2 a6 + ¥ 

This expression can also be obtained by putting n = 2 in 
the formula on page 212. 

Hence the theorem is true at least for the value n = 2. 

2, We next prove that if the theorem is true for any one 
power, then it is true also for the next higher power. In 
other words, if we substitute n + 1 for n in the formula on 
page 212, we should get the same result as if we multiplied 
the expression for (a + 6)"^ by (a + 6). We can prove this 
by actually doing the multiplying. Multiplying the expres- 
sion for {a + hY by a, we get the terms shown in line (1) 
below; and multiplying by 6, we get the terms shown in 
line (2) : 

( 1 ) + na ”6 + ^ a ”'‘~^62 + ... 

( 2 ) + na^-W + + ■■■ 

If these two quantities are added by combining similar 
terms, we find that the sum is exactly the same as if we had 
written + 1 for in the formula on page 212. 

Part 1, above, shows that the theorem is true if n = 2. 
Part 2 shows that if the theorem is true for n = 2, then it is 
true also for n = 3. By repeating this argument we see that 
the theorem is true for any positive integer. 

A proof by mathematical induction involves always two 
steps. First, prove that the 'theorem is true for some one 
integer. Second, prove that if the theorem is true for any 
integer, it is true also for the next higher integer. 
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258. The Binomial Theorem for Fractional Exponents. 
By methods that cannot be explained here, it is proved that 
when a > h the binomial theorem may also be used for frac- 
tional and even negative exponents. In such cases there is 
not a definite number of terms in the expansion, for none oi the 
coefficients becomes zero. Nevertheless, such expansions are 
very useful as a means of computing. 

Thus, the first 4 terms of (a + b)^' are 




1 • ji 


1 { 1 


1 -2 -3 


?! ai-^bK 


(a + b)^ = + i a^b - - 

We can use this as a formula to find approximately Vl8. 
Substitute a = 16, & = 2. Then 

(16 + 2)-^ = 16"' + i • 16"'^ • 2 ~ i • 16”"' • 22 + * 16”"" • 2^ 

== 4 + -I- • i • 2 —g- * irV * 4 + xV * T(hi; * 8 

= 4 +.250000 -.007812 +.000488 

= 4.242676 


In the above expansion for (a + 6)"' we notice that after 
the first term, the signs of the terms are alternately plus and 
minus. Such series are called alternating series. They are 
particularly good for purposes of computation because the 
sum of all the terms after the rth term cannot be more than 
the rth term itself. Hence, when using such a series, we know 
at every stage of the work just how big the possible error is. 
Also, the smaller that b is in comparison to a, the better will 
the approximation be. 

Other approximate formulas are : 

1. (a - bf = - 4- oT^b - | ^ ar%^ 

2. (a + bf^ = a"' + a~~^^b — -J. a 

3. (a + &)"■ = + f ar^^b — -J- ar^b'^ + ar^b^ 

4. (a + 6)"' = a"” + | ah + f — jV 
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259. EXERCISES 

1. By means of the binomial theorem derive the formulas 
on page 218. 

2. In using formula 1 the number a should be so chosen that 

the power will be an integer. Likewise in 2, the power a^' 
should be an integer. How should the number a be chosen 
when using formula 3? formula 4? 

By the approximation formulas, find to six decimals : 

3. Vl? 4. 6. 

6. ■v/SS Here it is better to say 35 = 36 — 1 rather 

than 35 = 25 + 10, so that the second number, 6, will be as 
vsmall as possible compared to a. 

7. (79)^ 10. (65)^ 13. (65)^ 

8. (66)^ 11. (62)^- 14. (101)^ 

9. (29)-^ 12. (78)^ 16. (63)^ 

260. Historical Note. According to popular belief, 
Newton (1642-1727) was led to the discovery of the law of 
gravitation by the falling of an apple. We know as a fact, 
however, that Newton^s attempts to explain some difficulties 
that Wallis (page 142) had in interpolation led to the dis- 
covery of the binomial theorem. He first stated it as a 
theorem for extracting roots but gave no proof of it. A 
satisfactory proof was not given until the nineteenth century, 
and this by Abel (page 211). 

Although Newton stated the theorem in its general form, 
the Arabs and Hindus a thousand years earlier had used 
simpler cases as a means of extracting square roots and cube 
roots, and a German mathematician, Stifel (1487-1567), had 
worked out the coefficients for all powers up to the seven- 
teenth. 
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The binomial coefficients can be written in a curious way^ 
as shown below. 

1 

1 1 
1 2 1 

13 3 1 

1 4 6 4 1 

This arithmetic triangle, sometimes called Pascal’s 
triangle,” was first published by a Frenchman, Pascal, in 
1653. Each row of numbers shows the coefficients of a power 
of (a + b) beginning with the zero power. Thus, the fifth 
row shows the coefficients of (a + by. The numbers in each 
row can be found from the two numbers, one to the left of it 
and one to the right of it, in the preceding row. In the fifth 
row, for example, 4 = 1 + 3, 6 = 3 + 3, etc. The numbers 
in the next row would be 

1, (1 + 4), (4 + 6), (6 + 4), (4 + 1), 1 

or 1, 5, 10, 10, 5, 1. 

When they are written in this form it is easy to see why 
the coefficients should repeat themselves in reverse order 
after the middle term is reached. 
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LOGARITHMS 

261. Logarithms are Exponents. The use of logarithms 
in numerical work enables us to perform in a few minutes 
computations that would otherwise require many hours. 
The fundamental idea consists in writing numbers as powers 
of some other number, just as 100 can be written as 10^. 

The laws of exponents stated in Chapter IX are true also 
for such exponents as are used in this chapter. 

We know that 64 = 8^ and call 2 the logarithm of 64 ; 
but we might also regard 3 as the logarithm of 64 because 
64 = 4^ Hence we must state what number, as 8 or 4 in 
this illustration, is being raised to some power. This num- 
ber we call the base. Thus, we say that 

The logarithm of 64 to the base 8 is 2 because 64 = 8^ 
The logarithm of 64 to the base 4 is 3 because 64 == 4^ 
The logarithm of 100 to the base 10 is 2 because 100 = 10^ 
We write these statments more briefly as 

logs 64 = 2, log 4 64 = 3, logio 100 = 2 ; 
but when the base is 10, we usually omit any mention of the 
base and write merely log 100 = 2. 

Exercise. Find by trial the values of : log 1000, logs 81, 
log 2 32, logs 625, logs 25, log 25 5. , . 

The equation N = ¥ expresses the relation between a 
number, V, and its logarithm, ?, to the base 6. 

The logarithm of a number is the exponent of the power 
to which another number, called the base, must be raised to 
equal the given number. 
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262 . ORAL EXERCISES 

1. Supply the missing numbers in the sentences : 

(a) 9 = 32. The logarithm of to the base is . 

(b) 8 = 21 The logarithm of to the base is . 

Form similar sentences from the statements : 

(c) 125 = .01 = 10-2 4 = 16-25 

(d) 2 = 10“3 4 = 10*6 8 = 10-« 

(e) 6.5 = 10 8129 65 = lO^-^i^o 650 = 102-8129 

2. (a) What does 2^ equal ? What does log2 1 equal ? 

(b) Find logs 1, J log4 1, ^ logio 1, log^ 1 

(c) What is the logarithm of 1 to any base ? 

3. (a) Find log2 2,^^ ^ logs 3, ^ log4 4," log/, 6 ^ 

(6) In any system of logarithms what is the logarithm of 
the base itself? ;/ 

A. (a) If the number 10 is raised to some positive power, 
is the result positive or negative ? 

(6) If the number 10 is raised to some negative power, as 
10-2 fQj. example, is the result positive or negative? , 

(c) Remembering that 10^ means the positive square root 
of 10, can we get a negative result by raising 10 to a frac- 
tional power? 

The answers to (a), (6), and (c) show that there is no 
logarithm for a negative number because it is impossil)le to 
find a power of 10 that will give a negative result. 

6. From the equation 65 = 10 X 6.5 = IQi X 10-8‘29 
explain why the logarithm of 65 should be just 1 more 
than the logarithm of 6.5. From a similar equation explain 
why the logarithm of 650 is 1 more than the logarithm of 65, 

6. If 10 is raised to some power between 1 and 2, for 
example 10^-^, the result is a number between 10 and 100. 
If 10 is raised to some power between 2 and 3, the result must 
lie between what two numbers? 
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263. Graph of y — log x. To draw the graph we must 
first find the values of y for some values of x. 


Since 10^ = 1000, 
Since 10- = 100, 
Since 10^ =10, 
Since 10^' =1, 
Since 10”^ = .1, 
Since lO”^ = .01, 
Since 10“^ = ,001, 


log 1000 = 3 
log 100 = 2 
log 10 =1 

log 1 =0 

log .1 = — 1 

log .01 — — 2 

log .001 = - 3 


X 

y, or log X 

1000 

3 

100 

2 

10 

1 

1 

0 

.1 

- 1 

.01 

2 

.001 

- 3 


We can find some other points on the curve as follows : 


Since 10-5 =Vl0 = 3.162, 

Since lO'-^ = IQilO-® = 31.62, 
Since lO^-^ = 10n0-= = 316.2 


log 3.162 = .5 
log 31.62 = 1.5 
log 316.2 = 2.5 
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ZZ5I IZZZZZZ The following facts are of im- 
ZZZ ""ZZZZZZ portande : A negative number has no 

logarithm. The logarithm of a number 

between 0 and 1 is negative. The 
logarithm of 1 is 0. 

Exercise. Make an enlarged copy of the above graph. 
From your graph find the approximate values of log 5, log 15, 
log 20, log 25. 
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264. The Characteristic and the Mantissa. The loga- 
rithm of 5678 is 3.7542.' Without considering how this 
is known, let us find the logarithms of some other numbers 
from this one. 


567.8 

56.78 

5.678 

.5678 


5678 _ 

■[Q3.7542 

= 102-7542 

log 

567.8 = 

10 

10 



567.8 _ 

2^02.7542 


log 

56.78 = 

10 

10 



56.78 _ 

]^Q1.7542 

= 10-7642 

log 

5.678 = 

10 

10 




5.678 _ 

10.7B42 

_ 2Q.7542--1 

log 

.5678 = 

10 

10 



. .7542 and - 1 

we get — 

.2458, which 


2.7542 

1.7542 
.7542 
.7542 


the statement on page 223 that a number between 0 
and 1 has a negative logarithm. We shall see later that 
the form .7542 — 1 is more useful than — .2458. Also 


.05678 = 


.5678 _ 
10 


10 


■ = lO-^''-''^-^ ; log .05678 = .7542 - 2. 


Notice how each division by 10 moves the decimal point , 
in the number and decreases the logarithm by 1. 

We see that the logarithm of a number may be thought of 
as composed of two parts, an integer and a decimal. The 
integer may be positive, as in 2.7542, or negative, as in 
.7542 — 1. The decimal part should always be positive. 

The integral part of the logarithm is called the character- 
istic and the decimal is called the mantissa. 

Exercise 1. Given that log 426.3 = 2.6297, find by the 
above method log 42.63, log 4263, log .4263, log .004263, 
log 42,630, and state the characteristic and the mantissa of 
each logarithm. 

Exercise 2. Given that log 3.456 = .5386, find by the 
above method log .003456, log 34.56, log 3456, log .3456, 
log 345,600, log 3,456,000. 
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265. Rules for the Characteristic. From our work we see 
that the characteristic of a logarithm need not be printed 
in a table because we can find it by the following rules : 

If a number is larger than 1, the characteristic is positive 
and one less than the 7mmber of figures to the left of the decimal 
point. 

If a number is smaller than 1, the characteristic is negative 
and numerically one more than the number of zeros between the 
decimal point and the first non-zero figure. 

Exercise. State just the characteristic of the logarithms 
of 2367, .2367, 23.67, .0002367, .02367, 236,700. 

266. Table of Mantipsa. On page 224 we learned that 

Numbers that differ only in the position of the decimal point 

have the same mantissa in their logarithms. 

For this reason a table need not print the mantissas of 876 
and 87.6 and 8.76, etc. It is sufficient to have the mantissa 
for only one of these numbers. 

The table on pages 280 and 281 gives the mantissas of the 
integers from 100 to 999. For convenience in printing, the 
decimal point is omitted before each mantissa. 

In the upper left-hand corner of the table we find the 
mantissa for log 100. This mantissa consists of 4 zeros, as 
it should, since log 100 = 2.0000. The next mantissa to the 
right is the mantissa for log 101, then for log 102, etc., the 
last one being for log 109. Beginning on the next line we 
find the mantissa for log 110, then for log 111, etc. 

The column marked D will be explained later. 

/ Example 1. Find log 436. 

The characteristic is 2. The mantissa is .6395 
log 436 = 2.6305 

Example 2. f Find log .00719. 

The characteristic is — 3. The mantissa is .8567 
log .00719 = .8567 - 3 
NYB. 2d 0. ALG. — 15 
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267. Interpolation of Logarithms. Intorpolation is 
method for finding tlio logariHiin of a tuitnher not givei 
directly in the table, as log 372.5 for exainph'. 

Since the number 372.5 i.s halfway ItetwcKm 372 and 373 
we assume (although it is not stricdJy true) tliat log 372.5 i: 
halfway between log 372 and log 373. 

log 372 = 2.5705 and log 373 = 2.5717. The difference 
between the two logarithms is .0012 l)ut wo need f,o reunerabei 
only the figure 12. This numl)er can l)e found in the column 
marked D, and is called the tabular dijferrme. Half of 
this difference is 6 (actually it is .OOOC), and this is added to 
log 372. 

Hence log 372.5 = 2.5705 + .0000 = 2.5711. 

Example 1. Find log 267.3. 

The tabular difference between log 267 

On page 280 : and log 268 is 16. 

log 267 = 2.4205 .3 of 16 is 5 (to the nearest whole 

= 16 number). 

log 267.3 = 2.4265 + .0005 = 2.4270. 

Example 2. Find log .006957. 

The characteristic is — 3. The mantissa is the same as 
for log 695.7. Hence we find the mantissa for 695.7. 

On page 281 : tabular difference is 6. 

The mantissa for .7 of 6 = 4 (to the nearest integer). 

log 695 is .8420 8420 + 4 = 8424 

^ = 6 log .006957 = .8424 - 3 

When finding the mantissa for log .6957 or log 69.57 pro- 
ceed as if you were finding the mantissa for log 695.7 ; that is, 
suppose that the decimal point in the number has been shifted 
so that the number is between 100 and 999. The interpola- 
tion will then mean that the- tabular difference, H, is mul- 
tiplied by a certain number of tenths. 
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268. EXERCISES 

Find the logarithms of the following numbers : 

1. 415.7 The difference between log 415 and log 416 
is 11, but D = 10. In such cases use the given value of D 
as it represents the average difference at that point. 

2. 543.6 6. 4.375 

3 . 693.2 7 . .3263 

4 . 56.38 8 . .1827 

6. 25.34 9. .08426 

Note. Later (page 230) it will be seen that the logarithm of 
.006957 (see ex. 2, page 226) may need to be written in the form 
1.8424 - 4 or 2.8424 - 5 or 7.8424 - 10, etc. 
Many computers prefer the last form. The part — 10 is then usually 
omitted, the work appearing as log .006957 = 7.8424. 

269. Antilogarithms. Compare the two statements : 

The logarithm of 100 is 2. The antilogarithm of 2 is 100. 
In other words, the antilogarithm of x is the number of 

which X is the logarithm. 

Example. Find the antilog 1.4683; that is, find the 
number of which 1.4683 is the logarithm. 

Disregard the characteristic, 1, and find in the table the 
mantissa .4683. It is found in the row marked 29 at the left, 
and in the column marked 4 at the top. Hence .4683 is the 
mantissa of the logarithms of numbers like 

294, 29.4, 2.94, .294, .0294, .00294, etc. 

The characteristic determines the correct place for the decimal 
point. In this case the required number is 29.4. 

Antilog 1.4683 = 29.4 because log 29.4 = 1.4683. 

When the characteristic is negative it may be necessary 
to insert zeros to the right of the decimal point. Thus, 
antilog .4683 - 1 = .294 ; antilog .4683 - 2 = .0294. 


10. 10.01 

11. 2.003 

12. 749.8 

13 . .9999 
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270. Interpolation of Antilogarithms. If the mantissa 
of a given logarithm, as 2.7375, is not in the table, the anti- 
logarithm is found by interpolation as follows : 

Disregard the characteristic and look in the table for the 


mantissa nearest to .7375 

and smaller than it. 

Then 

.7372 

corresponds 

to 

546 

.7375 

corresponds 

to 

? 

The next mantissa .7380 

corresponds 

to 

547. 


Since .7375 is | of the way from .7372 to .7380 we assume 
that .7375 corresponds to 546|-. It is inconvenient, however, 
to leave the number in this form as we may need to have 4 
or more figures to the left of the decimal point. We there- 
fore change f to .4 (never using more than the nearest tenth). 
Hence .7375 is the mantissa of the logarithm of numbers like 
546.4, 54.64, 5.464, .5464, etc. 

The characteristic determines the correct place for the decimal 
point. In this case the required number is 546.4. 

When the characteristic is negative it may be necessary 
to insert zeros to the right of the decimal point. Thus, 
antilog .7375 ~ 3 = .005464; antilog .7375 ~ 2 = .05464. 

Suggestion. In finding antilogarithms by interpolation it is always 
necessary to change a fraction to tenths. This can be done easily by 
annexing a zero to the numerator and then dividing. To change for 
example, divide 50 by 8. Only the nearest integer should be used for the 
quotient. 

271. EXERCISES 


, Find the antilogarithms of : 


1. 1.8084N ' 

6. 

3.6593 

11. 

.1495 

2. .8084 - 1 

7. 

.7405 - 1 , 

12. 

.8689 - 1 ‘ 

3. .4719 

8. 

.9166 - 2 \{j 

13. 

1.0182 ' 

i: ’ 1.5615 ' 

9. 

.3804 - 3 r 

14. 

.9998 

6. 2.6000 ■ 

vio. 

.2930 V , 

16. 

.0004 



MULTIPLICATION BY LOGARITHMS 


229 


272. Multiplication by Logarithms. 

Theorem. The logarithm of the product of two {or more) 
numbers is the sum of the logarithms of the numbers. 

That is, log = log a; + log y 
Proof. Let x = 10^, that is, log a: = m 
Let y = 10”, that is, logy - n 
Then xy == 10"”+”. logxy = m + n = log x + logy 

Example. Find the product 690.7 X .3882 by logarithms, 
log 690.7 == 2.8392 When added, the characteristic is 3 ~ 1, 

log .3882 = .5890 — 1 or 2. The antilogarithm of 2.4282 is 
log [ ] = 3.4282 — 1 268.1, and may be written in a square 

690.7 X .3882 = 268.1 bracket in the third line of the work. 

The antilogarithm of 2.4282 is 268f^, or 268.0625, which, 
to the nearest tenth, is 268.1. The. usual multiplication 
shows that 690.7 X .3882 = 268.12974; but the number 
268.1 is as close as we can get by four-place logarithms. 

When working with afour-^place table of mantissas, only four 
figures should he retained in the result {not counting any zeros 
that are used solely to fix the decimal point). 

The figures thus retained are called significant figures. 

273. EXERCISES 


Find by logarithms the indicated products : 


1 . 

85.7 X 6.46 

6. 700.2 X 6.303 

11 . 

.5432 X .06783 

2 . 

24.6 X 25.3 

7 . 356.4 X 38.92 

12 . 

.3142 X .2492 

3 . 

7.26 X 3.59 

8. 40.69 X 207.1 

13 . 

.4139 X .3412 

4 . 

39.2 X 6.32 

9. 572.1 X 84.62 

14 . 

.7314 X .02063 

6 . 

89.2 X 78.4 

10. 912.8 X 9.752 

15 . 

.1191 X .02291 


Without using 

a table of logarithms, 

prove 

that 


16 . 

log 25 + log 4 = 2 



17 . log + log I + log I = 0 
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274. Division by Logarithms. 

Theorem. The logarithm of a fraction is the logarithm of 
the numerator minus the logarithm of the denominator. 

That iS; log - = log re — log y 

y 

Proof. Let x ~ 10^ f that is, log x = m 
, Let y = 10"^ that is, log y = n 

Then - = log ~ = m -- n = log x — log y. 

y y 

Thus, to find 37.46 853.4 we 

must subtract 2.9311 from 1.5736. log 37.46 = 1.5736 
We could say that 

1.5736 - 2.9311 = - 1.3575 

but this produces a negative mantissa. Since the table 
contains only positive mantissas we would need to change 
— 1.3575 to .6425 — 2. (The pupil should prove by actual 
subtraction that these expressions are equal.) The same 
result, however, can be obtained 

more easily, by writing 1.5736 as log 37.46 = 11.5736 - K) 
11.5736 — 10, and then subtracting 
m the usual way. / ' 

Example 1. Divide 87.96 by .06932. 

To subtract the characteristic ~ 2, log 87.96 = 1 91 13 

change it to + 2 and add. The charac- log .06932 = H 108 — 2 

teristic of the result is 3. log [ ] 1 1035 + 2 

Example 2. Divide 30.82 by .8132. 

Here log 30.82 = 1.4889 but this is log 30.82 = 11.4889 — 10 

written as 11.4889 — 10, The character- log .8132 = .9102 — I 

istic of the result is 10 — 9, or 1. log [ ] « :ib'. 578 T"L~) 

In some tables (page 277) where the characteristic must 
be printed, a logarithm like .1157 - 1 is printed 9.1157, the 
number — 10 being understood. 
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10 . 


11 . 


12 . 


275. 


» EXERCISES 



Find the values of the fractions ; f 
, 675.3 , 326.6 \ 

38.64 ^ 511.2 ^ 

7. 

20.12 

692.3 

2. 

752.7 

20.63 

. 45.37 

'■ 619.1 ' 

8. 

43.75 

.05121 

3. 

84.64 

551.3 / 

, 21.68 

51.34 

9. 

.05002 

681.2 


703.1 X 5.684^ 
224.3' 

64.32 X .5816 
1.964 

392.1 X .2972 
4.587 


In ex. 10 do not find the actual value of 
the numerator. After finding its logarithm, 
subtract the logarithm of the denominator. 

587.8 


13 . 


14 . 


234.2 X 36.24 
.3846 

.3674 X .8122 


276. Remarks on the Arithmetic Work. When inter- 
polating, we often need to decide whether a number like 1|- 
should be called 1 or 2. The following is a good plan : 

To find the mantissa for 815.3 it is necessary to take .3 of 5 
(the value of D). We call this 2 rather than 1 so that the 
result, .9114, will end in an even number. To find the man- 
tissa for 401.5 it is necessary to take .5 of 11 (the value of D). 
We call this 5 rather than 6 so that the result, .6036, 
will end in an even number. Thus, in a long problem we 
decrease the mantissa about as often as we increase it, and 
thereby counterbalance errors. 

When multiplying .8524 by .3872 we find that the loga- 
rithm of the product is .5185 — 1. The antilogarithm of 
.5185 — 1 should then be written .3300, and not .33, so as to 
show that a four-place table was used and that the last two 
figures are Imown to be zeros. 

Similarly, the product 85.24 X 3.872 should be written 
330.0 so that the product will have four figures in it. 
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277. Finding Powers. 

Theobem. The logarithm of the pth power of a number is 
p times the logarithm of the number. 


That is, log = p log x 

Proof Let a; = 10’“; that is, log x = m 

ThenxP =(10’“)*’ = 10”^- log x^ == mp = plogx. 


Notice in the examples below that the characteristic is 
multiplied as well as the mantissa. 


Example 1. Find 45.73^ 
log 45.73 = 1.6602 
3 

log 45.73’ = 4.9806 
.-. 45.73’ = 95,620 


Example 2. Find .45731 

log .4573 = .6602 - 1 
3 

log .4573“ = iifisoif- 3 
.-. .4573’ = .09562 


278. EXERCISES 

Find the indicated powers ; 

1. (65.30)® Ans. 278,400 

2. (29.50)2 6. (.6383)2 8. (.4322)''' 

3. (4.263)® 6. (.07386)2 9. (.03639)2 

4. (3.928)^ 7. (.08322)2 iq. (.3281)® 

11. (— 3.682)2. gince a negative number has no loga- 
rithm,' find (3.682)2, and then state the value of (— 3.682)2. 

12. 3.142(5.514)2. Arrange the work thus : 

''i.', log 5.514 = 

log 5.5142 = 

, log 3.142 = 


log[ ] = 


13. 

(- 6.238)^ 

1.803(5.974)2 

14. 

.2234(8.135)2 jvio- 

''’’"7.471 ^ 

16. 

3.802(.05631)2 ■ 

18. 

16. 

5.053(- 2.184)2 



FINDING ROOTS 


233 


279. Finding Roots. Since the laws of exponents apply to 
all exponents, whether integral or fractional, the theorem 
on page 232 can be used to find any real root of a number. 
The power -J, for example, gives the square root. 

To find any real root of a number^ divide the logarithm of the 
number by the index of the root and find the antilogarithm of the 
result. 

Notice in example 2, below, how the -logarithm is written 
so that the negative characteristic may be divided exactly. 


Example 1. Find ^ 63.73. 

log 63.73 = 1.8043 
Divide by 3 : 

log = .6014 

^63.73 = 3.994 


Example 2. Find ^.6373. 
. log .6373 = .8043 - 1 
or 2.8043 - 3 
log v'.6373 = .9348 - 1 
.-. ^.6373 = .8606 


In the above work, when we divide 1.8043 by 3 we really 
get .6014^; but the is neglected as it is less than Also, 
in dividing 2.8043 by 3 we get .9347f ; but since f is more than 
•j}, we write the quotient as .9348. If the fraction is just 4-i 
we add it as 1 or drop it entirely — whichever will make the 
result an even number. 


280. 


EXERCISES 


1. (a) Find the square root, the cube root, the fourth 
root, and the sixth root of 763.8. 

(h) Find the same roots of .7638. 

2. Find (70.23)^. Multiply the logarithm of 70.23 by ■§. 
Multiply first by 3 and then divide by 2, so that you can see 
how large the fractions are that you neglect. 

Find the values of the following quantities : 


3. (6.825)^ 

4. (- 92.32)^ 
6. •vV'.006723 


6. V'264.3V456.8 

7. V 54.32-'^^8iO 
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281. EXERCISES FOR DRILL ON COMPUTATION 

The answers to the odd-numbered exercises are stated at tlie bottom. 

Whenever possible, check the position of the decimal point 
in the answer by making an estimate of the approximate value 
of the quantity. The quantity in ex. 1, for cxainplo, is about 

Find the values of the following quantities : 


1 . 

503.2 X 6.783 

12 . 

3 /1 .967 X .9834 

(24.64)2 

V ii42 

2 . 

310.8 

13 . 

/8.708 X .7303 

28.25 X 4.601 

V .04138 

3 . 

12.34 

14 . 

3/.02536 X 178.4 

.001897 

V 186.3 

4 . 

3.142(8.024) 

16 . 

1 [^211 

3 

m.Q >263.4 

6 . 

.6534(.5609)2 

16 . 

563.2 3 / 1 

.08032 

394.7 V. 06374 

6 . 

(86.36)^ 

17 . 

V.236i 

V .7062 

7 . 

8 . 

(- 55.55)^ 

^ioo 

18 . 

' X/.003979 

9 . 

^1000 

19 . 

23.69 / 65.29 


8.756 >Vkll4 

10 . 

•^.06543 





20 . 

»/369.2 X .005432 

11 . 

2.932V'.3688 

V 19,370 

Ans. 

1 . 5 . 624 . 3 . 6503 . 

6. 1 . 436 . 7 . - 3 . 816 . 9 . 

/ 1.781. 13 . 12.40. 16 . 

.0012(51. 

17 . .7390. 19 . 
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282. PROBLEMS 

In problems involving t use the value log t = .4971. 

1. Find the area of a circle whose radius is 3.474 in. 


The work should be arranged neatly and clearly. Thus : 


Formula : A == rr^. Given : r ~ 3.474 log 3.474 = .5408 
A = t( 3.474)2 log 3.4742 1.0816 

A = 37.91 sq. in. log tt = .4971 

log [37.91] = 1.5787 


Consult page 282 for formulas you do not remember, 
ex. 2 and in similar problems, change A = xr- to r = 



so that the known numbers appear in the right member. 

2. Find the radius of a circle whose area is 638.2 sq. in. 
Taking the radius of the earth as 3959 mi. : 

3 . Find the area of the earth. 

4 . Find the length of the equator, 

6. Find the volume of a sphere whose radius is 5.617 in. 

6. Find the radius of a sphere whose volume is 853.2 cu. in. 

7. The hypotenuse of a right triangle is 67.80 ft., and one 
arm is 46.70 ft. Find the other arm. If we call the hypot- 
enuse h and the given arm a, then 


b — :V or 6 = V(/i + a) (k — a) 

The sum of h and a, and the difference of h and a must be 
found before beginning the logarithmic work. 

8. Find the hypotenuse of a right triangle if the sides are 
26.38 in. and 30.07 in. Ans. 40.00 in. 

9. Find the weight in tons of a cylindrical marble column 
given the data : length, 42.00 ft. ; radius of base, 3.500 ft. ; 
weight of marble, 168.8 lb. per cu. ft. 

10. What is the approximate value of a sphere of solid gold 
1 ft. in diameter if a cubic foot of gold weighs 1206 lb., each 
pound containing 7000 grains of gold, and if 23.22 grains are 
worth a dollar? 
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11. Find the area of a triangle whose sides are 169.2 ft., 

251.4 ft., and 193.6 ft. 

The formula is A ==Vs(§~^ a)(s — b)(s — c) where s is 
half the perimeter. Add a, b, and e, and divide by 2. The 
result, s, is written above the values of a, 6, and c so that the 
latter can be subtracted easily. As a check on this work, 


add 

s 

rS 

1 

1 

and s — c. The 

1 sum should be 3. 



s = 307.1 


log 307.1 = 2.4872 



a = 169.2 

,9 - a = 137.9 

log 137.9 - 2.1396 



b = 251.4 

&• - 6 = 55.7 

log 55.7 - 1.7459 



c = 193.6 

5 -- c = 113.5 

log 113.5 - 2.0550 



2 s = 614.2 

Check: 307.1 

log A‘^ ^ SA^7 



s = 307.1 


log A = 4.2138 




[A = 16,360 sq. 

,ft.] ' 

Find the areas of the triangles for which : 

12. 

a 

= 302.4 ft., 

b = 453.7 ft.. 

c = 393.9 ft. 

13. 

a 

= 60.16 ft., 

b = 73.84 ft.. 

c = 66.00 ft. 

14. 

a 

= 87.20 ft.. 

b = 59.72 ft.. 

c = 92.48 ft. 

15. 

a 

= 69.38 in.. 

b = 103.2 in., 

c = 87.42 in. 


16. Using the above method, find the area of an equilateral 
triangle each side of which is 53.64 in. 

In ex. 17 to 20 make use of the table on page 271. 

17. The side, s, of a regular pentagon inscribed in a circle 

of radius r is s = 10 ~ 2V5. Find s if r = 5.750. 

18. The apothem, h, of a regular decagon inscribed in a 

circle of radius r is A = ^ 10 + 2^5. Find A if r = 2.750, 

19. The area of a regular pentagon with side a is 

A = ^a2(10 + 2v/5)l 
Show that this is the same as A = 1.721 

20. The area of a regular decagon with side a is 

A = I a^(3 + V5) Vio - 2 V 5 . 

Show that this is the same as A = 7.693 a®. 
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283. Historical Note. The great power of modern cal- 
culation has been credited to three inventions : the Arabic 
notation, decimal fractions, and logarithms. In the begin- 
ning of the seventeenth century Kepler was studying the 
orbits of the planets ; Galileo with his telescope was observing 
the stars ; German mathematicians had made very accurate 
tables of the trigonometric ratios. All such work demanded 
more elaborate computations so that it has been said that 
the invention of logarithms doubled the life of astronomers 
by shortening their labors. 

Logarithms were invented by John Napier in Scotland 
(1550-1617). It is a curious fact that while we now base the 
study of logarithms on our knowledge of exponents, Napier 
constructed logarithms before exponents came into use. 
Even his definition of a logarithm is not based on exponents 
but on the distances traveled by a point moving under certain 
conditions. Henry Briggs, a professor of geometry in London, 
so greatly admired a book written by Napier that he visited 
Napier chiefly to discuss the work. At their meeting various 
improvements were suggested, such as having zero for the 
logarithm of 1 in order that numbers larger than 1 might 
have a positive characteristic. Briggs then devoted all his 
time to the construction of a table of logarithms and in 1624 
published a 14-place table of logarithms of the numbers from 
1 to 20,000 and from 90,000 to 100,000. In 1628 Adrian 
Vlacq in Holland published the logarithms of numbers from 1 
to 100,000 of which 70,000 had been computed by himself. 
Another mathematician, Biirgi of Switzerland, also conceived 
the idea of logarithms and constructed some tables, but his 
work was not published until after Napier’s work was known. 

It is interesting to note that these important events took 
place about the time that the colonies were being founded 
along the Atlantic seaboard. What event in American 
history do we associate with the year 1620? 
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(Supplementaiy Topic, Pages 238, 239) 


PROBLEMS DEALING WITH COMPOUND INTEREST 


284. Problem. If P dollars is deposited annually and i 
is the rate of interest, compounded annually, what is the 
amount. A, after n years? 

The first deposit draws interest for n years and (see page 
216) amounts to P(1 + f)”- The second deposit draws 
interest for (n — 1) years and amounts to P(1 + ■/■)”“'. 
The third deposit amounts to P(1 + f)"~“. The last deposit 
draws interest for 1 yr., and amounts to P(1 + i). Arriinging 
these amounts in reverse order, we find that the total is : 

p(i + i)+ P(i + iy + P(i + iy + - + P(i + O’*- 

This is a geometric progression whose first term is P(1 + i) 
and whose ratio is (1 + i). Hence the sum is : 


^ = P(H- i) or ^ [(1 + f)" 


1 ]. 


The quantity (1 + iy which occurs in this formula is used 
so frequently in problems dealing with investments, premiums 
on insurance, etc. that special tables have been made showing 
the values of (1 + i)”'. A part of such a table is shown on 
page 269. 


Example. Find A if P = 600, i = 6%, n = 10. 

On page 269 we find that (1.06)^*’ = 1,7908477. Since we are using 
a four-place liable of logarithms, we must use only four figures. Iloncc 
we take (1.06)i« ~ 1 = .7908. Then 

A = 500 X 1. 06 X_.7908 
.Off™ 

The value of this fraction, when found by four-place logarithms, is 
8983. The correct value, taken from an eight-place tal)le, is $6985.8213. 


A series of equal payments at regular intervals is called an 
annuity. In books on the mathematical theory of invest- 
ments various kinds of annuities are discussed. 
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285. PROBLEMS 

Find A in the formula on page 238 if 

1. P = 400, n = 8, i = 6% 

2. P = 600, n = 10, i = 5% 

3. Find the amount accumulated in 6 yr. if $500 is de- 
posited annually, interest being 5% compounded annually. 

4. Find the amount on $2000 for 12 yr. at 4% compounded 
annually. (If the table on page 269 is used, and logarithms 
are not employed in the multiplication, the amount can be 
found correct to eight figures.) 

6. By an argument like that on page 216, show that if 
money is compounded semiannually the amount on P dollars 

after n years is A = P^l + and if compounded quar- 

( i, 

1 + • 

6. A debt of D dollars is to be paid in n equal annual pay- 
ments of p dollars each, the interest being compounded 
annually at z%. Find the annual payment, p. 

Suggestions. At the end of the first year the debt is i)(l + ^’)> 
the payment made at that time reduces the debt for the next year to 
D(1 i) — p. The debt at the end of the second year is (1 + i) times 
this sum, or D(1 + iY - p(l + i)^ The payment then reduces the 
debt to Z)(l + iY — p(l -f i) — Vi 

When the last payment is made, the debt must be equal to zero. 
Hence an equation can be formed, and solved for p. Show that 

- ^D(1 + iY 

^ (1 + i )» - 1 

7. Use the formula in ex. 6 to find what annual payment 
will clear a debt of $1000 in 10 yr., interest being 6%. 
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NUMERICAL TRIGONOMETRY 


286. Problem. To fiiul tlie luuglit of the tower BC an 
engineer nieasurcs the angle at A and finds it» l<o be 52°. If 
the distance AB is 150 ft., wliat is iK^ighl, of tlio tower? 



The problem can be solved by dniwing a. triangle similar 
to AABC, as AA^B'C^ in the riglitrhand figures Bim^e the 
tower is perpendicular to the earib, AA/B'(J' is made 90°, 
and ZA' is made equal to ZA, or 52°. Thc^ Icmgths of A//1' 
and B'C' are next measured. Supposes that. 14 in., and 

A'B' = II in. Then = J'J, or about. 1.27. 

W/V »//7/ 

hrom the similar triangles we know that ’,r 

Aii A ir 
BC 

Hence —Z = i,27 (approximately). 

Substitute AB * 150 in this cqimtion and find BC. 

The accuracy of the solution depends on the a,(aair<‘u^y of 
the ratio of B'C' to A'B'. Ilerujo these ratios have been 
carefully determined and put into t)ables. 

240 
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287. All engineer measures the angle between two lines 
or directions by means of an instrument called a transit. 
Its essential parts are a telescope, through which the object 
is seen, and a horizontal and a vertical protractor. The 
telescope is first pointed toward one of the objects and the 
reading on the protractor is noted; the telescope is then 
turned so as to point toward the other object. The protractor 
then shows how many degrees the telescope was turned. 
Although corrections must be made in some work because 
the telescope is not on the ground, we shall neglect this 
correction in our work unless the problem asks for it. 



In stating a problem an engineer uses the phrases : angle 
of elevation and angle of depression. 

In the right-hand figure above, the angle ABD is called 
the angle of elevation at B of the point D because this angle 
measures how much the telescope must be turned upwards 
from a horizontal position to point towards D. 

The angle CDB is called the angle of depression at D of the 
point B because this angle measures how much the telescope 
must be turned downwards if the transit is at D. 

Considering that DC and AB are parallel lines, what 
theorem of geometry states that the angle of depression at 
D equals the angle of elevation at B? 

NYB. 2d C. ALG. — 16 
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288. 


CLASS EXERCISES 


1. Oil a, sheet, of 
squared paiier draw a 
liorizontal line, a,iul at 
one end of it, usinfj; a, pro- 
traetnr, draw a, 40" a.nKle. 

At any pla,ee dra,w a 
verirical line, a.s BC, 
(Not all (.lie 
should draw tlie line 
BC ai: the .same distaiieo 
from A.) If .siiuared 
papcM- is not used, make 
sure tlia,t a,u)>;le B =- 90°. 
Measure the length BC, or eouid. i.lu' tiumher of squares 
along BC. Measure the length of AB in (.he same units. 



Find the value of 


BC 

AB 


BC __ B'C 
Ab'" AB' 


From your knowledge of similar triaiigh'S exiilain why the 
values of these fractions do not d(‘pend on how far from A 
the vertical line is dx’awn. 

2. Each of four seel, ions of t.he class should choose one 
of the angles 10°, 20°, :i0°, 50°. Each puiiil should draw 
on squared paper the angle his section has tdio,sea and then 
complete the figure ,so as to have a rigid, triangle as in ex. 1. 
Aim to have the triangles vary in size. 

As in ex. 1, measure BC and AB, and ilivide BC liy AB. 

For comparison, the correct values are sta<.cd liere ; 

Anglo 10° 20“ ISO" 40'’ 50" 

Ratio 17(i:{ .3040 .5774 ,83111 1.11)18 


The pupil may bo interested in showing that (.he ratio for 
a 50° angle is the reciproisal of that for a 40" angle, jind for 
a 00° angle is the reciprocal of that for a 30° jinghi, (d,c. 
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289. Definition of Tangent. The ratio that was found 
on page 242 is called the tangent of the angle A, usually 
written tan A. The ratio depends only on the size of the 
angle, not on the size of the triangle. 

Since triangles do not always have one line in a horizontal 
position and one vertical, another definition is as follows : 

In the right triangle ABC, we call 

AC the hypotenuse, C 

BC the side opposite angle A, 

AB the side adjacent to angle A, 

The tangent of angle A equals 
the ratio of the opposite side to the 
adjacent side, or 

, . the opposite side BC 

tan A = T { — or ~tie> 
the adjacent side AB 

290. Tables. The values of the tangent ratio for angles 
between 0° and 89° 50' are stated on pages 273 to 275. The 
use of the words sine and cosine will be explained later. 

The ratios, except for certain angles, are approximate 
numbers ; hence we need to remember the rule : 

When multiplying approximate numbers, do not keep more 
significant figures in the product than there are in that factor 
which has the smaller number of significant figures. 

The above rule shows that we should not measure one line 
of a triangle less accurately than another line, nor should we 
measure the angles less carefully than the lines. Since the 
ratios contain four figures, the lines should show four figures 
and the angles should be measured to the nearest hundredth 
of a degree (to the nearest minute usually in practice). 

Hence, by a line like 26 ft. we mean 26.00 ft., the number 
being correct to the nearest hundredth ; and by 326 we 
mean 326.0 so that the number will have four figures. Like- 
wise, by an angle 52° we mean 52° O'. 
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291. Problem. To find the distance from B to (7, a 
Q surveyor locates the point A so that 

ABC will be a right triangle. Then 
he finds, by measuring, that 

AB = 463.9 ft,ZA = 53° 50'. 
What is the distance BC ? 

From the definition of the tangent 
ratio, we know that 

tan A = ^ 53° 50' = 

adjacent side AB 463.9 

BC = 463.9 X tan 53° 50' 

The numerical work can be performed in three ways : 



1. On page 275 we find that tan 53° 50' = 1.3680 
.'. BC = 463.9 X 1.368. Multiplying we find that 
BC = 634.6, only four figures being retained. 


2. The value of 463.9 X 1.368 can be found by logarithms, 
log 463.9 = 2.0064 
log 1.368 = .136 1 
log [634.6] = 2.8025 

A square bracket, [ ], is written around 634.6 to indicate 
that this number was found from its logarithm. 


3. Some of the work in solution 2 can bo avoided. 

We need not find the value of tan 53° 50' on page 275 and 
then find its logarithm on page 280 because the table on 
pages 277 to 279 tells at once the logarithm of any tangent. 
Thus, on page 279, we find that log tan 53° 50' = 0.1361. 

The work should therefore appear as follows : 

, . BC 

tan A = -p- 

nr, leg 463.9 =« 2.6664 

tan 53° 50' = log tan 53° .50' = 0.136 1 

no = 463.9 X ten 53° 50' [634.6] >= 2.8025 

B€ = 634.6 
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292. PROBLEMS — USING TANGENTS 

All the triangles in these problems are right triangles. 

Make an accurate drawing before beginning each problem. 

The tangent of an angle smaller than 45° is less than 1. 
Hence the logarithm has a negative characteristic. To save 
space in the printing of the table, log tan 32°, for example, 
is printed as 9.8125 instead of .8125 — 1; in other words, 
— 10 is understood after the logarithm of a tangent tf the 
angle is smaller than 45°. 

1. To find the height of a monument, the angle of elevation 
of the top was measured at a point 52.38 ft. from the base 
of the monument. If the angle of elevation is 57° 20', what 
is the height of the monument? 

2. Find the height of a flagstaff if the angle of elevation 
of the top is 42° 30' at a point 161.5 ft. from the foot of the 
staff. 

3. How high above the ground is the 
point C in the figure, if AB = 21.75 ft., and 
A A = 62° 30'? 

4. At a point 250.4 ft. from the base of a 
tower, the angle of elevation of the tower is 
38° 40'. What is the height of the tower? 

6. Find the height of the posts of an aerial, 

60.12 ft. apart, if a line drawn from the top of one post to the 
base of the other makes an angle of 48° 50' with the ground. 

6. Find the height of a tent pole if, 67.25 ft. from the base, 
the angle of elevation of the top is 35° 20'. 

7. A boy placed a transit 75 ft. 3 in. from the base of a 
pole and found the angle of elevation of the top to be 34° 50'. 
Assuming that the telescope of the transit is on the ground, 
what is the height of the pole ? If the transit is 5 ft. high, 
what correction must be made? 
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294. EXERCISES ~ USE OF THE TABLES 

1. Find on pages 273 to 275 the values of : 

sin 16° 40' sin 35° 10' sin 58° 40' sin 86° 20' 

cos 16° 40' cos 35° 10' cos 58° 40' cos 70° 40' 

tan 16° 40' tan 35° 10' tan 58° 40' tan 72° 0' 

2. Compare sin 60° with sin 30°; sin 80° with sin 40°; 
sin 58° 40' with sin 29° 20'. If an angle is doubled in size, 
is the value of the sine of the angle doubled ? 

3 . (a) Find cos 30° and cos 45°. Is the sum of these two 
decimals equal to cos 75° ? 

(b) Show from the table that sin 45° does not equal 
sin 15° added to sin 30°. 

4 . If an angle increases in size, does its sine become larger 
or smaller? its cosine? its tangent? 

6. Divide sin 40° by cos 40°. Compare the quotient with 
tan 40°. Divide sin 30° by cos 30°. Compare the quotient 
with tan 30°. What discovery have you made? 

6. Find the size of angle A, 5, etc. : 

sin A = .5000 sin D = .6018 sin G = .9315 

cos B = .2108 cos E — .5150 cos FI = .9969 

tan C — .2401 tan F — 1.0850 tan J = 2.5605 

7. Since the sine and the cosine of an angle are smaller than 
1, the logarithms of sines and cosines have negative char- 
acteristics. Hence the number — 10 is understood after the 
logarithms of all sines and cosines on pages 277 to 279. Find 
in this table : 

log sin 5° 40' log sin 44° 20' log sin 57° 40' 

log cos 5° 40' log cos 44° 20' log cos 57° 40' 

log tan 5° 40' log tan 44° 20' log tan 57° 40' 

8. Find, on pages 277 to 279, the size of angle A, 5, etc., if 
log sin A = 9.6007 log tan C = 8.8960 log cos E = 9.7400 
log cos B = 9.1781 log sin D = 9.8035 log tanF = 9.9975 
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295. Problem. The hypotenuse, AC, of n lighl; triangle 
is 318.5 ft., and ZA = 38° 40'. Find BC and AB. 

From the definitions, 



RC 

sin 38° 40' = 


cos 38° 40' 


318.5 
AB 
318.5 

Hence BC = 318.5 sin 38° 40' 
AB = 318.5 cos 38° 40' 


The logarithmic work should then 1)0 done as follows : 

log 318.5 = 2.50.31 log 318.5 •= 2..5031 

log sin 38° 40' = 9.79.57 -i^JO log cos 3.8° 40' -= 9., 8925 - 10 

log [199.0] = iA29S8 - lo' log [248.0] = 12.3950 -- 10 

5(7 = 199.011. 45 = 248.0 11,. 


296. Finding the Angle when Two Sides are Known. 

Problem. In AABC, BC = 221.4 ft., and AC = 438.4 ft. 
Find the size of A A. 



From the definition, 


sin .4 = 


221.4 

438.4 


We can divide 221.4 by 438.4, obtain- 
ing .5050, and then find, on page 275, 
that .5050 is the sine of 30° 20'. 


However, the logarithmic work is easier. Thus, 


log 221.4 = 12.3462 - 10 
log 4.38.4 =_2.6419 

log sin A = 9.7().3.3 — 10 (By suhtnuition.) 

Z A = 30° 20' (This is found on pago 279.) 


If AB and AC were the given lines, the quotient would be 
the cosine of Z4. What ratio is determined if BC and AB 

are the given lines ? 
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297. PROBLEMS —USING SINES AND COSINES 

1. A hill has a uniform incline of 9° 30'. What is the height 
of the hill if the cliKStance from its base to its top is 75.25 yd. ? 

2. The point B is due east of the 
point A . To find the distance between 
them, a surveyor measures the line AC 
until he reaches a point, C, due north 
of B, Find AB if AC — 184.2 yd., 
and ZA = 29° 40'. 

3 . In AAB(7, AC = 714.4 ft., 240.4 ft., and 
ZB — 90°. Find ZA. After finding ZA, use the angle 
and AC to find AB. (This method of finding AB is more ac- 
curate than the formula AB^ — AC^ — BC^ because the latter 
contains the difference, instead of a product, of two numbers.) 

4 . How high on a vertical wall will a ladder 28 ft. 3 in. 
long reach if the foot of the ladder is 12 ft. 9 in. from the wall? 
(As in ex. 3, find one of the acute angles of the triangle first. 
Then use tliis angle and the hypotenuse to find the third side 
of the triangle.) 

6. In the plan of the 
shed shown at the right, 

AC = 50 ft. 2 in., and 
i?C = 3 ft. 6 in. Find 
about what angle the roof makes with the horizontal. 

6. In ex. 5 what angle does the roof make with the hori- 
zontal if AC = 41 ft. 10 in. and the shed is 62 ft. wide? 

7 . The angle between two streets is 70° 30'. If the tri- 
angular lot on the corner is 254.3 ft. long on one street and 
302.6 ft. long on the other street, find the area of the lot. 
(First find the altitude from one corner to one of the given 
sides. Do not find the actual value of the altitude, as only 
its logarithm is needed in the work.) 
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298. Interpolation. To find tiui 34/ w(^ find on ])aKo 27-1: 
that tan 30' = .3346 and tan 18° 40' = .3378. From the 
values of tan 18° 30' and tan 18° 40' we can find fian 18° 34' 
by interpolation as on page 226. 

Example 1. Find tan 18° 34'. 

34' is xV of way from JiO' to 40' 

On page 274, The ta])ular dilTcin^iKa^ is .‘52. Oliis is 

tan 18® 30' = .3346 found by subtracvi ing OIVK) from 3ri78 

tan 18° 40' = .3378 A X 32 == 13 (approximntvly) 

tan IS® 34' = .3340 -]•- .0013 .3350 

Example 2. Find sin 31° 16'. 

On page 275, 10' is x% of flic way from 10' (o 20' 

sin 31° 10' = .5175 The tabular dilTercmru! is 25 

sin 31° 20' = .5200 .6 X 25 == 15 

sin 31° 16' = .5175 + .0015 « .5190 


Example 3. Find cos 54° 27'. 

When finding the vjiliie of a cYmac, (^xira, ea,re is n(^(‘d(Ml bi'ca-usc' the 
cosine decreases as the angle increases. 

27' is fff of the way from 20' ( o 30' 

On page 275, The tabular difh'renci^ is 24 

cos 54° 20' = .5831 .7 X 24 = 17 (approximalviy) 

cos 54° 30' = .5807 Subtract .0017 from .5831 

coS'54°27' = .5831 - .0017 .5814 

Example 4. Find log sin 35° 43'. 

On page 279, 43' is of (Ik^ way from 40' to 50' 

log sin 35° 40' = 9.7657 The tabular diFfereneci is 18 

log sin 35° 50' = 9.7675 .3 X IS = 5 (ap[)roxiraately) 

log sin 35° 43' 9.7657 + .()005 « 9.7662 

Example 5. Find log cos 65° 48'. 

48' is of th(‘ way from 40' to 50' 

On page 278, The tal)ular di^T(‘r(‘n(^<^ is 28 

log cos 65° 40' = 9.6149 .8 X 28 = 22 (ai)proximat.(4y) 

log cos 65° 50' = 9.6121 As in example 3, suMracf 22 

log cos 65° 48'»9.6M9"-.0022«9.6127 
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299. EXERCISES USE OP xHE 

Find the viihu; of : 


tables 


sin 12° 18' 


3. sin 43° 41' 7. 

4. sin 05° 38' 8. 

13. log sin 17° 25' 

14. log sin 17° 26' 
16. log sin 34° 42' 

16. log sin 60° 28' 

17. log tan 15° 13' 

18. log tan 31° 48' 


6 . tan 8° 25' 

6 . tan 25° 42' 

7. tan 49° 31' 

8. tan 63° 36' 


^ 2 , 9. cos 6° 35' 

10 . cos 13° 23' 
30/ “s 40° 7' 

12. cos 72° 26' 
log tan 51° 7' 
log tan 74° 46' 
log cos 16° 53' 
log cos 23° 4' 
log cos 34° 37' 
log cos 69° 32' 


26. Find angle A if sin A = .663i 
On pngo 275 wo hco thai; tlio a,ngle is 
we cun givt'. u mon^ exiu^t, unHwor. Wo ° 40', but 

lU)Ll(.^v 41, . ’ 


smi j 

.()(>48 


. , , . ^ll^foronco 

Hill 4r 40' = .mm [ i „22 

Ibvncc A m 41® 80' + 41® 30' 4 . 9 , 

'Po fmd u frueld'onul iiuri, of 1,0' uho th(j feppi’ox.), or 41® 32'. 
in, uinuix a 0 (.o the man(a'al,(>r and thou 

Find the angle A to the nearest if 

26. sin A = .3434 30. tan A = .2041 

27. sin A = .f)()3() 31. tan A = . 4 (u^ c^osA = .5070 

28. sin A = 5 = .8847 32. tan A «= . 9 ()‘>p ^ ~ .7046 

29. sin A « .9855 33. tan A == q^Ao ~ -8239 

’* 37 /wvo A — AAO^ 


26. sin A = .34 

27. sin A = .5C 

28. sin A =5= .8S 

29. sin A « .98 

38. log sin A, 

39. log sin A 

40. log sin A 

41. log sin A 

42. log tan A 
48. log tan A 


9.7409 

9.7714 

9.9013 

9.4336 

9.6627 


*^^tanA 

log cos yl 
log 008 ^ 

log COS ^ 


34. COS.1 = .5070 

[ 36. cos .4 = .7046 

1 36. cos A = .8239 

1 37. cos A = .9934 

tan A = 9.9782 
tan A = 0.2509 
cos A = 9.9715 
cos A = 9.9527 
cos^ = 9.8924 
cos A = 9.7633 
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300. PROBLEMS 

1. To find the height of a smokestack an engineer selects 
a point 260.5 ft. from the base and finds that the angle of 
elevation of the top is 39^^ 12 '. . What is 
the height of the sinokestack ? 

2. In a footl:)all game, a i)layer ran 
from the 45-yard line to the lO-yard 
line, as shown in the figures. If his path 
made an angle of 58° with the 5-yard 
lines, how many yards did he run ? 

3 . A troop of boy scouts found the 
distance BC across a lake by marking 
off AB at right angles to B(7, measuring 
AB = 68.75 yd. and ZA = 52° 32'. 

What was the distance from B to ( 7 ? 

4 . To find the width of a river, a 

line BA is laid off along the bank so that 
ZS = 90°. If AB -- ()23.l ft. and 

ZA =42° 16', what is tlie width of the 
river? 

6. When the angle of elevation of the sun 
is 42°, how long a shadow will a 5()-foot 
flagstaff cast on level ground? 

6. In ex. 5 one angle of the right triangle is 42°. What 
must be the si^se of the other acute angle? Work ox. 5 again, 
using this new angle as if it were the only angle given in the 
problem. 

Is one solution easier than the other? If addition is 
easier than subtraction, then, when using tangents, select 
carefully the better angle with which to work. 

7 . From the top of a lighthouse 142.3 ft. above sea level 
the angle of depression of a boat is 28° 36'. Find the distance 
from the boat to the lighthouse. 
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8. An observer in a balloon knows that he is 3025 ft. 
directly above the town of Borland. He finds the angle of 
depression of the next town to be 24° 50'. What is the 
distance between the towns? 

9. From one bank of a river the angle of elevation of the 
top of a cliff on the other side is 33° 19'. If the cliff is 120.2 ft. 
high, how wide is the river? . 

10. From the top of a cliff 240.4 ft. above sea level the 
angle of depre,s.si()n of a l)oat is seen to be 20° 17'. Flow far 
is the boat from the foot of the cliff? 

11. (a) The Wasliington Monument is 555 ft. high. Find 
its angle of elevation at a point 1 mi. away. 

(6) Find the angle of elevation at a point mi. away. Is 
one angle double the other? 

12. If at a certain time the top of the Statue of Liberty in 
New York Llarl)or is 300 ft. above sea level, and a boat finds 
that the Jingle of cleviition of the top is 30° 25', how far is the 
boat from the statue? 

13. In some places the slope of the railroad that goes up 
Pikes Peak is 18%; that is, it rises 18 ft. vertically for 
each 100 ft. measured horizontally. Find what angle has 
a tangent of .1800. 

14. The angle of elevation of the top of a building is 56° 28' 
at a point 156.4 ft. from the building. Find the height of the 
building. 

16. A tree that is known to be 70 ft. high stands on i.hc 
edge of a swamp. At a point. A, across the swamp, the angle 
of elevation of the top of the tree is Ki® 13'. What is the 
width of the swamp from the point A to the tree ? 

16. At a certain point, A, the angle of elevation of a balloon 
is 28° 16'. The point 1), directly below the balloon, is 
351.4 yd. from A. How high in the air is the balloon? 
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301 . MISCELLANEOUS EXERCISES 


In these exercises AB = c, BC = a, AC = 6, AB = 90®. 

1. Given a = 432.7, c = 267.3. Find the otlier par‘ts of 
the triangle. Ans. h == 508.6, ZA = 58® 18', AC == 31° 42'. 

If the value of 6 is found as in ex. 3, page 249, we ca.n (4i('(jk 
the work now by using a =V(b + c)(b ~~ e). In the follow- 
ing check, (6 + c) is written above b and c in oi’dcrr to leiive 
room below b and c for the value of (b — r). 


6 + c = 775.9 
h = 508.6 
c = 267.3 
6 - c = 241.3 


lo^ 775.9 == 2.S898 
log 241.3 -- 2.3S25 
log = 5.2723 

log [432.7] - 2.6362 


This checks the work because a was givcm as 432.7. 
Sometimes there is a difference of 1 or 2 in tlie last. figur(\ 


a h c A ( ' 


2 . 

3 . 


83.62 




12“ 21'” 
57“ IS' 


5.458 


4 . 



374.5 

32“ 43' 


6 . 



54.86 

43“ 26' 


6 . 



436.7 

37” S'l' 


7 . 

66.34 



48® 47' 


8 . 

75.82 




51“ 6' 

9 . 

69^43 




33“ 12' 

10 . 

142.9 

226.8 




11 . 

12.18 

19.73~ 




12 . 


32.63 

21.45 



13 . 


4.602 

1.520 



14 . 

26.83 


41.36 



16 . 

21.15 


40.32 
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302. Historical Note. IlipparchiLS, a Greek astronomer 
wlio lived in tiie second century h.c., is credited with the 
invention of trigonometry. Althougii all his works are lost, 
historians l)elicve he was the first to compute tables resem- 
bling our tables of sines. ]Ti[)parchiis was interested in trig- 
onometry l)ecause the latter was necessary in his astronomical 
work; and for ti long time trigonometry was looked upon 
more as an aid in the study of splieri(ial triangles (triangles on 
a sphere) than as an aid in (aigiiu^cn’ing or surveying. 

Among tlie famous astronomers of the tenth century a.d. 
was an Aral)ian, AI Battani. A Latin translation of his 
work introduced the word sinus ” as the name of one of the 
ratios. 

The first work in the making of accurate tables of the ratios 
was done in tlie fiftecmth century by German astronomers, 
of which tlie greatest was Regiomontanus (1436-1476). He 
traveled mu(;h in Europe in order to learn what the Greeks 
and Aralis had written on mathematics, and then wrote a 
textbook on trigoaometiy. 

The work of Napier (page 237) on logarithms greatly 
lessened the aritlimetic computations in astronomy. While 
i^rigonomeiii'y was at first of interest only to astronomers and 
was used cliiefly in the solution of triangles, the subject has 
since developed so that every field of mathematics has use 
for it. Thus, one of the formulas for finding the roots of a 
cubic equation involves the sines of certain angles. The 
various parts of rnathematics now overlap and every dis- 
covery in one field is useful in other places. We may think 
there is little relation between the number r, t he l ogarithms 
of numbers, and such a symbol as i for V— 1, but the 
1 — 

equation tt = 2 i log,, r— discovered by Fagnano, an 

X — t 

Italian, shows how closely related are the various parts of 
mathematics. 
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(Suj)|)l(iiii{'iii:u-y Topics, P;ig<w 2r)(!, 2r)7) 
303 . EXERCISES 


1. In the right triangle xiBC, we know that c- + a- = 
If each term of this equation is divided by h", then 

,2 



Q+©' 


1 


C ^ 

What ratio is given by ^ ? 

(i 

What ratio is given l)y ? 

Show that the above equation states that for any angle : 
cos^ A + sin- A. = 1 


2. Verify the relation in ex. 1 l)y squaring tlie sine and the 
cosine of some angle. 

3 . Tan A = and this can be written as ? From 

c b b 

this expression show that the tangent of any angle equals its 
sine divided by its cosine. Verify the stateinent by using 
the values for some angle. 
c 

4 . The ratio ^ is what ratio for tlie angle A ? for angle (7? 

Prove that the cosine of any angle is the sine of its comple- 
mentary angle. 

6. Besides the three trigonometric ratios studied in this 
chapter there are three others defined as follows : 

cotangent A - - cosecant A — - secant yl « 

Oj (l c 

The respective abbreviations are : cot A, cohoc A, and sec yl. 

State the definitions using the words opposite side, adjacent 
side, and hypotenuse. 

Prove the following relations : 

6. sin A ■ cosec A = 1 8 . tan A • cot A = 1 

7 . cos A • sec A = 1 9 . tan A = cot(90 - A) 
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304. The Area of a Triangle. In the fi^re below, the 
line DC is the altitude from C. 

If K denotes the area of AABC, 
then K = i c • DC. 

But DC = 6 sin A. 

Hence the area of any triangle is 
I be sin A 

where A is the angle between b and c. 

Example. Find the area of a triangle if two sides are 
253.4 ft. and 432.1 ft., and the included angle is 38° 43'. 


log 253.4 = 2.4038 

Given : b = 253.4 log 432.1 = 2.6356 

c = 432.1 log sin 38° 43' = 9.7962 

A =38° 43' 

Formula : K = ■} be sin A log 2 = .3010 

The area is 34,250 sq. ft. log [34,250] = '4.5346 


305. EXERCISES 

V 

Find the areas of the following triangles : 


1. 

b = 359.1 ft.. 

c 

= 98.35 ft.. 

A = 52° 29' 

2. 

b = 54.04 ft.. 

c 

= 45.02 ft.. 

A = 21° 32' 

3- 

b = 31.87 ft.. 

c 

= 42.66 ft.. 

A = 26° 44' 

4. 

b = 6.732 ft.. 

c 

= 80.46 ft.. 

A = 59° 56' 

6. 

b = 263.1 ft.. 

c 

= 325.6 ft.. 

A = 32° 13' 

6. 

a = 72.52 yd.. 

b 

= 63.47 yd.. 

C = 43° 57' 

7. 

a = 232.7 rd.. 

b 

= 124.6 rd.. 

C = 78° 21' 

8. 

a = 64.76 rd.. 

c 

= 583.6 rd.. 

B = 35° 36' 

9. 

a = 43.75 rd.. 

c 

= 55.23 rd.. 

B = 63° 42' 


10. Prove that the area of a parallelogram equals the 
product of two adjacent sides and the sine of the angle 
between them. 

NYB. 2d C. ALQ. — • 17 




EXERCISES FOR A GENERAL REVIEW 

306. FACTORING — FRACTIONS 

Find the prime factors of the following : 

1. - 2 (a2 + +(a' - 

2. {d H- — (c Hh d)^ -j” — {b -f- d)® 

3. 2/2 — 2 y(r + s) — rs(r — 2)(s + 2) 

4. + 2 x^y + x'^y^ — ,1 
6. P(l + ^)+^P(l + ^) 

Simplify the following : 

0 — l)(n — 2) n(!Ln 1} 

i fttuvwW' 


7 . 


1 • 2 • 3 

— + x^ 


1 *2 




— X'^ a — X 
6a(2 a + 1) — a( a + l) (a + 8) 
6 a — (<^ “f“ l)(a “f“ 2) 

1 


9. P(i + iyo H- 


10. (i 

\x 


a: + 4 _| 

2-92 


11 . 


a: - ?/ . I j; 

g; + ?/ ^ 


(i + o- 1 

1 \ 2 .T + 1 

— xJ X- — 5 x- + 0 

(^. _ ,„Q + i) 


12 . 


x + y _x f j 

13 . Simplify the followinp; solutions of o.x. 10, page 113 : 

a; = 2 ffl(a2 — 1) _ 4 _ -j) 

(a + !)(«■ — i) +(a — ij(a- — i) 
y = 4a(a+ 1)+ 2 a(a= - 1) 

(a + l)(a2 _ 1) +(„ _ i)(„2 _ j) 

14 . Simplify the following fraction, which arises in a 

t+ 

certain problem in trigonometry : 

^ ~ ^1- P 


1 - t" 
2<““ 
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EQUATIONS 

Solve the following equations and sets of equations ; 
1. (2x + ‘3)(x + 5) = 2(x + 3)2 -{x - 1)2 
(p (x^ - 3 xY - 14(a:2 - 3 a;)+ 40 = 0 * 

3. {x -\- a){x -h)-{x - a)(x^ b^ = (a - lY ' ' 

1. vj + 4 +v«-ri . 5 


4 X — 1 


(^ - 1 + ' 


6. ^ - 2 a: - 12 ^ 5 
-a: a:.;); (£_ J 

2*4*'’+^ = 

8. x^ - Zr’ + lo"= 0 , 

9_ f2/ + 3 a :=9 

\xy = % 

LO / 3 ?/ + a: = 10 i 
■ 1 3 2/2 + 7 a: = 34 
.1. /?/ - 4 (a:- 3 ) 

[ 3(x — 2)+ 2/ = 8 
2_ . f + 2 x.+ 2y = - 2 

1 a; + 2/ + 1 = 0 /' 


2a; + 32 /+ ^ = 0 

x + 6y + 5z= 1 

4 a: - 3 2/ - 2 2! = 3 
2 a ;-3 2/-62: = l 

X-f y — 2 = 9 V 

5 a; — 2?/ — 20 = 4 
aa; + by — bz - — b^ 

bx-ay + az= (a+bY ,, 
ax - by -bz= (a-bY(P^^' 


16 . x(V2 — l) + \/3 = a:(V3 +V2)— 1 -\/2(l +V3) j 

17. Express ^4 in terms of (7 if al =7rr^ and C = 2 xr. ( 

18 . Eliminate t from the equations ( 

s = + ht and v = gt h' > 

19 . Eliminate h from V = xr'^h and h = r + 2. 

20. Without solving the equation, determine the nature 
of the roots of the equation 3 a:® — 5 a: — 8 = 0. 

21. Without finding the roots, state the sum and the 

product of the roots of hod^ +(A + k)x + = 0. 
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308 . VARIATION - FUNCTIONS 

1 . Write as an equation the statement : The intensity of 
a light at any point varies inversely as the square of the 
distance of the point from the light. 

2. Write as an equation : The distance a l)ody falls from 
a position of rest varies as the square of the number of seconds 
it falls. 

3 . (a) Write as an equation : The volume of a sphere is 
a function of the radius. 

(6) Write as a proportion : The volumes of two spheres are 
proportional to the cubes of their radii. 

4 . (a) Write as an equation : The area of a circle is a 
function of the square of its radius. 

(b) Write as a proportion : The areas of two circles are 
proportional to the squares of their radii. 


6. The statement z vmesjoirUh/ as x and ;// rneans that 
z varies as x when y is fixed in value, and that z varies as y 
when x is fixed in value. Hencje the relation is written : 
z = hxy^ where k is some constant. 

The area of a triangle varies jointly as the l)ase and the 
altitude. Hence A = kah. What is the value of k in this 
equation? Show that if a = 10, then the area varies as the 
base. Show that if 6 = 6, then the area varies as the altitude. 

6. If 2/ = state whether the function (that is, y) in- 

X 

creases or decreases as x increases. 


State whether the following functions of x increase or 
decrease as x increases (x being positive) : 


7 . 2 / = 


6 


X ^ 
6 


2 + 


9 . y 


1 + ? 

' X 


10 . y = 

3 +- 

X 
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309. GRAPHS 

Draw the graphs from a: = — 3 to a: = 3 of : 

1. ;(/ = a;'' — 2 a: + 1 2. y = — x‘^ — 4 

3. How can the roots of the equation a:" — 2 a: + 1 = 0 
be found from the graph drawn in ex. 1 ? 

4. Solve graphically 2 a:'* + 3 a:^ — 9 a; — 10 = 0. 

6. Solve graphically : y - 

[X + 2/® = 11 

If we try to solve this set by the substitution method, we 
are led to the equation a^ — 14 + x + 38 = 0. One 

root of this equation is x = 2; hence the left member is 
exactly divisible by x - 2. Dividing, we get the equation 
X'* + 2 x^ — 10 X — 19 = 0. The methods of solving equa- 
tions of the third degree to any desired accuracy are studied 
in college algebra. The solutions, to two decimals, of the 
given set are : 


f X = 2 

lx = 3.13 

r X = - 1.85 f 

II 

CO 

ly =- 2.81 

00 

CO 

II 

>> 


6. Draw the graph of x‘‘ + = 9, and on the same axes 

draw the graphs of (a) ?/ = x ■+■ 1 ; Q>) y = x + 5. 

The first line intersects the curve in two points, and the 
second line does not intersect the curve at all. To find the 
equation of a line that intersects the curve in just one point 
(that is, a tangent line), we solve the two equations: 
x^ -t- 2/“ = 9 and y = x-\-h. This gives the equation 

2 x“ -f 2 Ifcx -|- — 9 = 0. For what value of k will the 

roots of this equation be equal? After finding h, substitute 
its value m. y == x k and draw the graph. 

As in ex. 6, find the value of k such that : 

7. y — 4cx -\- k will be tangent to y = 3 x*. 

8. y = kx — 2 will be tangent toy = x**. 

9. y = kx — 3 will be tangent .to y = x‘ + 2 x. 

Such problems are studied further in analytic geometry. 
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310. RADICALS — EXPONENTS 


1. Show that 1 equals ^5~(4 +^10). ____ 

2. By squaring the two numbers, show that V3 and 

|(V2 + Vg) are the same number. 

3 . Prove, by checking, that a; = 1 is a solution of 
(x +'\/3)2 +(a; -~v^)2 +(x +'N/3)(a; — '\/3)= Qx 


4 . By solving each equation, show that the roots of 
+ nx + P = 0 are twice as large as the roots of the 
equation 4 + 2 nx + p = 0. 

Write in the simplest form : 


5 . Va+V2,5 +V.1 

6. V24 +Vf 


7 . 


8. (4a;"”V) ^ 

9 . (8 


x^y 




10 . 


x'~'^y ^ x^h/ 


11 . 


3 


V5 +V3 V 5 -V 2 


1., 


\2h 

a 


V3 

■ 4 , 


V2 


I 

50a6 


13 . x^(4/x + - 1) 

14 . x^y(x^ — y)— xtj^ix + y^) 
State the values of : 


16. 


19. 

4“? 

23. 

6“ 

16. 

i 

00 

20. 


24. 

25"* 

17. 

( 8 l )-3 

21. 

(i)-’ 

26. 

(9i)-i 

18. 

( 8 - 1 )? 

22. 

4-3 

26. 

(9-1)1 

Write with positive exponents 

and simplify 

» 

27. 

a 


6-1 

OQ 



a-i + 6-1 

iiO« 

a + 6“"^ 

437. 

a'~ -■ 
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311. PROBLEMS 

1. At an entertainment the children were admitted for 
15)ii and the adults for 25!^. If $13.75 was collected and 75 
people were present, how many children and how many 
adults were present ? 

2. The sides of a triangle are 9 in., 11 in., and 12 in. Find, 
to the nearest hundredth of an inch, the length of the altitude 
to the longest side of the triangle. 

3 . A dairyman combines milk containing 4% butter fat 
with some cream containing 24% butter fat. How many 
gallons of each shall he use to make 760 gal. csontaining 18% 
butter fat ? 

4 . The load that a beam can safely carry varies as the 
square of the depth of the beam. If a beam 6 in. deep can 
carry 2700 lb., how much can an 8-inch beam carry? 

6. A farmer has enough fencing to inclose a rectangular 
field whose length is 4 ft. more than 3 times its width. If, 
however, he builds a square inclosure with the same perimeter 
as the rectangle, the area of the field will be increased 64 sq. ft. 
Find the length and the width of the field. 

Would the method of solving this problem be different if the 
question were : How many feet of fencing has the farmer? 

6. If an object is thrown vertically upward with a velocity 
of 96 ft. a second, its distance above ground after t seconds is 
found by the formula d = 96 < — 16 

(a) After how many seconds does d = 140 ? Explain why 
both solutions of the equation have a meaning. 

(b) Solve the equation when d =? 150. Can the object 
ever reach a height of 150 ft. ? 

(c) To find the greatest height the object can reach, draw 
the graph of d = 96 i — 16 f from < = 0 to i = 6. What is 
your conclusion? 
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312 . PROBLEMS FROM GEOMETRY 


1. In the figure, CD is the bisector of angle (7. Hence we 



In ex. 1, it is also known that f 
fact, show thiat = 7 : 73^2 ^ ^ 


(lb — pq. From this 
c). 


(a + by 

3 . If a + 6 + c = 2 5, prove that (a + by — 0 ^ == 4 — c). 

4 . In the figure, CD is a me- 
dian and CE an altitude. Call 
DE == X and EC = y. Note that 
AD^DB=^ic. Write all the 
equations that can l)e found from 
the right triangles, eliminate x and 
2 /, and prove that 

2 + 2 (i^ + 4 



6. The radius of one circle is r and that of another circle 
is r + a. Find the difference in their circumferences. 
Does the difference depend on the value of r ? 

6. The circumference of one circle is C and that of 
another circle is C + a. Find the difference in their radii. 
Does the difference of the radii depend on the value of 07 

7 . The circumference of the earth is about 25,000 mi., and 
that of the moon is about 6800 mi. If each circumference 
were increased by 1 mi., would the change in the radius of 
the earth be more or less than the change in the radius of 
the moon? 
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313. PROGRESSIONS 

1. Each stroke of an air pump removes one fourth of the 
air in a vessel. What fractional part of the air has been 
removed after 5 strokes? 

2. The machinery in a factory cost $50,000 and each 
year it is worth 15% less than in the previous year. What 
is the machinery worth at the end of the fifth year? 

3. A vessel containing an 80% sugar solution was emptied 
of one half of its contents and then filled with water. If 
this process was done 6 times, what was the per cent of sugar 
in the final solution ? 

4. If letters are written to each of 2 people and each of 
these writes to 2 others, etc., for 10 rounds, how many letters 
are written in all? 

6. Suppose in ex. 4 that each person writes 3 letters 
instead of 2. Will the number of letters be greatly increased ? 
Guess at an answer, and then find how many letters will be 
written. 

6. On shipboard “eight bells” is rung at noon and every 
4 hours thereafter. If 1 bell is rung at 12.30 p.m., 2 bells at 
1 P.M., 3 at 1.30p.m. etc., up to “eight bells” at 4 o’clock, 
how many bells are rung from noon till midnight? 

7. The successive multiples of a number h (including the 
number itself) are h, 2 h, S h, etc. Find a formula for the 
sum of the first n terms of this progression. 

8. If each term of a geometric progression is multiplied 
by k, do the new terms form a geometric progression ? 

9. Answer ex. 8 for an arithmetic progression. 

10. Repeat ex. 8 and 9, assuming that the number k is 
added to each term of the progression. 

11. Prove that in a geometric progression : 

(a) Um = 

(5) If a = r, then tjm = 
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314 . 


LOGARITHMS 


Without using the tables, prove that 

1. log f + log 8 — log i = log 5 
Suggestion, log { + log 8 — log -J = log («■ X 8 ^ §) 

= log (I X 8 X -1) = log (?) 

2. log f — 5 log 2 + log 128 = log 3 
Suggestion. Note that 5 log 2 = log 2“ = log 32. 

3. log f — log + 3 log 3 — log 5 = log .9 

4. log + 6 log 2 — 3 log 5 + log 50 — log 6 = log 2.4 
6. log V = I- log (a + a;) + i- log (a — x) 

In ex. 6 and 7 the answers should have 4 significant figures. 


Find[ the value of : 


6 . 



Vi - TT Vs - TT 

8. The volume of a circular tube, such 
as an automobile tire, is 

V ^ ^ 

y - 32 

where D and d are the largest and smallest 
diameters, as shown in the figure. 

Find F if D = 34 in. and d — 26 in. 



9. The part of a sphere between two parallel planes is 
called a spherical segment. If h is the distance between the 
planes, and R and r are the radii of the two bases of the 
segment, the volume of the segment is 

V = + r^ + |~] 

Find V if h = 2.7 in., B = 4.1 in., and r = 2.3 in. 

10. Write the formula for the capacity, G, in gallons 
(1 gal. = 231 cu. in.) of a cylindrical tank I feet long, the 
radius of the end being r feet. Find the capacity if the 
length is 18 ft. 3 in. and the radius is 2 ft. 4|- in. 
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11. About 300 years ago the Dutch paid the Indians $24 
for the island of Maniiattan. To what will $24 amount in 
300 3 mars at 5% compounded annually (to the nearest 
$ 100 , 000 ) ? 

12. The radius, r, of a circle inscribed in a triangle whose 
sides are a, b, and c, is 

r = J:.) where s — |(a + b + c). 

Find the radius of a circle inscribed in a triangle whose 
sides are 4.8 in., 4.2 in., and 5.4 in. 

13 . The radius, E, of a circle circumscribed about a triangle 
whose sides are a, 6, and c, is 


E = 


aha 


where s = + b + c) 


— a)(« ““ ~ 

Find the radius of a circle circumscribed about a triangle 
whose sides are 4.8 in., 4.2 in., and 5.4 in. 

14. The elevation, c, in inches of the outer rail of a railroad 

(Iv^ 

curve of radius r feet is e = ^ distance in 

feet between the rails, and v is the maximum speed in feet per 
second of the trains. Find e when d = 4.5, r = 2000, and 


V = 66 . 


315. BnroMiAL theorem 

Write the first four terms of the expansions of : 

1. (a + 2 xy 3. (a; - 3 2 /)“ 6. (a:* - 3 

2. (a^ -yy 4. ix + 2yy^ 6. (r’ + 

7. Write the 4th term of (2 x — 3 yY- 

8. Write the 6th term of (x + i)® 

9. Write the 6th term of (2 a — by. 

Using the approximation formulas on page 218, find to the 
nearest thousandth : 

10. 17^ 11. 30^ 


12 . 10 ^ 
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310 . trigonometric ratios 

1. Draw a triangle whose sides arc 1 in., 1 in., and V2 in. 
Why is this a right triangle? Which angle is the right 
angle ? From the figure show that 

sin 45° = iV2 cos 45° = 'jV2 tan 45° = 1 

2. The trigonometric ratios of 30° and 60° can bo found 
in radical form by drawing an equilateral triangle. Let 
each side equal 2 in. Draw the altitude ironi one vertex. 
What is the length of the altitude? Why does the altitude 
bisect one angle ? From the figure, find the sine, cosine, and 
tangent of 30° and also of 60°. 

3. Complete the statement: 

In a 60-30 right triangle, the hypotenuse equals the longer 
side multiplied by . . .; and the longer side ecpials the 
shorter side multiplied by . . . 

4. Complete the sentence : The trigonometric ratios are 
functions of ... of a triangle because their values depend 
on . . . 

6. A carpenter’s rule for constructing an angle of 22° 30' 
is to construct a right triangle whose arms are 5 in. and 
12 in. The angle opposite the 5 in. side is about 22° 30'. 
Find the size of the angle to the nearest minute. 

6. Find the area of a triangle if two sides are 294.6 ft. 
and 318.3 ft., and the included angle is 33° 23'. 

7. Find the area of a parallelogram if two adjacent sides 
are 576.1 ft. and 219.3 ft., and the angle between them is 
49° 27'. 

8. The hypotenuse of a right triangle is ; one 

of the other sides is 2mn. Find the third side. Write 
the expressions for the sine, the cosine, and the tangent of 
each of the acute angles in the triangle. 



TABLES 

VALUES OF (l+i)' 


n 

2% 

2|-% 

3% 

3|-% 

n 

1 

1.020 0000 

1.025 0000 

1.030 0000 

1.035 0000 

1 

2 

1.040 4000 

1.050 6250 

1.060 9000 

1.071 2250 

2 

3 

1.061 2080 

1.076 8906 

1.092 7270 

1.108 7179 

3 

4 

1.082 4322 

1.103 8129 

1.125 5088 

1,147 5230 

4 

6 

1.104 0808 

1.131 4082 

1.159 2741 

1.187 6863 

5 

6 

1.126 1624 

1.159 6934 

1.194 0523 

1.229 2553 

6 

7 

1.148 6857 

1.188 6858 

1.229 8739 

1.272 2793 

7 

8 

1.171 6594 

1.218 4029 

1.266 7701 

1.316 8090 

8 

9 

1.105 0926 

1.248 8630 

1.304 7732 

1.362 8974 

9 

10 

1.218 9944 

1.280 0845 

1.343 9164 

1.410 5988 

10 

11 

1.243 3743 

1,312 0867 

1.384 2339 

1.459 9697 

11 

12 

1.268 2418 

1.344 8888 

1.425 7609 

1.511 0687 

12 

13 

1.293 6066 

1.378 5110 

1.468 5337 

1.563 9561 

13 

14 

1.319 4788 

1.412 9738 

1.512 5897 

1.618 6945 

14 

16 

1.345 8083 

1.448 2982 

1.557 9674 

1.675 3488 

16 

16 

' 1.372 7857 

1.484 5056 

1.604 7064 

1.733 9860 

16 

17 

1.400 2414 

1.521 6183 

1.652 8476 

1.794 6756 

17 

18 

1.428 2463 

1.559 6587 

1.702 4331 

1.857 4892 

18 

19 

1.456 8112 

1.598 6502 

1.753 5061 

1.922 5013 

19 

20 

1.485 9474 

1.638 6164 

1.806 11.12 

1.989 7889 

20 


n 

4% 

ii-% 

5% 

6% 

n 

1 

1.040 0000 

1.045 0000 

1.050 0000 

1.060 0000 

1 

2 

1,081 6000 

1.092 0250 

1.102 5000 

1.123 6000 

2 

3 

1,124 8640 

1.141 1661 

1.157 6250 

1.191 0160 

3 

4 

1.169 8586 

1.192 5186 

1.215 5063 

1.2(i2 4770 

4 

6 

1.216 6529 

1.246 1819 

1.276 2816 

1.338 2256 

6 

6 

1.265 3190 

1.302 2601 

1.340 0956 

1.418 5191 

6 

7 

1.315 9318 

1.360 8618 

1.407 1004 

1.603 6303 

7 

8 

1.368 5691 

1.422 1006 

1.477 4554 

1.593 8481 

8 

9 

1.423 3118 

1.486 0951 

1.551 3282 

1.689 4790 

9 

10 

1,480 2443 

1.552 9694 

1.628 8946 

1.790 8477 

10 

11 

1.539 4541 

1.622 8530 

1.710 3394 

1.898 2986 

11 

12 

1,601 0322 

1.695 8814 

1.795 8563 

2.012 1965 

12 

13 

1.665 0735 

1.772 1961 

1.885 6491 

2.132 9283 

13 

14 

1.731 6764 

1.851 9449 

1.979 9316 

2.260 9040 

1 14 

16 

l.'SOO 9435 

1.935 2824 

2.078 9282 

2.396 5582 

16 

16 

1.872 9812 

2.022 3702 

2.182 8746 

2.540 3517 

1 16 

17 

1.947 9005 

2.113 3768 

2.292 0183 

2.692 7728 

17 

18 

2.025 8165 

2.208 4788 

2.406 6192 

2.854 3:i92 

18 

19 

,2.106 8492 

2.307 8603 

2.526 9502 

3.025 5995 

19 

20 

2.191 1231 

2.411 7140 

2.653 2977 

3.207 1355 

20 
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317. Remarks on the Table of Roots and Powers. 

1. By the arithmetic process for finding square roots 
we find that Vll = 3.3166 If we had stopped the work 
at 3.316, we should have said that we had found the first 
three decimals of the root, or the root to three (lecirruil places. 
However, the number 3.3166 is nearer to 3.317 tlian it is to 
3.316. Hence we say that 3.317 is the root to the nearest 
thousandth. 

In previous grades the pupil has found roots to a (Jcrtain 
number of decimal places. When, however, numbers taken 
from several different tables are to be used in a single problem 
(as in ex. 17 to 20, page 236), all the tables must have the same 
degree of accuracy. Hence the table on page 271 gives roots 
to the nearest thousandth. 


2. Since V99 =V9\/il = 3'N/il, we miglit expcMit that 
V9^9 = 3(3.317) = 9.951, In the table, however, V99 
= 9.950. Actually VOO = 9.9498744 The differen(^o 
is due to the fact that in multiplying by 3 we multiply any 
error in the table by 3. Hence, when using a, table it is ad- 
visable to have the coefficient of the radicuil as small as posHil)le. 
In algebraic work, on the other hand, a radical lik(^ \/8 
is not considered in its simplest form xmhm the radicand is as 
small as possible. • 


3. When finding the value of 


6 +\/ 7 '() 
10 


or any ('xpn^ssion in 


which a root is combined with otluu’ numlxu’s, tlie iirithnudlc 
work should always be carried out onc^ st(^p faiHujr tlian tlio 
last figure we wish to retain, and the rcjsult then expressed to 
the nearest thousatuith. Thus : 


6 +V76 ^ 6 + 8.718 

^io~" 10 


14.718 
10 


1.4718, 


which, to the nearest thousandth, is 1.472. 
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n 

TL- 




n 


rt^ 

Vn 

</n 

1 

1 

1 

1.000 

1.000 

51 

2,601 

132,651 

7.141 

3.708 

2 

4 

8 

27 

1.414 

1.260 

52 

2.704 

140,608 

7.211 

3.733 

3 

9 

16 

1.732 

1.442 

53 

2.809 

148,877 

7.280 

3.756 

4 

64 

2.000 

1.587 

54 

2,916 

157.464 

7.348 

3.780 

5 

25 

125 

2.236 

1.710 

55 

3,025 

166,375 

7.416 

3.803 

6 

36 

216 

£ 441 ) 

1.817 

56 

3,136 

175,616 

7.483 

3.826 

7 

49 

343 

2.646 

1.913 

57 

3,249 

185 ; 193 

7.550 

3.849 

8 

64 

512 

2.828 

2.000 

58 

3.364 

195,112 

7.616 

3.871 

9 

81 

729 

3.000 

2.080 

59 

3,481 

205,379 

7.681 

3.893 

10 

100 

1,000 

3.162 

2.154 

60 

3,600 

216,000 

7.746 

3.915 

11 

121 

1,331 

3.317 

2.224 

61 

3,721 

226,981 

7.810 

3.936 

12 

144 

1,728 

3.464 

2.289 

62 

3,844 

238,328 

7.874 

3.958 

13 

169 

2 , lvi 7 

3.606 

2.351 

63 

3,969 

250,047 

7.937 

3.979 

14 

196 

2,744 

3.742 

2,410 

64 

4,096 

262,144 

8.000 

4.000 

15 

225 

3,375 

3.873 

2.466 

65 

4,225 

274;625 

8.002 

4.021 

16 

256 

4,096 

4.000 

2.520 

66 

4,356 

287,496 

8.124 

4.041 

17 

289 

4,913 

4.123 

2.671 

67 

4,489 

300;763 

8.185 

4.062 

18 

324 

5,832 

4.243 

2.621 

68 

4,624 

314,432 

8.246 

4.082 


361 

6,859 

4.359 

2.668 

69 

4,761 

328,509 

8.307 

4.102 

20 

400 

8,000 

4.472 

2.714 

70 

4,900 

343,000 

8.367 

4.121 

21 

441 

1 9,261 

4.583 

2.759 

71 

5,041 

357;911 

8.426 

4.141 

22 

484 

1 10,648 

4.690 

2.802 

72 

5,184 

373,248 

8.485 

4.160 

23 

529 

12,167 

4.796 

2,844 

73 

5,329 

389,017 

8.544 

4.179 

24 

576 

13,824 

1 4.899 

2.884 

74 

5,476 

405,224 

8.602 

4.198 

25 

625 

15,625 

5.000 

2.924 

75 

5,625 

421,875 

8.660 

4.217 

26 

676 

17,576 

5.099 

2.962 

76 

5,776 

438,976 

8.718 

4.236 

27 

729 

19,683 

5.196 

3.000 

77 

5,929 

456,533 

8.775 

4.254 

28 

784 

21,952 

5.292 

3.037 

78 

6,084 

474,552 

8.832 

4.273 

29 

841 

24,389 

5.385 

3.072 

79 

6,241 

493,039 

8.888 

4.291 

30 

900 

' 27,000 

5.477 

3.107 

80 

6,400 

512,000 

8.944 

4.309 

31 

961 

29,791 

5.568 

3.141 

81 

6,501 

531,441 

9.000 

4.327 

32 

1,024 

32,768 

5.657 

3.175 

82 

6,724 

551,368 

9.055 

4.344 

33 

1,089 

35,937 

5.745 

3.208 

83 

6,889 

571,787 

9.110 

4.362 

34 

1,156 

39,304 

5.831 

3.240 

84 

7,056 

592,704 

9.165 

4.380 

35 

1,225 

42,875 

5.916 

3.271 

85 

7,225 

614,125 

9.220 

4.397 

36 

1,296 

46,656 

6.000 

3.302 

86 

7,396 

636,056 

9.274 

4.414 

37 

1,369 

50,653 

6.083 

3.332 

87 

7,569 

658,503 

9.327 

4.431 

38 

1,444 

54,872 

6.164 

3.362 

88 

7,744 

681,472 

9.381 

4.448 

39 

1,521 

59,319 

6.245 

3.391 

89 

7,921 

704,969 

9.434 

4.465 

40 

1,600 

64,000 

6.325 

3.420 

90 

8,100 

729,000 

9.487 

4.481 

41 

1,681 

68,921 

6.403 

3.448 

91 

8,281 

753,571 

9,539 

4.498 

42 

1,764 

74,088 

6.481 

3.476 

92 

8,464 

778,688 

9.592 

4.514 

43 

1,849 

79,507 

6.557 

3.503 

93 

8,649 

804,357 

9.644 

4.531 

44 

1,936 

85,184 

6.633 

3.530 

94 

8,836 

830,584 

9.695 

4.547 

45 

2,025 

91,125 

6.708 

3.557 

95 

9,025 

857,375 

9.747 

4.563 

46 

2,116 

97,336 

6.782 

3.583 

96 

9,216 

884,736 

9.798 

4.579 

47 

2,209 

103,823 

0.856 

3.609 

97 

9,409 

912,673 

9.849 

4.595 

48 

2,304 

110,592 

6.928 

3.634 

98 

9,604 

941,192 

9.899 

4.610 

49 

2,401 

117,649 

7.000 

3.659 

99 

9,801 

970,299 

9.950 

4.626 

50 

2,500 

125.000 

7.071 

3.684 

100 

10,000 

1 , 000,000 

10.000 

4.642 
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318. Explanation of the Table of Trigonometric Ratios. 
To find the sine, the cosine, or the tangent of an angle 
between 0*" and 45°, look for the angle in the left-hmd 
columns, and find the name of the ratio at the top of the 
columns. The sine is found in the first column, the tangent 
in the second column, and the cosine in the fourth column. 

The column marked cot ” gives the cotangeM of the angle. 
The cotangent of an angle is defined as the reciprocal of the 
tangent; that is, the cotangent of A is 1 divided by the 
tangent of A. Hence, whenever we wish to divide by a 
tangent, we may, instead, multiply by the cotangent. The 
cotangent may also be defined as the ratio of the adjacent 
side to the opposite side of the right triangle. 

For angles larger than 45°, look for the angle in the right- 
hand columns and find the name of the ratio at the bottom 
of the column instead of at the top. Thus, we see that 
sin 48° 20' is the same number, .7470, as cos 41° 40', and 
cos 48° 20' is the same number, .6648, as sin 41° 40'. Sim- 
ilarly, the tangent of one angle is the cotangent of the other. 
Why this is true can be seen by examining the definitions of 
the ratios : 


0 




A 

BC 


C = 

BC 

sin 

~ AQ 

cos 

AC 



AB 


C = 

AB 

cos 

A 

~ AC 

sin 

AC 

tan 

A 

BC 

AB 

cot 

C = 

BC 

AB 

cot 

A 

AB 

BC 

tan 

C = 

AB 

BC 


The sine of an angle equals the cosine of its complement 
The cosine of an angle equals the sine of its complement 
The tangent {or cotangent) of an angle equals the cotangent (or 
tangent) of its complement 


TRKIONOME TRIG RATIOS 



.sill 

(,a,n 

<a)l, 


.()()()() .{)()()() 1.0000 
.002'.) .()02!) ;! i;{.77 1.0000 r>0 

.OO.'iS .0()r)S 171. so 1.0000 40 

.00S7 .00S7 1 11..“)!) 1..0000 00 

.01 10 .0110 .S.^.0-10 .0000 20 

.0.1 - 1 .”) . 01 . 17 ) os.rno .0000 10 
.01 7.". .01 .■) 7 . L-. -I I . .0908 89° 

.02' 1 1 .CL'CI i-i.!.i|! .0008 50 

.i.)i'::;: .I'j::;: ij.:-;!: .0007 40 


.0202 .0202 .‘IS. ISS 
.0201 .0201 ;m.:ios 
.();{20 .o;{20 ;}i.2i2 

.o;mo .o:mo 28.0:10 


.0007 30 
.0000 20 
.0095 10 


:..>o.-i;:2 

.9993 

50' 

21., 5-1 2 

.9992 

40' 

22.904 

.9990 

30' 

2 1. -170 

.9989 

20' 

20.200 

.9988 

10' 

19.081 

.9086 

00 

--3 

o 

18.075 

.9985 

50' 

17.109 

.9983 

40' 

10.3.50 

.9981 

30' 

1,5.005 

.9980 

20' 

I -1.921 

.9978 

10' 

11. ,301 

.9970 

86° 


.0727 .0720 i;i.727 
.0750 .0758 13.107 

.0785 .0787 12.700 
.0811 .081,0 12.251 
.()8-I3 .0810 11.820 

.0872 .0875 1 1 .-130 
.0001 .0001 11.0.“)0 
.0020 ,0031 10.712 

.0058 .0003 10.385 
.0087 .0002 10.078 
.1010 .1022 0.7882 

.10-15 .1051 0.51 -l-l 
.107-1 .1080 0.2.55;! 
.1103 .11 10 '.1.0008 

.1132 .1130 8.7700 
.1101 .1100 8.. 5.5.55 
.1 100 .1 108 S.;M.5() 

.1210 .1228 8.M13 
.12-18 .1257 7.0.530 
.1270 .1287 7.7701 

,1305 .1317 7.5058 


.0074 50 

.0971 40 

.0000 30 

.0007 20 

.0004 10 

.0002 86 ° 
.9050 50 

.9067 40 

.0054 30 

.9051 20 

.9948 10 

.9945 84 ° 

.0042 50 

.0039 40 

.9930 30 

.9932 20 

.9929 10 

.9925 83 ° 
.9022 50 

.9918 40' 


i:{()5 .1,317|7..5!).58 .991*1 ;iO 
l.'l.vl .1;M0 7.-I287 .9!)I1 20 

1303 .1,370 7.2087 .9007 10 

1302 .1405 7.1151 .9003 82 ° 
1-121 .l t;{.5 0.0082 .9890 50 

l-M!) .1-105 0.8200 .989-1 40 

1- 178 .1-195 0.0912 .9890 30 

1.507 .1,52-1 0..5000 .988(; 20 

1.5;{r) .1,5.51 0.-13 IS .9881 10 

1501 .1.581 0.3138 .9877 81 ° 
1.593 .1011 0.1970 .‘1872 50 

1022 .lO-M 0.08-1-1 .9808 40 

10.50 .1073 5.97,58 .9803 30 

1079 .170.3 5.8708 .‘)8.58 20 

1708 .1733 5.7094 .9853 10 

17.30 .170,3 5.071,3 .98-18 80 ° 
1705 .1793 ,5.5701 .98-13 50 

179-1 .1823 5.-IS-15 .'.)S3S 40 

1822 .18.53 ,5..3!).55 .!)833 30 

1851 .1883 5.;{0!)3 .9827 20 

.1880 .IDl.-: 5.2257 .9822 10 

1908 .19-1 ! .5.1-1-10 .0810 79 
1 .5.(ll;.-..^ .'.SSI I 50 

1 .:.M()i l.'.'Siii I.I80.5 40 

1004 .2035 4.91,52 .9799 30 

2022 .2005 .1.8-1.30 .979,3 20 

2051 .2095 -1.7729 .9787 10 

2079 .2120 4.7040 .9781 78 ° 
2108 .21.50 -1.0,382 .9775 50 

2130 .2180 -1..5730 .9709 40 

21,04 .2217 -1.5107 .970.3 30 

219:! .2217 -I. -1-1 9-1 .9757 20 

2221 ,2278 •l.:i897 .9750 10 

2250 .2:109 -1., 3.31 5 .9744 77 ° 
2278 .23,3!) -1.27-17 .'.)7;{7 50 

2:{00 .2,370 -1.219,3 .973(1 40 

2334 .2401 4.1053 .9724 30 

2.30,3 .2-1,32 -1.1 12(1 .9717 20 

2391 .2-102 -I.OOll .9710 10 

2- 1 19 .219,3 -1.0108 .970,3 76 

2-1-17 .2,52-1 ,3.9017 .9090 50 

2470 .2.5.55 ,3.91:10 .9080 40 

2.50-1 .2,580 ;i.S0()7 .9081 30 

25.32 .20 1 7 :}.82()8 .907-1 20 

2.500 .2018 ,3.7700 .9007 10' 

.2588 .2079 3.7321 .9659 76° 



008 

C50t 

tan 

sin 
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sin tan cot cos 


.2588 .2f579 8.7321 .0059 75 
.20 10 .271 1 3.080 1 .0052 50 

.201.1 .27-12 3.()17() .OOM 40 

.2072 .2773 3.0050 .0()3(; 30 

.2700 .2805 3.5050 .0028 20 

.2728 .2830 3.5201 .0021 10 

.2750 .2807 3.4874 .0013 74® 
.2781 .2800 .3.1405 .0005 50 

.2812 . 2031 3.4124 .0,500 40' 

.2840 .2002I3.3750 .0.588 30' 

.2808 .200-ll3..34{)2 .0.580 20' 

.2800 .3020j.3.30.52 .9572 10' 

.2021 .30.57 3.2700 .0.503 73 ° 
.2052,. 308!> .3.2371 .05.5,5 50' 

.2070 .3121 3.204 r. 0.540 40' 

.,3007 .3153 3.1710 .9537 ,30' 

.,30,35 .31 85 3.1 397 .9,528 20' 

.3002 .,3217 3.108.1 .9,520 10' 

.,3090 .,3249 3.0777 .0511 72 ° 
..311S!.,32SI ,3.0-1751.0,502 50' 

.31-l5j.,33I-l-3.0I78..0402 40' 

.317,3 .,33 !0 •_).98S7 .0183 30' 

.3201 .:;.37> 2 .!»';no .0(71= 20' 
.322> ..311 i .Oi!;.5' 10' 

.3250 ,3443 2.00-12 .04,55 71 ° 
.3283 .,3470 2.8770 .01-10 50' 

.3;jll .3508 2.8,502 .O-lllO 40' 

.3338 .3,5-11 2,8230 .0-120 .30' 

.3305 .3574 2.7080 .0-117 20' 

.3303 .3007 2.7725 .04 07 10' 

.3420 .,3040 2.7475 .0,307 70 ° 
.3448 .3073 2.7228 .0387 50' 

.3-175 .3700 2.0085 .0377 40' 

.,3502 ,3730 2.07-10 .0,307 .30' 

,3.520 .3772 2.051 1 .03,50 20' 

,3557 .,3805 2.0270 .0,340 10' 

3584 .38,30 2.0051 .0330 69 ° 
.3011 .,3872 2., 5820 .0,325 50' 

30.38 .3000 2.5005 .0,315 40' 

3005 .30,30 2.5.380 .9.30-I ,30' 

3002 .3073 2.5172 .020,3 20' 

3710 .-1000 2.-1000 .028,3 10' 

3740 .4040 2.4751 .0272 68° 
377.3 .4074 2.4.545 .0201 50' 

38{ )0 .4 108 2.4 .34 2 .02,50 40' 

3827 .4142 2,4142 . 02,30 30 ' 


.38.>1 .-1 170 2. .30-15 .0228 20 

.,3881 .-1210 2.37,50 .0210 10 

.3007 .4245 2. .3550 .0205 67 ° 
.,3031 .-1270 2. .3300 .010-1 50 

.3001 .431-1 2..318.3 .0182 40 

.,3087 .43-18 2.2‘)08 .0171 30 

.-1014 .-1383 2.2817 .01,50 20 

.4041 .1117 2.2037 .01-17 10 

.1007 .1-1,52 2.2100 .0135 66° 
.400-1 .4-187 2.2280 .0124 50' 

.4120 .4522 2.21 13 .01,12 40' 

.41-17 .4,5,57 2.1043 .0100 30' 

.41 7,3 .4 5')2 2. 1 775 .0088 20' 

.1200 .1028 2.1000 .0075 10' 

.-1220 .4003 2.1-145 .0003 65 ° 
.42,53 .4009 2.1283 .9051 ,50' 

.4279 .-17,3-1 2.1123 .9038 40' 

.4.305 .-1770 2,0905 .9020 ,30' 

.-1,331 .•1800 2.0809 .9013 20' 

.43,58 .-18-11 2.00,55 .9001 10' 

.-1.38-1 .-1877 2.0503 .8988 64 ° 
.14 10 .4913 2.03,53 .8975 ,50' 

.-1430 .-19,50 2.02(M .8902 40' 

.•M()2 .1980 2.00.57 .89-19 30' 

.4-188 .,5022 1.9912 .8930 20' 

.451-1 .50,59 1.9708 .892,3 lO' 

.45-10 ..5095 1.9020 .8910 63 ° 
.•1,500 .5132 1.9-180 .8897 50' 

.4,592 .5109 1.9,347 .888-1 40' 

.4017 .,5200 1.9210 .8870 30' 

.40-13 ..52-13 1.907-1 .8857 20' 

.-1009 .,5280 1.89-10 .8843 lO' 

.4()95 .,5,317 1.8807 .8829 62 ° 
.-1720 .,53,51 1.8070.8810 50' 

.47-10 ..53'»2 1.8.5.10.8802 40' 

.4772 .,5-130 1.8-118 .8788 30' 

.-1797 ..5-107 1.8291 .877-1 20' 

.4823 .,5.505 1.8105 .870(1 lO' 

.-IS IS ..5.5-13 1.8010 .87-10 61 ° 
.487-1 .5,581 1.7917 .8732 50' 

.4 899 . .50 19 1. 7790 .87 1 8 40' 

.492-1 .50,58 1.7075 .8701 30' 

.4950 .5090 1.75,50 .8089 20' 

.4975 .,57,35 1.7-137 .8075 lO' 

.5000 .5774 1.7321 .8000 60 ° 









TRIGONOMETKIC RATIOS 


.50001 .57741 :i.7321 1. SGGO 60 
.OOlif) .5S 1 li 1 .7205 .SG IG 50 
.5050 .GSG I 1.7000 .SG;{ I 40 

.5075 .5M0() l.G<)77 .S()I(i 30 

.5100 .5!KI0 I.GSGl ..S(i01 20 

.5125 .50G0 1.(1753 ..S5.S7 10 

.5150 .(1000 l.GGIO .S572 59® 
.5175 .GO IS 1.(1531 .S557 50‘ 

.5200 .GOSS 1.(112(1 .S512 40' 

.5225 .(H2S l.G.'MO .S52(l 30^ 

.5250 .GIGS 1.(1212 .S51 1 20' 

.5275 .G2()S 1.(1107 .S IOG 10' 

.5200 .0210 1.(1003 .S ISO 68 ° 
.5321 .(12S0 1.5000 .Sl(i5 50' 
.531S .(1330 1.570S .S15() 40' 

.5373.(1371 1.5(107.8431 30' 

.5308 .(11 12 1.5507 .8-1 IS 20' 
.5422 .(1153 1.54 07 .8103 10' 

.54-IG .(1104 1.5300 .8387 5 7° 
.5171 .(153(1 1.5301 .8371 50' 

.5405 .0577 1.5204 .8355 40' 

.5510 .GGIO 1.5108 .8330 30' 

.5511 .(1(1(11 1.5013 .8.323 20' 

.5508 .0703 1.4010 .8307 10' 

..5.502 .0715 I. -182(1 .8200 56° 
..501(1 .(1787 1.4733 .8274 .50' 

..5(110 .08.30 1.4011 .82.58 40' 

..5004 .087.3 1.45.50 .8211 30' 

..5088 .0010 1. 1-100 .8225 20' 

,.5712 .00.50 I. -1.370 .8208 lO' 

.5730 .7002 I. -1281 .8102 65° 
..5700 .704(1 1.4103 .8175 50' 

..57.83 .7080 1.410(1 .8158 40' 

..5.807 .71.33 1.4010 .81-11 30' 

..58.31 .7177 1..3031 .8124 20' 

..5,8.5-1.7221 I. .3.8-1 8 .8107 lO' 

..5878 .7205 1 .370-1 .8000 54° 
..5001 .7310 I. .3080 .8073 50' 

..5025 .7.355 1.3.507 ..80.50 40' 

..50-18 .7-100 1.3514 .80.30 30 

..5072 .74-15 1.. 3-1. 32 .802 1 20' 

..5005 .7100 1.3:}5I .800-1 lO' 

.0018 .7.5.30 I. .3270 .7080 53° 
.(10-11 .7.581 I. .3 100 .7000 50' 

.OOOO .7027 1..31 1 1 .7051 40' 

.0088 .7073 1.3032 .70,34 30' 


.01.57 .7.813 1.2700!.788() 52 
.01.80.78(10 !. 2723!. 7, 802 .50 

.0202 .7007 1.2017 .7.844 -K) 


'9 .020;’, ..sons, 1 .2.310 .7771 51 

10' .031(1 .81 10 1.2270 .7753 .50' 

20' .0338 .81.05 1.220.3 .7735 40' 

30' .0.301 ..824.3 1.2 13 1 .771(1 .30' 

40' .0.3.83.8202 1.20.50.7008 20' 

50' .0400 ..8;M2 LI 088 .7070 10' 

0° .0428 .8.301 1.1018 .7000 60° 

10' .0-1.50 ..8141 1.1817 .70-12 .50' 

20' .0472.8-1011.1778.7023 -tO' 

.30' .0-1 04 .8.5-1 1 1 1. 1 70S .700 1 30' 

40' .(1517 ..S.501 1 1.1(1-10 .7.58.5 20' 

60' .(>,5.30 ..S(l-12| 1 . 1 .571 .7.50(1 10' 

v'15'.ll .8*1. ■;{ 1.1541 .7517 49° 
10' :.'‘>.5s3 .^7•! I I . I 13.1 .752s 50' 
20' .'.‘.r.01 .s7wO 1.1 3-1.1 .7.)ii.j 40' 

30' .G02G .8847 1 1 . 1 .30.3 .7490 30' 

40' .(>018 .8.800 1.1237 .7470 20' 

60' .(‘>070 ..80.52 1.1171 .7451 10' 

2° .0001 .9004 l.llOG .7431 48° 

10' .071.3.00.57 1.1011.7412 50' 

20' .G7;i4 .0110 1.0077 .7392 40' 

30' .07.50 .910.3 1.0913 .7373 30' 

40' .(>777.9217 1.0.8.50.73.5.3 20' 

60' .0799 .9271 l.()78(i .7.3.33 10' 

.G.S20 .0325 1.072-1 .7314 47° 
10' .(>811 .9:{.S() 1.0001 .729-1 .50' 

20' .(>.802 .9-135 1.0599 .7274 40' 

30' .0.8.81 .9-190 1.05.38 .7251 30' 

40' .(>905 .9,5-15 1.0477 .7231 20' 

60' .(>920.90011.0110.7211 10' 

1:° .()947 .90.57 1.0.355 .7193 46° 

10' .(>907 .9713 1.029,5 .717.3 50' 

20' ,09.8.8 .9770 1.02.35 .7153 40' 

30' .7009 .9827 1 .01 70 .7 1 .3.3 30' 

40' .7030 .9884 1.0117 .7112 20' 

GO' .70.50 .99-12 l.(,)()5S .7092 lO' 

.7071 1,000 1.0000 .7071 45° 


COH oofc tail Hin 
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319. Explanation of the Table of Logarithms of Trigo- 
nometric Ratios. The explanation on page 272 iniist be 
read first. 

The table on pages 277 to 279 gives the logaritlims of the 
numbers that are found on pages 273 to 275 ; tliat is, the pre- 
ceding table gives the actual values of the ratios, while t:,lie 
following table gives the logarithms of the ratios. Tlie two 
tables are sometimes distinguished by the names natural 
ratios and logarithmic ratios. 

As in the preceding table : , 

Tor angles less than 45"^, look for the angle in tlie leflAxmd 
columns and find the name of the ratio at the top of the 
columns. 

For angles greater than 45®, look for the angle in t/lie right- 
hand columns and find the name of the ratio at thcj bottom 
of the columns. 

Since all sines and cosines are smaller tlnin 1, theii’ log- 
arithms have negative characteristics. In tlie table, how- 
ever, the logarithm shows a positive char’acterisih*. and -• 10 
is understood with each such logarithm. 

Likewise, if an angle is less than 45®, its tangent is less tlian 
1, and hence its logarithm has a negatives (4iara(‘.teristic. 
Again — 10 is understood with eaidi such logai’ithm. 

If, however, an angle is greater than ‘15®, then its tangent 
is greater than 1, and the logarithm has either the char- 
acteristic 0 or some positive characteristic}, whiijh is printed 
in the table. 
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log 

log 

log 

log 

ali:i 

t,an 

cot 

coa 


<).('.<)')() u.7()M ().2:{K(i ').n:}7r> 60 

'.).7()i2 o.7(i-M ().2:!r)(; u.uiids 50' 

‘).7();ja '.).7()7;i 0.2527 o.iKiiii 40' 

0.70.55 9.7701 0.2200 0.0.2.5.5 30' 
0.7070 0.77;{() 0.2270 9.0.310 20' 

0.7007 0.77.50 0.221.1 0.0.33S 10' 

0.7ns 0.77SS 0.2212 O.OS.'U 59® 
0.71.30 0.7Si0 0.2 1 S I 0.0.32.3 50' 

0.7100 0.7S 15 0.2 15.5 0.0,3 15 -10' 

0.71S1 0.7S7:i 0.2127 o.o;jos 30' 
0.7201 0.7002 0.200S 0.0.300 20' 
0.7222 0.70.30 0.2070 0.0202 10' 

0.7212 0.70.5S 0.2012 0.02S1 58® 
0.7202 0.7!).S(; 0.201 1 0.0270 50' 

0.72, S2 O.SOM O.IO.SO 0.020S 40' 

0.7302 O.S(M2 0.105S 0.0200 30' 

0.7322 0.S070 0.1030 0.02.52 20' 

0.73-12 0.S007 0.1003) 0.02M 10' 

0.7301 0.S125 0.1 S75 0.0230 57® 
0.73S0 0.S153 0.1 S17 0.022S 50' 

0.7400 O.SISO 0.1S20 0.0210 40' 

0.7410 0.820.S 0.1702 0.021 1 .30' 

0.7-13S 0..S2.35 0. 1 705 0.0203 20' 

0.74.57 0..S20.3 0.1737 0.0101 10' 

0.7-170 0..S200 0.1710 0.01S0 56° 
0.7-104 0..S:M7 0.1 O.S;} 0.0177 .50' 

0.751.3 0.S;M-1 0. 1 0.50 0.0 1.00 40' 

0.7.531 0.,S,371 0,1020 0.0100 .30' 
0.7,5,50 0.S30S 0. 1 002 0.0151 20' 

0.750S O.S 125 0. 1,575 0.01 12 10' 

0.7.5.S0 0..S1,52 0.1,51S 0,01.34 56® 
0.7001 0„S I70 0.1,521 0.0125 50' 

0.7022 0..S,500 0.1-104 0.01 10 40' 

0.7010 O.S, 5.33 0,1 107 0.0107 30' 

0.7().57 0..S.5.50 0.1-11 1 O.OOOS 20' 
0.7075 0.H.5.S0 0.1-1 1.4 O.OOHO lO' 

0.7002 0.H013 0.I3S7 O.OOSO 54° 
0.7710 0.S03,0 0.1.301 0.0070 ,50' 

0.7727 O.SOOO 0.133-1 0.000 1 40' 

0.7744 9.S002 0.1.30S 0.0052 .30' 
0.7701 0.S7 IS 0. 1 2S2 0.00-12 20' 

0.777S 0.S745 0.12.55 0.00.33 lO' 

0.7705 0..S771 0.1220 0.002.3 53® 
0.7SI 1 0.S707 0.1203 0.001-1 50' 

0.7.S2S 0.,SH24 0.1 170 0.0004 40' 

0.7844 9.88.50 0.1150 9.8095 30' 


log 
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log 

log 
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cot 

(ilUl 
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log 

log 

log 

ain 

tan 
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TABLES 


log TT = .4971 


1 N 

0 12 3 4 

6 G 7 8 9 

D 

1 10 

0000 0043 0086 0128 ai70 

0212 0253 0291 033*1 0374 

4:2 

11 

0414 0453 0492 0531 0569 

0()()7 ()()4r> ()()S2 0719 077)5 

;i8 

12 

0792 0828 0804 0899 0934 

OOOi) 1004 10;« 1072 1100 

:i5 

1 13 

1139 1173 1200 1239 1271 

i:io:j 1 : 1:15 i:io7 i:ioo i4:io 

32 

!:! 14 

1461 m2.. 15?,? 1553 1584 

1014 1044 107:1 170:i 17:12 

30 

'is 16 

1761 1790 1818 1847 1875 

1903 1931 1959 1987 2014 

28 

i: 16 

2041 2008 2095 2122 2148 

2175 2201 2227 225:i 2270 

26 

II 17 

2304 2330 2355 2380 2405 

2430 2455 2480 2501 2529 

25 

,1 18 

2553 2577 2(i01 2625 2()4S 

2072 2005 271,S 2712 2705 

24 

19 

2788 2810 2833 2856 2878 

2900 292:! 2915^2907 29S9 

22 


ii 20 

3010 3032 3054 3075 3090 

.•ins :ii;i9 .‘iioo :)i.si :i20i 

21 


21 

3222 3243 3263 3284 3301 

3324 ;;:M5 33(55 33S5 3404 

20 


1 22 

3424 3444 3464 3483> 3502 

3522 3541 35(50 3579 355)8 

11) 


a 23 

3617 3036 3655 3674 . 3692 

3711 3729 3747 37(5(5 3784 

18 


24 

3802 3820 3838 3856 3874 

:i.S92 :i5ua :i9?7 :i9'i5 :i902 

18 


25 

3979 39ir7 4014 4031 4018 

40(55 4()82 4099 411(5 4133 

17 


26 

4150 416(^4183 4205 42 1() 

4232 ‘1249 425)8 

16 


27 

4314 'l:i3() 434() 43(i2 4378 

4:i9:i 'M()9 4425 4440 4450 

16 

•'! 28 

4472 4487 4502 4518 4533 

4548 45(5-1 4575) 455)4 4600 

15 

29 

4624 4639 4054 4669 4083 

4098 4713 4728 4742 4757 

15 

I'i 

i!l 

30 

4771 4786 4800 4814 4829 

4843 4857 4871 4880 4900 

14 


31 

4914 4928 4942 41i.55 4069 

4983 4997 5011 5024 5038 

14 

! 32 

5051 5005 5079 5(192 W) . 

■ 5110 5i:i2 5145 .5150 5172 

13 


33 

5185 5198 5211 5224 5237 

5250 5203 5270 5280 5:102 

13 

•is 

34 

5315 5328 5340 5353 5366 

5378 5391 540:1 5410 5428 

13 

1 

35 

5441 5453 5465 5478 5490 

5502 5514 5527 5530 5551 

12 


36 

5563 .^575 5587 5599 56 M 

502:! 5035 5(!47 5058 5(;70 

12 

il; 37 

5682 5(i'04. 5705 5717 5729'’ 

5740'' 5752 57(i:i 5775 578!; 

12 

1 

38 

5798 5809 5821 5832 5843 

5855 5800 5877 5888 5899 

11 

li 

39 

5911 5922 5933 5944 5955 

5900 5977 5988 5999 (1010 

11 

40 

6021 6031 6042 6053 6061: 

0075 0085 0090 0107 "nflf 

11 

41 

6128 6138 6149 6160 6170 

0180 0191 0201 0212 0222 

10 

;; 42 

6232 6243 6253 6263 Om 

0284 0294: 0304 0314 0325 

10 

S; 43 

6335 6346 6355 6365 

0385 0395 0405 0liT5 0425 

10 

;S 44 

6435 6444 6454 0464 6474 

0484 0493 0503 0613 0522 

10 

45 

6532 6542 6551 6561 0571 

0580 0590 0509 0009 0018 

10 

46 

6628 0637 6646 6656 6665 

0075 0084 0093 0702 0712 

9 

i 47 

6721 6730 6739 6749 6758 

0707 0770 0785 0794 0803 

9 

k 48 

6812 6821 6830 6839 6848 

0857 0800 0875 0884 (i89:i 

9 

j 49 

6902 6911 6920 6928 6937 

0940 0955 0904 0972 0981 

9 

1 50 

6990 6998 7007 7016 7024 

7033 7042 7050 7059 7007 

9 

61 

707(5 7084 7093 7101 7110 

7118 7120 7135 7143 7152 

8 

62 

71(50 7168 7177 7185 7193 

7202 7210 7218 7220 7235 

S 

63 

7243 7251 7259 72(57 7275 

7284 7292 7300 7308 7310 

8 

64 

7324 7332 7^ 7^:. 7356 

7304 7372 7380 7388 7300 

8 
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N 01234 66789 D 

66 7404 7412-^ 7419 7.427 7436 7443 7461 7459 7460 7474 ~~S 

66 74S2 7490 7497 7606 7613 7520 7528 7536 7543 7551 8 

67 7569 7560 7^24 7582 7589 7597 7604 7612 7619 7627 8 

68 7034 7642 7649 7057 7664 7072 7079 7680 7094 7701 7 

69 7709 7716 7723 7731 7738 7745 7752 7760 7767 7774 7 

60 7782 7789 7796 7803 7810 7818 7825 7832 7839 7846 7 

61 7863 7860 7868 7875 7882 7889 7896 7903 7910 7917 7 

62 7924 7931 7938-7946 7952 7969 7906 7973 7980 7987 7 

63 7993 SOIJO 8007 XOI-I 8021 8028 8035 8041 8Q4& 8056- . 7 

64 8002 8069 8075 8082 .808,9 8090 '8102 8109 8116 "Sl^ 7 

66 812.9 8130 8142 8149 8160 8102 8109 8176 8182 8189 7 

66 81.96 8202 8209 8215 8222 8228 8235 8241 8248 8254 7 

67 8201 8207 8274. 8280 8287 8299 8300 ^2 8319 6 

68 8325 8331 8338 8344 8351 ^8^57 8303 8370 T!TOi 8382 0 

69 8388 8395 8401 8407 8414. 8420 8426 8432 8439 8445 0 

70 8451 8457 8463 8470 3470 8482 8488 8494 8500 8590 0. 

71 ''IWlT 8519 8625 8631 8537 8543 8549 8555 8501 8567 6 

72 8573 8579 8586 8691 8597 8603 Sjm 8610 8621 8627 6 

73 8033 8039 8646 8051 8057 8663 f?()09 8075 8081 8086 6 

74 ^8M2 8098 8701 8710 8710 8722 8727 8733 8739 STfS 6 

76 8'761 8756 8702 8708 8774 8779 8785 8791 8797 8802 6 

76 8808 8814 8820 8825 8831 8837 8842 8848 8864 8859 6 

77 8865 8871 8870 8,882 8887 8893 8,899 8904 8910 8915 6 

78 8921 8927 8932 8938 8943 ,8949 8954 8900 8965 8971 0 

79 8970 8982 8987 8993 8998 9004 9009 9015 9020 9025 5 

80 9031 9036 9042 9047 9063 90.68 9003 9069 9074 9079 5 

81 9085 9000-110.% 9Uil 9100 9112 9117 9122 913S. 9133 5 

82 9138 9143 9149 9164 9159 fiM'S 9170 9175 91,80 9180 5 

83 9191 9196 9201 9200 9212 92r7‘ 9222' 9227 9232 9238 5 

84 9243 |248 9253 92,68 9203 9209 9274 9279 9284 9289 5 

86 9294 9299 9304 9309 9315 9,320 9325 9330 9335 9340 5 

86 9345 93.60 935,6 9360 9365 9370 9375 OSfT 938,6 9390 .6 

87 939.6 9400 9405 9410 941.6 9420 942,6 9430 943,6 9440 5 

88 9445 9450 9455 9400 9465 9409 9474 9479 9484 9489 5 

89 9494 9499 9.604 9509 9513 9518 9623 9628 9533 9638 5 

90 9542 9.647 95.62 9557 9662 9.660 9.671 9676 9581 9586 5 

91 9590 9.695 9000 900.6 9009 9014 9019 9024 9028 9033 5 

92 9038 9643 9047 9662 9057 9601 9000 9071 967.6 9680 .6 

93 0085 9089 9694 9699 9703 9708 9713 9717 9722 9727 5 

94 9731 9730 9741 9746 9750 9764 9769 9703 9768 9773 6 

96 9777 9782 9780 9791 9795 9800 9805 9809 9814 9818 5 

96 9823 9827 9832 9836 9841 984.6 9850 9864 98.69 9863 6 

97 «86« 0872 9877 0881 9886 9890 9894 9899 0903 0008 4 

98 <1012 9017 9021 0920 99.30 9934 9939 9943 9918 9962 4 

99 9961) 9<)61 9966 9969 9974 9978 9983 9987 9991 990(. 4 
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FORMULAS 


A =Vs(s — a) (s — b)(s — c) 1 Area of a triangle in terms 
s = i(a + b + c) J of its sides 

F = I C + 32 Fahrenheit and centigrade (,eml)(u•^ltu^(^s 
C = 2‘7rr Circumference of a circle . 


TT^ 

4 Tir* 


A 
A 

V = 7rr® 

V = ibh 

V = irr% 


Area of a circle. 

Area of the surface of a 
Volume of a sphere 
Volume of a pyramid 
Volume of a cylinder 


V = 2 7rr*“ + 2 Trh 


Total area of surface of a cylinder 


— b ± Vb^ — i 


n + rs = - - ; nri- - 
CL U 


Roots of ax^ + hx + c = 0 
Sum and product of tlie roots 


a+(n- l)dl 

S — + 1) I 


The nth term and tfie sum of n terms 
of an arithmetic pr()f>;r(jssi()n 


Z or 1 

r — 1 J 


The nth term and the sum of n terms 
of a geometric prognission 


A = P(1 + f)" 


The sum of an infinite geometric 
progression 

Amount on P dollars at i% com- 
pounded annually for n years. 


(a -f 6)" = o" -f na^~% -f 


n(n — 1) 


2 ! 




+ 


n(n — 1 ) (n — 2) 
3!'" 


-f 



V® 




Abscissa, 96. 

Absolute value, 8. 

Accuracy of four-place table of 
mantissas, 229. 

Addition, elimination by, 108, 112- 
114. 

law of signs for, 8. 
of fractions, 68, 09. 
of imaginary numbers, 144. 
of polynomials, 13. 
of positive and negative num- 
bers, 8. 

of radicals, 126. 
of sirnilg.r terms, 13. 

Algebraic expressions, evaluating, 

11 . 

Algebraic representation, 32, 33, 
40, 41, 79, 102. 

Angle of depression, 241. 

Angle of elevation, 241. 

Angles, trigonometric ratios of, 
240-257, 272-~279. 

Annuity, 238. 

Antilogarithm, 227, 

Apothem, 132. 

Applications, of factoring, 56-59. 
of formulas, 38-41, 72, 118, 192, 
235-239, 266, 267. 
Approximation formulas, 218. 
Areas, 38, 97, 133, 170, 236, 257. 
Arithmetic means, 199. 

Arithmetic progression, 196-203. 
Arithmetic triangle, 220. 

Axioms used in solving equations, 
27. 

Axis, X and 96. 


Base of logarithm, 221. 

Binomial theorem, 212-220. 
proof of, 217. 

Binomials, products of, 42. 

Cancellation, 62, 66. 

Characteristic of logarithm, 224, 
225 

Checking, 18, 22, 28, 63, 108, 158, 
254. 

Circle, 38, 97, 170, 267. 

Circular tube, volume of, 266. 
Clearing equations of fractions, 28, 
73, 74. 

College entrance requirements, 6. 
Completing the square, 152, 154, 
156. 

Complex fractions, 70. 

Complex numbers, 144. 

Compound interest, 216, 238, 
239. 

Conditional equations, 26. 

Cone, volume of, 132, 192. 

Conic sections, 188. 

Conjugate quantities, 128. 
Constants, 97. 

Coordinates, 96. 

Cosecant, 256. 

Cosine, 246. 

Cotangent, 256. 

Cube roots, table of, 271. 

Cubes, sum or difference of two, 
54. 

table of, 271. 

Cubic equations, 56. 

Cylinder, volume of, 39. 
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Decagon, regular, 236. 

Decimals, equations containing, 77. 
repeating, 209. 

Degree, of equation and term, *5(5. 

Denominator, rationali/a! ig the, 128. 

Dependence and variation, 98-101. 

Dependent equations, 107, 

Depression, angle of, 241. 

Determinants, 120, 121. 

Difference, of two cul)cs, 54. 
of two equal powers, 207. 
of two squares, 4(:). 
tabular, 22(5. 

Digits of a nuinber, 119. 

Direct proportion, 100. 

Discriminant, 1(5(5. 

Division, by logajithms, 230. 
by monomials, 20, 21. 
by polynomials, 22. 
by 55cro, 10, 63, 74. 
checking, 22. 

law of exponents for, 20, 134. 
law of signs for, 10. 
of fractions, (5(5. 
of imaginary nutnl)ers, 14(5. 
of positive and negative num- 
bers, 10. 
of radicals, 128. 

Elevation, angle of, 241. 

Elimination, l)y in ult iplkuit ion- 
addition, 108, 112-114. 
by sulistitution, 110, 11(5, 17(5. 

Ellipse, 170, 171, 188. 

Equal roots, 16(5. 

Equations, algebra, i(! solution of, 
28, 56, 57, 74, 80, 152, 154, 
160, 157, 1(51, 162, 190. 
axioms used in solving, 27. 
cheeking solution of, 28, 108, 158. 
classification of sets of, 107. 
cleared of fractions, 28, 73, 74. 
conditional, 2(5. 
containing decimals, 77. 
cubic, 56, 


F.ciumI lofis, degree of, 5(5, 
dependemt,, 107. 

(Hpiiva,l(mi) 8(4,8 of, 184. 
fonncHi wilii givcm rools, 174. 
fra,c.tiona,l, 73 7(5. 
graphic sohition of, 95, 10(5, 1(58, 
1(59. 

homog(ai(‘oiis, 18(5. 
identical, 2(5. 
impos8il)I(^ 189. 
in tli(‘. (|ua(lrali(‘ form, 1(52. 
inconaiMtent, 107. 
indep(m(l(m(,, 107. 
liiKiar, 28, 77, 95. 

Ihural, SO. 

li(.(n'al (luadra( ^(^ 82, 15(5, I (51. 
of lim^ through two points, 172, 
of pa.ral)ola througli (iiree poinliS, 
173. 

(|ua(lra(i(!, 150 171. 
radical, 189 192, 
roo(s of, 26, 158. 

H(v(.8 of liiKNir, 105 121. 
sets of li((‘ral, 1 b*i. 

8(4.8 of (iua(lrati(', 175 187, 
simuff.aiK'ouH, 105. 
solving, 28, 5(5, 57, 74, 80, 95, 
10(5, 152, 151, 15(5, 157, 1(51, 
1(52, 1(58, 1(59, 190. 

I t}i(H>ry of, 1(55. 
traiispOHition in, 27. 

Mjuilnlc'nd ivUiny.lv, 132, 133, 236. 
E(iulval(‘ri( h(}(h of e(iuatioiiH, 184, 
Mv;diinling; alg(4)rai(t (‘Xppwions, 
11 . 

Expotumts, fractional, 137, 138. 

la.WH of, 15, 20, 13*1 "137. 

negativ(s 13(5. 
th(‘ory of, 13'1 141, 
sflcro, 135. 

ExtramHius roots, 190. 

Factor Ihcsorem, 52, 53, 99. 
l^’actoring, applicalions of, 56 59. 
by fatvior l.h(‘orcan, 53. 
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Faciioritig, by groiipiuK, 50. 
difference of tAVO squares, 40. 
equations solved by, 56, 57. 
general directions for, 48, 54. 

|)oly norn ia,ls, 44-53 . 
sum or diffcvrence of equal powers, T 
2()7. 

sum or difference of two cubes, 
54. 

suinmary of, 54. 
trinomia,! squares, 44, 150. 
trinomial, s, 44. 
usefulness of, 58, 59. 

Fa,<!tors, defined, 9. 
monoiniid, 48. 
prime, 48, 58. 

Formulas, a|)i)li(iations of, 38-41, 

72, 118, 192, 235 239, 266, 267. 

a.pproxima,tion, 218. 

(lire(4.ions for using, 38. 
ompirica.1, 104. 

Frac-tionai e<iua;t,i()ns, 73-76. 

lfra,<vtional exi)onents, 137, 138. 

Fi’a,(‘-tious, addition of, 68, 69. 
eleaj'ing eciuations of, 28, 73, 74. 
{X)m|)lex, 70. 
division of, 6(). 
mulliplicadon of, 66. 
r(Hluc.tion of, 62. 
review of, 71. 
signs in, 64. 

Freciuciuiy graplis, 103. 

I'ulcrum of a lever, 34. 

I^'iinctional notation, 98, 99. 

Functions, defined, 98, 104. 

(General r(iview, 258-268. 

Geometric moans, 205. 

Geometric progression, 196, 197, 
204-210, 238. 

Graphs, axes of, 96. 

({onstrucstion of, 90. 
frequency, 103. 
interpretation of, 92, 
of circle, 170, 


4pGraplis, of ellipse, 171. 
of hyperbola, 171. 
of linear equations, 95. 
of logarithms, 223. 
of ])aral)ola., 170. 
of quadratic equations, 168, 169. 
of sets of lineal’ equations, 106. 
of statistics, 89. 
showing negative numbers, 94. 
Grouping, factoring by, 50. 

Hexagon, 131. 

Flistorical notes, 142, 164, 211, 219, 
220, 237, 255. 

Homogeneous eciuations, 186. 
Homogeneous ciuantity, 186. 
Hyperbola, 171, 188. 

Identity, 26. 

Imaginary numbers, 143-146. 
Impossible eciuations, 189. 
Inc^onsistent equations, 107. 
Independent equations, 107, 

Index of a radical, 122. 

Intc'gers, consecutive, 33. 

Integral quantity, 52. 
lidicrest, compound, 216, 238, 239. 
Interpolation, 226, 228, 250. 
Invcirse proportion, 100. 

Irrational numbers, 143. 

Irrational roots, 166. 

Isosceles triangles, 132. 

Last term, of progression, 198, 204. 
Laws of exponents, 15, 20, 134-137. 
Laws of signs, 8-10, 14. 

Least common multiple, 59, 74. 
Lever, 33, 34. 

Linear eqimtious, algebraic solu- 
tion, 28, 77. 
graphic solutioo, 95. 
sets of, 105-121. 

thrcic unknown rmmlxu's, 1 14- 

110 . 

two unkno wn numbers, 105-113. 
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INDEX 


Literal equations, 80, 113. 

Literal numbers, defined, 7. 

problems containing, 78. 

Literal quadratic equations, 82, 
156, 161. 

Logarithms, accuracy of, 229. 
base of, 221. 

characteristic of, 224, 225. 
defined, 221. 
division by, 230. 
finding powers by, 232. 
finding roots by, 233. 
graphs of, 223. 

interpolation of, 226, 228, 250. 
mantissa of, 224. 
multiplication l)y, 220. 
of trigonometric ratios, 257. 
table of logarithms of mimbcjrs, 
280, 28l“. 

table of logarithms of trigono- 
metric ratios, 276-279. 
tabular difference of, 226. 

Mantissa, 224. 

Means, arithmetic, 199. 

geometric, 205. 

Monomial factors, 48. 

Monomials, division by, 20, 21. 
multiplication by, 15. 
powers of, 16. 
similar, 13. 

Multiplication, by logarithms, 229. 
checking, 18. 
law for, 15, 134. 
of fractions, 66. 

■ of imaginary numbers, 146. 
of polynomials, 17, 18. 
of positive and negative num- 
I bers, 9. 
of radicals, 122, 127. 

Negative exponents, 136. 

Negative numbers, 7-14, 94. 
Numl)er of roots of a quadratic*, 
equation, 164, 166. 


®>Tumbers, (jomplcix, 144. 
imaginary, 1 1 46 . 

irrationoil, bb‘b 

, positive and ncsga-tivc^, 7'“-14. 
rational, 143. 
real, 143. 

Numerical sul).s<.itution for (check- 
ing, 18, 22, 28, (>3, 108. 

N umerical trig( )n()m(4iry, 210-257, 
268, 272-279. 

Ordiimte, 96. 

Origin, 96. 

Parabola, 170, 173, 188. 

Para,llelogi\*un, a,rea of, 257. 

Parenth(js(cs, 24, 25. 

Pascal’s triangle, 220. 

Pentagon, regular, 236. 

Pi (tt), formula, using, 38, 39. 
loga,rithm of, 288. 

Polynomials, a.d(lition of, 13. 

division of, 20 "22. 

factoring, 44 5.‘b 
multiplication of, 17, 18. 
sciuarcis of, 60. 
scjuare roots of, 61. 
sul)tra(‘.tion of, M. 

Positives and nccgativci uumlxM’s, 
7-14. 

Powers, found l)y binomial tluc- 
orem, 212. 

found by l<)ga,ri(lims, 232. 
laws for, 15, 20, 134, 135. 
of imagiiuiry numlxcrs, 145. 
of rnonomialH, 16. 

Prolilems, suggcist.ions for solving, 
32-34', 84. 

Ih-ogressions, arithmetic, 1 96 203. 

g(K)m(4.ri(c, 196, 197, 204 210, 
238. 

Proportion, 100. 

Proportions useed in solving prol)- 
lems, 81:. 

l^ramid, volume of, 132. 
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Quadratic e(|uations, iilgcbraic so-' 
/-^""lutiou of, 57, 152, 154, 156, 
157, 161. 

character of roots of, 166. 
defined, 56. 
discriminant of, 166. 
formation of, 174. 
formula for roots of, 157. 
general directions for solving, 152. 
graphic solution of, 168, 109. 
literal, 82, 156, 161. 
product of roots of, 158. 
sets of, 175*-187. 

solved l:)y completing tlie sciuarc, 
152, 154, 156. 

solved by factoring, 56, 57. 
solved by the formula, 157, 161. 
sum of roots of, 158. 

(Quadratic form, equations in, 162. 
(Quadratic formula, 157. 

Radical equations, 189-192. 
Raxlicals, 122-128. 

Radicand, 122, 124. 

Ratio of g(^ometri(; progression, 19(5. 
Rational number, 148. 

Rational quantity, 52. 

Rational root, 166. 

Rationalizing factor, 128. 

Ratios, trigonometric, 240-257, 
272-279. 

Real numl)er, 143. 

Recii:)rocal of a number, 112, 160. 
Re(5 tangle, 38, 97. 

Rediu^tion, of fractions, 62. 

of radicals, 124, 

Repeating decimals, 209. 

Reviews, 56, 71, 72, 86, 87, 148, 
149, 193-195, 258-268. 

Roots, cliaracter of, 166. 
equal, 166. 
extraneous, 190. 
found by logarithms, 233. 
irrational, 166. 
law of exponents for, 135. 


Roots, number of, 164, 166. 
of an equation, 26, 158. 
rational, 166. 

relation to coefficients, 158, 165. 
table of, 271. 
unequal, 166. 

Satisfying an equation, 26, 105. 
Secant, 256. 

Series, alternating, 218. 
defined, 196. 

Sets of linear equations, algebraic 
solution of, 108-116. 
classification of, 107. 
graphic solution of, 106. 
three unknown numbers, 114- 
116. 

two unknown numbers, 105-113. 
Sets of literal equations, 113. 

Sets of quadratic equations, alge- 
braic solution, 176-180, 184- 
187. 

graphic solution, 181-183. 
Significant figures, 229, 243. 

Signs, in fractions, 64. 
in polynomials, 64. 
laws of, 8-10, 14. 

Similar monomials, 13. 

Similar terms, 13. 

Similar triangles, 240, 242. 

Simple equations, see Linear equa- 
tions. 

Simultaneous equations, see Sets 
of equations. 

Sine, 246. 

Solving equations, 28, 56, 57, 74, 
80, 95, 106, 152, 154, 156, 
157, 161, 162, 168, 169, 199. 
Solving problems, 32-34, 84. 
Solving triangles, 254. 

Sphere, 39. 

Square roots, of irrational binomi- 
als, 131. 

of polynomials, 61. 
table of, 271. 
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S(iunro,s, differonce of two, 4(1. 
of binomials, 42. 
of i)olyiioiruals, (50. 
tn,l:)Ic of, 271. 
trinomial, 44, 150. 

Substitution, elimination by, 110, 
116, 176. 

numerical, 11, IS, 22, 28, (13, 
108. 

Subtraction, 14. 

Sum, of arithmetic progression, 

200 . 

of geometric progression, 20(1. 
of infinite geometric progression, 
208. 

Supi)lernentary topics, \ )inomial 
theorem for fra(;tional expo- 
nents, 218, 219. 
compound interest, 238, 239. 
determinants, 120, 121. 
equations of curves through 
given points, 172, 173. 
forming an equation with giv(Mi 
roots, 174. 

frequency grai)lis, 103. 
gcometri(j exerciises, 132, 133. 
other metliods for solving sets of 
quadratic e(iuations, 184- ltS7. 
proof of binomial theorcun, 217. 
square of a polynomial, (lO. 
square root of a i)olynomial, (11. 
square root of an irratiornd bi- 
nomial, 131. 

trigonometric formula for area of 
a triangle, 257. 
trigonometric relations, 25(1. 

Tables, of logaritlims of numlxvrs, 
280, 281. 

of logarithms of trigonometric 
ratios, 277r279. 

of natural trigonometric ratios, 
273-275. 


TaJ:)l(‘S, of powers Jind roots, 271. 

of va.lues of (I "I- ■/)", 2(19. 
Tabular dhlcrc'iKU', 22(1. 

Tangxiiit, 243. 

Terms, deliiuMl, 9. 
degree of, 5(1. 
of progn^ssions, 198, 204. 
similar, 13. 

d'etraliedron, rc^gula-r, 132, 133. 
ddieory, of equations, 1(15. 

of expo nerd s, 1 3*1- 14 1 . 
11iennom(it(a’, 97. 

Transit, 241. 

Transposidon in (apaitions, 27. 
d^rapei^oid, ar(%a. of, 38. 

Tria,ngl(’S, a-rea of, 38, 13;!, 23(1, 
257. 

equilateral, 132, 133, 23(1. 
isosc(4es, 132. 
simila,r, 240, 242. 
solving, 254. 

d V ig( ) n ( ) m( day , m u n (^r i( a d , 240 “2 57, 
268. 

tablets of (rigonoimdiiuT ratios, 
272 279. 

ddadiomial stjuan'S, facd.oring, 44, 
150. 

d'rinomials, facd.oriug, 44. 

Ifnequat roots, 1(16. 

Variabh^s, 97. 

Variation, dinud,, lOO. 
inverse, lOO. 
joint, 2(10. 

Volumes, 39, 132, 192, 26(1 
,r-axis, 06. 

//-axis, 96. 

Zero, division l)y, 10, (13, 74. 

Zero exi')onent, 135. 
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TO 

NTBBEffS SECOND COURSE IN ALGEBRA 


Page 19 

1. - 14 + 23 a; - 10 

2. 2 ?/•> - 2/2 - 13 2/ + 5 

3. 4 a-'* - 11 a2 + 26 a - 15 

4. 25 r‘ - 16 r + 3 

5. 4 ,<{« - 7 « + 3 

6. 2 — a;'* — -f 8 re + 4 

13. - 27 ¥ 

14. H- 4 a2(! - 4 a¥ — 2 a5c + 12 ¥c + 3 - 18 b¥ 

16. 2 a2 - 2 a;2 - 2 

16. + :14 ¥ ™ 21 a2 + 17 a ~ 6) 

17. g\j(6 ¥ - 5 ¥ -2l¥ i-3b + 9) 

18. jh(9 -- 33 + 28 a:^ 33 rc + 9) 

19. ;*(72 - 60 ~ 10 + 21 a - 9) 

20. 2"^(6 2/'* + 45 ‘¥ — 94 2 / + 52 2/ “■ 24) 


7. 6 2 /^ - 4 2 / - 18 2/2 + 15 2 / - 2 

8 . 16 ¥ - 16 53 + 3 6 ^ + 8 5 - 2 

9. 66» + 22 ¥ - 8 ¥ + 3 6 + 12 

10. 3 - 4 r-i + 4 - 1 

11. 12 a;-’ + 10 a;2 - 27 a; + 10 

12. 15 - 26 x^y + 13 xif -2y^ 


1, 

2 . 

3. 

4. 
6 . 
6 . 

7. 

8 . 


3a; - 2 + 
5 a; — 2 — 


_^_6 

4 a; + 5 
8 

3 a; — i 


2 a; + 3 
a;2 — 3 a; + 4 
2 a;2 - a; + 3 


4 2/=* - 3 + 

Sy + l 

Sx'^ — xy + 3 2 /® 


a® — ah + 6® 

18. a® - a + 2 


Page 23 


19. 


9. a:® + 4 * - 5 

10. 2 X® + 3 a: + 5 + 

11. 3 X® + 2 X - 4 

12. X + 4 + . 


2x - 3 


2x 


13. 3x — y 

14. a.® + a“6 + a®6® + aV 

16. a® - a«6 + a®6® - a"!)® 

16. «« + a% + a-ift' + a®6» 

17. o» - a% + a'lfc® - «®h® 

2 6® + 6 + 1 20. c® - 1 


1. 6 X + 7 

2. 20 X - 6 

3. - 4 X 4- 14 

4. -12X+27 


Page 35 

6 . 10 + a 

7. 20X-25 

8. - 12 X - 10 

9. X — 4 


11. 4x — 1 

12. -2.x -20 

13. 9 - 8 a 

14. 2 

16. 8 2 / - 4 


6. 33 - 32x 10. - 6x - 4 

NYB. 2d c. AL«. — 19 
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Page 25 — (Continued) 


' nr/ 16. 

13 - 7 6 

23. 6 /> - a 

30. 42 6 

17. 

18 - 2 a 

24. -5 4-1* 

31. 15-ll,s‘ 

18. 

5 5 — a 

26. 27x-C) 

32. :i; - 5 y 

19. 

X 

26. 17 rr - 10 y 

33. 25 a - () 6 ~ 2() c 

20. 

Sr — s ~h i 

27. 22 a - 3 

34. 5 a + 5 6 + 5 c 

21. 

X -- y — 2 z 

28. 5 r ~ 19 

36. 9 rr - 27 

22. 

X 2 y -j- 3 

29. ~ 12 y - 14 

36. 14 :r - 18;// + 9:; 


38. ~ 2 xy + ?/“) 41. ar — (1) -* () x -f x^) 

39. a:^ - +2 xy + ?/) 42. 9 a!^ - (r“ - 2 r.s* H ,s‘-0 

40. <2- — (1 + 2 43. x- "-(;//*’ H* 2 vp + s*) 


Page '^0 


16. 

rc = 10 


22. 

a = 

28. 

/) rs .0. 

(f - vj- 

34. « == 2 

17. 

2 / = 3 


23. 

h = 1 

29. 

■m = J 

36. b =« 0 

18. 

r = -1 


24. 

y =4 

30. 

» 1 

36. == K) 

19. 

,s' = - 2 


26. 

~ 1 :« 

Z — ■■«■■■ 

31. 

t « 0 

37. y 5 

20. 

ii * — 6 


26. 

y = 2 

32. 

:// = 1 

38. .3 « 5 

21. 

II 


27. 

r = 6 33. 

40. n = 0 

Page 30 

r - - 3 

41. w==-12 

39. a = - 8 

42. 

:c = 21 

48. 

6 = 

H 64. 

= - J 60. .s =■-■ 3 

66. j/ = 1 

43. 

V = a 

49. 

c = 

-A 66. 

= ■5 

61. X = 5 

67. r « [| 

44. 

z ^ .1 

60. 

f = 

5 66. a; 

= 9 

62. ')/ ■■= J 

68. .s = 3 

46. 

y=-2 

61. 

,s* = 

- a- 67. y 

3 

63. a - 5 

69. 1 - 3.4 

46. 

t = f 

62. 


- ! 68. < 

= 12 

64. h 8 

70. a; ;i6l 

47. 

a = — J- 

63. 

u = 

4 69. r « 2 

Page 31 

66. w 40 71. y ,12 

72. 

X = -5- 


77. 

a = 06,000 

82. 

» 1326 

87. ?> 200 

73. 

s = 633.6 


78i! « 5 

83, 

i ;«)r. 

88. p = « - V 

74. 

X « 


79. 

n = 2 

84. 

T » 164.85 

89. r .05 

76. 

a; = — 1 


80. 

W « 420 

86, 

r Tfi.ao 

90 . P m 400 

76. 

W « 14* 

81. 

« 12 

86 . 

/' =, 40 
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1. 3000 lb. 2. $2100. 3. $0000 at 7%; $3000 at 4 %. 4. $2000 at 
5%; $8000 at 7i%. 6. $8000 at $4CK)0 at 7%. 6. 23, 24, 25. 
7. 22, 24, 26. 

Page 36 

12. 8| hr. 14. 3 J mi. an hr. 16. 4fV hr* 18. 60 lir. 

13. 12fmi. 16. 4|mi.anhr. 17. 30 mill, 19. 7|V hr. 

NYB. 2i;) C. ABO. 
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20. 50 oz. of 66%; 25 oz. of 50%. 21. 40 lb. @ 40fS; 80 Ib. @ 70ji. 
22. Oats, 20 bu. ; corn, 80 bu. 23. 4 gal. 24. 200 oz. 26. 1280 lb. 
26. 3001b. 27. 451b. 

Page 39 

1. 33.49 cu. in., or about 33.5 cu. in. 2. 113.04 sq. in., or about 

113sq.m.; 462.16 sq. in., or about452 sq. in. 3. 452.16 cu. in., or about 
452 cm. in.; 295.4112 cm. in., or about 296 cu. in. 4. 904.32 cu. ft., 
or about 904 cu. ft.; 1808.64 cu. ft., or about 1810, cu. ft.; 
2712.96 cu. ft., or about 2710 cu. ft. 


1. 12.B“+23a.' + 10 

2. 12.r'i - 7x - 10 

3. 12 .r^ - 23 * - 10 

4. 12 H- 7 X - 10 
6. 6 «“ + a — 2 

6. () a* + a- — 2 

7. 02+4 a&2 + 3 

8. 0^ + 4 M + 3 52 

9. 0252 - 2 oft - 15 

10. 02 _ 2 ah - 16 52 

11. 3 02 - 10 ah + 3 ¥ 

12. 9 x2 - 9 X + 2 
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13. 9x2-9x?/ + 2?y2 

14. 9 .x" - 9 + 2 2/2 

16. 10 + 3 « - 18 <2 

16. 10+3/2-18 /“ 

17. o" + 6 02 + 9 

18. o’ + 6o2fc +9 62 

19. 0252 - 6 06 + 9 

20. 0252 + 6 abc + 9 c2 

21. 02 - 6 o62 + 9 6< 

22. 49 0252 - 56 ab + 16 

23. 4 x2 + 20 xy + 25 

24. 4r2s2 - 20Vs +25 


26. 

— 4 xy + 

36. 

a- — 4 

46. 

26. 

x*^ + 4 a;?/ + 4 1 / 

36. 

- 4 52 

46. 

27. 

x^ + |. a; + A 

37. 

(■W - 4 

47. 

28. 

36 — 4 r + J 

38. 

9-25 .s2 

48. 

29. 

81 + 9 a; + ^ 

39. 

25 r2 - 1 

49. 

30. 

i + 3 a + 9 

40. 

25 0:2 _ y2 

60. 

31. 

I f - ^ 3 ^ 2 / + 25 

41. 

16 r 2 ~ 25 

61. 

33. 

16 - 25 

42. 

^10 _ 5J0 

62. 

34. 

16 a; - 25 ¥ 

44. 

if”- — 2 y” — 

24 63. 


64. 9 + 30 < 3 ® + 15 

55. 

1(5 ~ 
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7. 

(4 z - 3)(3 z + 5) 

16. 

(x + 5)2 

26. 

8. 

( 6 r + 5)(2r - 3) 

17. 

(x - 5)2 

26. 

9. 

(5 b - 3) (3 h + 8 ) 

18. 

(a + 4)2 

27. 

10. 

(5 b - 6 ) (3 h + 4) 

19. 

(a + 4 6)2 

28. 

11. 

(6 6- 12) (3 5-2) 

20. 

(2 c -3)2 

29. 

12. 

(r — 6)(r — 3) 

21. 

(xy - 8)2 

30. 

13. 

Cr2 - 6)(r' - 3) 

22. 

(a» + 1)2 

31. 

14. 

(rts - 6)(ra - 3) 

23. 

(2 + 9 x)2 

32. 

16. 

(r2 + 0)(r2 - 3) 

24. 

(a -- 2/)(2 - 

'//) 


fJYB. 2 d C. 

ALG. 




x"" — 3 x2“ — 10 
aM + o2* - 12 

- 3 e* - 10 

— 3 4 

cix + 2 e2* - 15 
e 2 * + 2 + 1 

e2» - 2 e* + 1 

Qix ^ 0 g2» ^ 9 

e2* + 2 oe* + o2 
24 e* + 9 


(5 + ?/)(! + y) 

(7-3 x)2 

(w, — 4)2 

{in — 8) (to — 2) 

(1 + r)2 

(* + & 

(3.s-6)(.s + l) 
(3 - 6)(.s* + 1) 


iv 
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33. {Zx-^ + i){2x^ -1) 

34. (6 a — 4 6X4 o + 5 6) 
36. (x» - 10)2 

36. («-4S)(« + l) 

37. (45 < + 1)(< + 1) 

38. (6< - l)(i - 5) 

40. (e» + 6)(e*+4) 

41. + 4)(c“ + 3) 


42. («* + 4)“ 

43. (x* - 5)2 

44. (//'' - 3)(;v'' +2) 

46. + 3)(«-“M- 2) 

46. (3 6« - 1)(3 6" +2) 

47. (3(;"‘ - 4)(r’" - 2) 

48. 4" 1)2 

49. (3 2/'' - 4) (2 3) 


1. (x + 3y + z){x + Zy - s) 

2. (x + 3 2 / 4- z)(x - 3 ;// - s) 

3. (x +Zy — z)(x — 3 ;// 4- z) 

4. (x 4- 2 / 4- 3)(x — 2 / — 3) 

6 . (x 4- a — 2) (x — a 4- 2) 
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6 . 

7. 

8 . 

9. 

10 . 


26. 


30. 


11. (a - 6 4- X 4- ?/)(« - 6 - X 

12. (2 6 4- a 4- X — 2 ?/) (2 6 4- a 

13. (r 4- 2 s 4- c — 2 x)(7’ 4- 2 .s — (■ 

14. (a - 4 6 4- 3 X - 5 y){a - 4 6 - 

16. (r - s 4- a 4- h)(r - k - a - 6) 

16. {m? — m 4" 3)(w42 _|. 4* 3) 

17. (5 2/2 4- 3 2 / - 1)(5 2/2 -Zy ~ 1) 

18. (5 2/2 4- 3 2/ 4- 1)(5 2/2 - 3 2/ 4- 1) 

19. (5 2/2 -1- 2/- 1)(5 2/2 -'//“]) 

20. (5 2/2 H- 2/ 4- 1)(5 2/2 - 2/ + ') 

21. (2 a2 + 2 ab + 6“)(2 a* ~ 2 «6 4' 6=) 

22. (x''-|-2x-|-2)(x2-2x4-3) 

23. (x2 4- 2 X 2 / 4- 2 2/2) (x* - 2 x;/ 4- 2 2 /=) 

24. (8 r2 4- 4 re 4- «2)(8 r2 - 4 ?•« 4- «“) 

26. (2 fi*" 4- 2 a" 4- 1) (2 «2'* - 2 4- 1 ) 

(x — 2 / 4- 3)(x - 2 / 4-4) 27. (2 a 


(2x2/4 
(//. 4- I 4 
(x - 3 2 / 

{a 4 ^ 4 6 

(„ 1 4 

■ y) 

-x + 2y) 
f- 2 x) 

3x4-5 v) 


X "I- 2/) (2x2/ — X — 2/) 
4 ./■)(» - 1 - .<•) 

( 6)(x - 3 2 / -- 6) 

■ 4)(rt 4- 4 6 - 4) 
c) (a 4- 1 - (!) 


2 6 - 3c)2 


28. (x 4- 5 r -f 5 k)(x — 7 r — 7 k) 

29. (a — 3 X 4- 3 y)(a -2x4-22/) 

(y + a — 6) ( 2 / 4- 5 a — 5 6) 31. ( 2 / 4- x 4* «)’ 
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1. 2x(3x 4-4)(2x - 3) 

2. 3x(7x 4-S)(x - 2) 

3. 2 6(a-3 6)* 

4. x(x — 4) 

6. x(x — 2) (x 4- 2) 

6. 2x(x — 2)(x 4- 2) 

7. 2x(x - 2y)(x + 2y) 

8 . 3(2/ - 4) (2/ - 2) 

NYB. 2d C. ALO. 


9. 3a(2/ -4)(2/ -2) 

10. (a» - 7 6 )(ai' 4 . 3 6) 

11. a(a — 2 6) (a -f 2 6) 

12. li a(a — 2 6)(a -f- 2 6) 

13. 7aXa - 2 6)(a + 2 6) 

14. a(5x 4 l)(2x 4 1) 

16. r(3r 4 l)(2r - 1) 

16. 3((;» 4 <i*)(a 4 </)(<• - d) 
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17. 2,s'(.s-2 4-4)(.s‘ +2)(i^ - 2) 

18. ('H + ,s‘-i)(r2 4- ,s2)(r -|- s)(r — s) 

19. (h‘^ 9 k)(h^^ ^ H /c) 

20. a(b -f 3)(b — S)(b + 2) (6 — 2) 


21. x(x + 3)(:c -- 3) 

22. x(x^ H- 0) 

23. :r(a: + 3 3 ?y) 

24. '//(x + 3 y)(x — 3 ?/) 
26. 3(r + 4)(r-3) 

26. 3 r^(r — 4) (r + 3) 

* 27. i(a + b)(a- b) 

28. 7r(i^ +r)(/? -r) 

29. 2 7r(E ~ r) 


30. 2 7rr(/i -}- r) 

31. 7rr(r + k) 

32. F(1 + rt) 

33. 7a(3 - a)(3 +a) 

34. 7 a(a - 3) 

36. 5 r(r — 2) 

36. 5(r - 2 .s) 

37. (r + « + i)(r s — t) 

38. a2(a + 2 6)(a - 6) 


39. r(r2 H- 2 r6‘ + 2 s2)(r2 ~ 2 ra + 2 

40. + 2)(ci^ 2)(ci^ Hh l)(^i + l)(a — 1) 

41. (ax + bx + 3 c)(ax + 6rc — 3 c) 

42. 3(^Jt — 1 Hh c)(a — 1 — c) 

43. x(2 xy + a; + 2/)(2 xy “ a; — y) 

44. a:(2 r*^ + 2 rh^ + 3 (2 ~ 2 rV + 3 s^) 

46. r(ar + a; 4- l)(ar — a: — 1) 

46. c2(c2 + 2 c 4 4)(c2 - 2 c 4 4) 


2. (a:4 2/)(5«4 8 6) 

3. (a:4 2/)(4a4 7 6) 

4. (a; 4 2/)(2a 4 ?>) 

6. (x 4 4 a) (2 c — 6) 
6. (2 a* 4 5) (a; — 3 2 /) 


13. (2x-Zy)(a-h) 

14. (2a~6)(c~3(i) 
16. (a - ?))(c - d) 

16. (a4 6)(c-c^) 

17. (a -2h)(c - 2d) 

18. (a; — 3 y) (r — 2 s) 

19. (x — 3 y) (r 4 2 b) 

20. (5 a; — 3 y) (r — /) 

21. (2a -3b)(c - 2d) 

22. (r — s) (u — 2 v) 

23. (2 ~a;2)(a4^)) 

24. (a; ~ 3) (x - y) 

26. (ax — y)(hx — y) 

26. (ac — d)(b 4 ^^) 

NTB. 2d G. ALG. 
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7. (a;4c)(a;4&) 

8. (x 4 b) (x 4 cl) 

9. (r + s)(a-c) 

10- (5a; 4 y)(2a - 1) 

11. (3x-hy)(h-k) 

Page 51 

28. (a; 4 ?/ 4 3) (x — y) 

29. (a; 4 ?/,— 3) (a; — y) 

30. (a — b 4 c)(a 4 b) 

31. (a 4 6 4 l)(a ~ b) 

32. (6 a; 4 6 2 / 4 6) (a; — y) 

33. (5 a; - 5 2 / 4 3)(a; 4 y) 

34. a(a — h)(a 4 3) 

36. a^c(a — b)(a 4 5) 

36. (a 4 4 3)(a 4?>) 

37. (a - 6-4 5)(a - b) 

38. (a-b - 7)(a - b) 

39. (a 4 4 c) (a; 4 y) 

40. (f 4«4 0(^>~2) 
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41. 2 (/.r + 2 bx + 2 cx - ay - by - cy 

42. 2 ar + 2 an -+• 2 at -h 3 hr + 3 /as* H'" bt 

43. 2 ax^ —■ 3 bx'^ + 4 cx“ — 2 a if’ H™ 3 biy’ — 4 cy^ 

44. ax bx + cj; + ay H- by i- cy + az f bz H- cz 

46. xy — hx — ay 4" ah 48. — 5 ;r -f 3 .r-* — 15 

46. Iw - 2 / 4- 3 «.) “ G 49. 8 rn - \ 4 r 4 12 ,s* ~ 21 

47. ax — ay + bx — by 60. G Iw -- <S / "I" 15 //' ““ 20 

Page 53 

2. (x — l)(a;2 X 4- G) 9. Or •“ l)(.r 2)(.r 4' 4) 

3. (x - 2)(x^ 4 2 a: - 4) 10. (y - !)(?/ ~ 2)(// 3) 

4. (x — 3)0r^ — X — 3) 11. {r 4 2)(/* -t 3)(r - 3) 

6. (a 4 l)(a2 - a 4 2) 12. (r 4 3)(r 4,)(r 4 5) 

6. (x — l)(a;2 4^ — 3) 13. (x 4 1)(.^' 4" 2)(.r f- 4) 

7. (b - mb 4 2) 14. (y 4 !)(// H r >)(2 y 1) 

8. x(x 4 l)(^c 4 2)ix - 3) 16. (2 ;r - 3)44 “ 2) 

Page 54 

3. (re 4 2 y){xf^ — 2 xy 4 4 ?/-) 7. {x — 2)(rr“ | 2 x 4 4) 

4. (rc — 2 ?y)4“ 4 2 xy 4 4 ?/-) 8. (;// — 5)f;4 1" 5 ;// ■*[ ' 25) 

6. (2 r ~ ,s*)(4 4 2 ns* 4 «') 9. (2 .r h 5)(*1 .4 « 10 .r •( - 25) 

6. (3 r 4 -S’) (9 + 3 ns* 4 .s‘") 10. (r ())(/•« 1 (\ r 1 30) 

11. r*(a: - 1) 

12. (x 4 y)(^‘^ - xy 4 'i/^)(x - 2 /)(.r« ( • xy “I- //'f) 

13. (r!J 4 4)04 ~ rV 4 «“') 

14. y(y -- l)(f 4 ?/ 4 1)(?/ H*" 1)(:// *- y I 1) 

Page 55 

1 . (a43/>43)(a-3/>43) 

2. (4 a; 4 2) 

3. x(a — 1) (re 4 2) 

4. (3 4 2 r« 4 «-)(3 r*“ - 2 ns 4" -s*«) 

6. (re -- l)(rc 4 l)(ic — 2)(a;'^ 4 2 x 4 4) 

• §. (re» I)(re4 2)(re4r)) 

7. (a - /H" 2 c 4 2 ri()(a --5^2 r -- 2 il) 

8. (a*i/>2 4 3 ab - 0)(a'42 -- 3 ab - 0) 

9. 3(a l)(b 4 1) It x(x^ 4 l)(*r 4 D 

10. 2(a 4 !)(/> - 1) 12. ix l)(a b) 

13. (a^ 4 a; 4 l)(a^ - x - 1) 

14. (a 4 2)(a - 2)(a 4 l)(a - 1) 

16. (/>4 5)(5~5)(/>4 2)(6"-2) 

16. (x - 2)(x^ - 2 X - 4) 17. ^ a(a’^ - 3 a 4’ 3) 

18. y(y l)(?/2 4 ?/ 4 !)(://« 4 //•'' H D 

NYB. 2d C. A;L(i. 
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19. (a+ jO(a + .^-) 20. (r + 4)(r~4) 

22. (a: ./)(:, ‘^ + a;?; + 2 /. + 3 .t + 3 y) ' 

23. (x + y)(x^ - xy + 1 / -Zx + Stj) 

24. (x + y)(x‘^ - xy - x + y) 

26. (x - ;/y)(a:^ + xy + yi ^ x - y) 


26. (a - h) (a + h) (a^ + - i) 

27. (a + h)(a - 6 - 1) 

28. (x + mx + 2) 

29. i2x + 2y--5h)(x + y + b) 

30. (a H- h){a 4* /> +■ 1) 


31. (1 +2/)(l 422 /) 

32. (2a: 4 3 6)(.r - 3 6) 

33. (r* — xy- 4 y) — xy^ — y) 

34. (a 4 6 - 2)2 

36. (a: 42/ 4«' 46 ) (a: 42/ —a —6) 


2 . . 1 ; - 0 , - 2 , or 3 

3. 'X = 0 or 1 

4. X == () or 3 

6. a; - ± 5 

6 . y == i or -- 3 

7. 2 / = 0, — I, or 3 


Page 57 

8. 2 / = 0, — 1, or 4 

9. 2 / == — I or I 

10. 2 / = § 

11 . .t: = ~ 2 , 1 , or — 1 

12 . 2 / = -~2y 2 , or 3 

13. 2 / = 1, 2, or 3 


14. a: =- 2, - l,or3 
16. X = I, 2, or 3 

16. X = 0 , 1; 1 , or 2 

17. :r = 20 or - 120 


1. 5(x - 3)(;i; 4 1) 

2. .T(a; - 2)(x 4 4) 

3. 4 (a: — 3 2 /)^ 

4. 3 x(x — 4)‘* 

6. (2 a; 4 l)(a; 4 l)(:r — 1) 

6. 12a;(a; 4 2/)(^ -- 2/) 


Page 59 

7. xy(x ~ y) 

8. a;(l ~2/)(l 4 27) 

9. 2 a;(a; 4 2 /) (^‘ — y) 

10. a; (a: 4 ?y)(rc ~ y) 

11. a: 2 /(a: 4 y) 

12. 5(a; - 2/)(a;^ 4 xy 4 2 /“) 


1 . ± (a 4 6 — c) 

2. ;1: (a — 3 6 4 c) 

3. ± (x — y 4 — -J^) 


4. 


3 a: — 2 

3 a; 



6 . 


7. 


Page 61 

4. ± (-J. X - y 4 l z — w) 
6 . ± (2 r 4 3 « — ^ — 4 ta;) 

Page 63 

g ?/J” 4 

^-32/ ■ 2/ -f ^8 

X 3 2/ 0 dh ^ 

0:4 3 2/ ■ a~9 


Page 65 



11 . 


1 

14. 

__ x^ 



X 

— 3 

14 a; 

2 

12 . 

£ 

- 2 

16 

a 4 6 

a 4 2 b 

X 

42 


a 

1 

a 4 2 6 

13. 

1 

r 

4 a 

— a 

16. 

1 

iTaTi 

NYB. 2b C. 
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ANSWERS 


Page 65 — {Continued) 


17. 

a(a + 4 c) 

21. 

6 - 1 

26. 

a — 4c 

a{b^ -T+lj 

18. 

- 3 

g;^ — 5 2/^ 

22. 

7-2 

r + 1 

26. 

19. 

x^ + xy + 
x + y 

23. 

a — h 


20. 

x + y - 1 
ax 

24. 

x-y 
x + y 

27. 


Page 67 


1 ^ 

9 X 

5 6^ 

3. 1 

^ rh + 

6. 

6 . 

a + b 

7. 1 

8. 


r 

X 


v{x + y) 

a 


•26 


9 

xK^ + 2 ?/) 

10. f(a + 6) 

11. 3(a-I-6) 

12 ^ 

13. 

14. 

16. 


^5 1^4- Jr. 

(Pi ■+ r - 

rc'-^ — 2 g; + 4 
g; -2 

2 g; "1“ 3 

5 x(x -1- l)(aj — 1) 


- 1 

r + i) 


16. 

17. 

18. 

19. 

20 . 

21 . 

22 . 


Page 69 


62 — 4 ac 

9. 

2 6 — 3 a, 

17. 

4a2 


ab^ 


10 y -h 12 X 

10. 

9 ^/2 + 10 

18. 

' 15 0322/ 

lit 

6o + 66 

11. 

Xyi -1- X 

19. 

2a^h 

2/8 

10 6 - 9 

12. 

a62 - a2 

20. 

12 a6 

¥ 


9 ?y - 10 

13. 

03® + y^ 

21. 

12^ 

xhj 

14 7 

14. 

h + 

22. 

6 oj’ 3 gj 


a® 


xy + 03 

16. 

62 — an 

23. 

y2 

a% 

9r - 10 

16. 

Ha + 5b 

24. 

12 

ala + W 
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a + 6 

^2 2 a; - 2 

/p2 + g; — 4 

(: v + 3 ) 0 / - 1 ) 
h - 3j(:v + 1) 


X 

X — y 
X ±:2j( 

yix + 3 y) 

a 4“ 2 6 

a 

‘1:L? 

X 

{x “f y) {x ■- 2y) 

a' 

I 


--^,5^a6 « 

ab{a + 6) 
a6-»*6« h5a '1-5/:^ 

ab{a ■ { ■ 6} 

A TH -■ 3 4" 3 

Mr I .s’)(r .S') 

J V”:\:Phi zA. 

ylv “1 i)(?y i) 

23 

IBCa "'^6) 

^ gj ^ -f- 1,0 

12(;r + yUx ?/T 

0 20 r 

24r(r ^^-T) 

0 gs 4- 9 « h 4 

o«(a -^'"D 



ANSWERS 


IX 


26. ,^. ^."''. + ,'’“■±5 26 ■tl£L+2iL -26 

^{a - ],)(«■! + a -f. 1) • (2 6 + 1)(2'6 - 1) 

27. g* + 2 x 3 + 4 a:2 + 1(5 

(X - 2)(x + 2)(x2 - 2x + 4)(x2 + 2x + 4) 

28. - — ?/ — 2 

x«/(x + y)( 2 : - y) 

29. ^-2 1 

(x - l)(x - 2)(x - 3)’ (x - l)(x - 3) 


Page 70 


1 . 


<1. — 1 

2 + (i^h 


5. 


9. -(a + 6) 


(6 -- a^)(6 

3 


4. 


?/(?/ — a;''0 

— rp 
t(r^ + 2) 


3 a;2 - 11 ~ 4 


6. .i; — 4 

— 2 a2 


10 . 


.r — 1 


7. a 

8. 


-f 

ab 


X + 1 
— ns^ — 

12 . 


r^(r — s) 

- 1 


3 3 - 19 rc + 30 



4 + 5 a + 2 


Page 71 

Jl - 1 

3 y — i 

2a% 

^ + 2 / 


11 . 


“f~ 


(1 — a; 4* x^j Ci — X ■— x^) 


12 . - 



16. 


16. 


X + 3 


a — h 


(a + h)(Ji -'2 6j 


17. 

18. 


Page 7S5 

r® — rH _ 

.s‘(r 4* 6‘) (r — 2 s) 
0 

Page 75 


a;3 + 1 


19. 1 

# 

20 . 


4j/“ 


(a: + 2 /)(x - 2 /) 


1. 

X 

SB 7 

6. 

fl 

00 

9. 

x^2 

13. 

y 


2. 

y 

« - 3 

6. 

y - 0 

10. 

X = -I 

14. 

T 

«-3 

3. 

r 

« 6 

7. 

r « - 1 

11. 

2/ = f 

16. 

t 

= 1 

4. 

t 


8. 

t « 30 

12. 

f ssa 4 

16. 

a 

» 13 





17, 

r = 6 
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18. a; = 5 or — 2 

19. a; = 5 or -- 1 

20 . X = 3 or — I 

21. y = 1 or — 

22. i = 3 or - 8 


1. X = .634 3. 

2. 7 / = 3.780 4. 


1. 32 and 19. 2. 


1. X = “ 

c 

2. X = s — r 

o. X = — — 

b 

4, a = 

a 

6. X = ~~— 

a + 6 

6. a; = 

T 

7. a; = li- ,1’ 

a — c 

B. x = “-±i 
a — /; 

9. X = 3 -f 

10. X = a 

11. X = a 

12. 0. = 

6 — 3 


38. y = a -f- 6 


23. r = or — 5 

28. a = 12 or 6 

24. X = ± 6 

29. .s* 

= 3 or - 22 

26. 2 / = 8 or 12 

30. X 

= 4 or j- 

26. t = S or — 2 

31. r 

= 5 or 20 

27. r = 6 or - 2 

Page 77 

X - 1.352 6. X = 

= 8.000 

7. r = .160 

y = .806 6. y = 

= .200 

8. t = .030 

Page 78 

22 and 7. 3. 70; 

and 47. 

4. 61 and 31. 

Page 81 

13. X = 2/i +..15 «: 

26. X 

a, “(“ 6 

6 a — 5 

14. a: = 

26. X 

c 

jihc 

6 + e 

16. a = 

6 

27. X 

a ■*! 6 

n6 

" a "f-" '6 

16. X = a H- 2 

28. ;// 

1 

17. X = a H- 2 

29. X 

6 “ a 

7 6 

18. X = a + 2 

30. X 

19 6 

19. X = 6 -f" 3 a. 

31- y 


20. X = 1 — a 

20 

21. X =. 4.« 

32. y 

2 a 

22. X = 2 « 

88. X ^ 

« , 

W - a« 

6 

23. « = ?* 'i+-«i' 

34. y : 

4, 

8 

36. X ‘ 

ah 

xs , , . , , 

24. 2/ = ? 

15 

36. X ■■ 

a — 6 

» a 4* 3 


Page 82 
39. a: = 

40* y « 

ah 


41 ,^,,.100 6 -5 a 

■ ll 

42. X 100 6 


NYB. 2,1) C. ALG. 



ANSWERS 


XI 


43. 

,j, — — 6 (a 4 h) 

48. 

2/ = 25 or — 55 

64. 

2/ = a or — f 5 


a 4 6 - c 

49. 

X = I a or — 4 a 

66. 

y/ = 3 a o r — 4 1 

44. 


60. 

?/ = 6 5 or 1 5 

66. 

X — a or c 


2 



67. 

X = 35 or — i ?- 1 

45. 

_ 2 

61. 

.T = f 5 or 5 

68. 

.a; = 3 a or — 2 < 

(a2-62)(a~6) 

62. 

3 5 5 

a; = 4- or — 

69. 

a* = 3 a or 2 5 

46. 

_ a2 + 6“ + c2 


2 a 4 a 

60. 

2/ = 2(a - 5) 


4 ^ 4 c 

63. 

a: = 55or — 3a 


- 4(a - 5) 




Page 83 



1. 

2 = 4 

6. 

^ 28 -nl 

8. 

m- 


w 


n 


V — u 

2. 

h = ?™4 


j __ 2 8 — 7ia 

9. 



6 


n 


1 

Bq 

3. 

P- ^ 

6. 

m - * 


Pn — n(7P 


1 + r< 


9 - f 



4. 

(a) P = 1000 

7. 

L - “ 

10. 

li 


(6) P = 3126 


W - R 


n 4 1 


11. w = -ML 

12. T 

_ PP 4 76 D 4 2400 


Ld - 

- A 



7200 


Page 85 

'■ ‘ + rai- 3. LM; 

- *') . 4. CiM-nW S. «2-p^da,y.. 6. 

s \ c / ^4*^ a-fc 

7. Oldest, I (d + 3 k) dollars ; next, I d dollars ; youngest, — 3 k) 
dollars. 8. (100 i — 5 s) dollars at 6%; {5 s — 100 0 dollars at 5%. 

9. L.zJ ounces. 10. years. 11. Zc = rd. 12. Average sell- 

l k — I 

ing price, cents; profit, [ar 4 hs 4 ci ~ /;(a 4 4 c)] cents, 

a 4 4 c 

Page 86 

I. State, $20,000; county, $10,000; town, $4000. 2. 46flb. 

3. 5 ft. 7 in. 4. k = 1. 6. k = 5. 6. k = 2. 7. k == - 4 

8 7= 2 «f/?y - 2 ay g “Jl:?. 

2 / * ‘ 

Page 87 

II. a; = 10 13. n « - I 16. t « 

12. y ^ 4i 14. X = 4: 16. a? = 0 

NYB. 2d 0. ALCi. 



xii 


ANSWERS 




Page 87— (CmiUniw(r) 


17. 

„ ab 

20. X = a + /> 

23. 

a + b 4" (' 



18. 

^ ~ ............ 

21. 0. = 

+ ¥ 

9A Hi 

U / 

r — « 

At .. 

19. 

aft + 6= 

^ c~ a- b 

22.. = ! 



arJi :zJjJltszJ^ 

a +' b 


Page 88 

1. (a) About 1130 ft. per sec. (6) About 40.8". 2. T.J. lir. 3. About 
587 days later, or Sept. 17, 1927. 4. AI)out llti days later, or AjM-il (i, 
1926. 6. 3' = 41,666.67; C = 12,(K)0. 

Page 0!) 

1 t; • 7 • c) • _ .ii ■ 4 • s j. 2 — 9 ; — 7 ; — .'i ; — 3 ; — 1 ; 1,3. 
8. (a) 2 or 3.’ (6) a; = - 2 or 7. 9. /(2), /(.6), /(4), /(O.), /(4), 

/(- 2 ). 

Page .101 

4. z/=26|. 6. 2/ = 135 . 6. 2 / =20. 7. . 7 10. 

Page lOJJ 


1. (6) 2 / " 4 a-. 2. (/>) ?/ = • 3. (b) y - 

X ^ 


Iiioonsistcnt 

Independent 


3. Dependent 


Page 107 

4. Ind(^pend(Md< 

5. I")ep(^nd(int 

6. IiKsoiiHiHient 

Page 109 
1, y^O 
0, P - i 

h ■*“ ii 


4. (b) y « -*• :i X. 


7. D(‘|)(‘n(l(^nt 

8 . Indt‘|)(‘nd(‘nt 


2, H »'« I 

» (i, P ,12 

, S, y - « 2 


a; = 2, = 3 4. rc = 1, y « 0 7. r ^ 

X « 3 , yy ~ — 1 5. ii = 0, v - ■! 8. '//■ 

X = —2, 2/ =*' 1 il' 

10. a; = 3, y ^ - 1 

Canoe, an lu,)ur; eurrc'nt, 21 rni. ari lionr 
Boat, (5 mi. an hour; currcait, 1 rni. an liour 
5 mi. an hour; llj mi. 

a = 2, /; = h 16. a « 6, J. 16. P « IL 

Page 111 

8. a « I, b » I 9. r Cl, a ' 

6. r » J, a =1 10. k 1.2, A* ** 

7. a? — 2, 2/ s® *3 11. r .0, 

8. a « (I, b 6 12, x 3000 , y - 

13. Won, If) gamoH; lost, 0 games, 14. 7 1b.; 10 Ih. 16. 

15 J ib.; silver, 4| lb. 16. Tin, 28 lb.; copper, 1811). 

NYB. 2l> a. ABU. 


11 . 

12 . 

13. 

14. 


1 . X = 2, y « — 3 

2. a; - 2, ?y = ~ 3 

3. a " 3, 5 = 2 

4. r « 2, « 3 


^ .8 

I 

KICK) 

Gold, 



ANSWKRS 


1. x = 2, 2/ = -I 

2 . 

3. a: == 6, 2/ = 10 

4. u = 2, ?; = 

^ (x — ah ¥ 
!;//== a:^ — a6 
2. a; = I), y ^ a 

[■* = « -Jif, 

4 I ac — bd 

• L;="£-^ 

L ae — 6(i 


1. a; — 1, 2/ 2, 2! 3 

2. a = -J., 2/ = - 2 = -j 

3. a = 0, y = 2, 2 = — 2 

4. a: = 2, y = a, z = - 4 

6. a = 1, y = - 1, 2 = - 1 

6. a = -i, y = I, 2 = - 3. 


Page 113 
6. r = s = -4 

6. a = ^, y = -J- 

7. re = 4, 2/ = 2 

Page 113 

6. /» = & 

\ 2 / = 

«_ fih 1 

6- / 

y = "Lr 1 

7. re — a, ?/ = 2 7> 

8. ~ 6, 2/ - ah 
Page 115 

“3 7. re 


8. r = 3, 5 = 1 

9. r = 2, s = - 1 

10. -w = 2, ?; = - I 


fre = a + h 
12/ = — ¥ 

) a + 1 

■y = ?L+1 
a — 1 

fx — a -{■ h 
1 2/ = a - 6 


7. re y — 5) z — 10 

8 . re = 1 , 2/ - 2 , ;s = - i 

9. re = 2 2 / = 3 a, 2 = -- 4 a 

10. re = ~ .5. 6, 2/ = f ^ J 6 

11. re== 2 , 2 /= 3 , 2:==4 

12. a = 2, y = 1, 2 = - 1 


13. First, 7; second, 3; third, 5. 14. A, 65 points; B, 36 points; 

O, 25 points ; hence Team A won. 16. 9, 10, and - 3. 

Page 116 

1. a = I, y = 1, 2 = 1 6. X = 3, y = — 2, z = 4 

2. X = I', y = I-, z = -j 7. X = 3, ?/ = — 2, 2 = 0 

3. X = 3, y = 2, z = 1 8. X = 2, y = 1, z = 3 

4. X = 12, y = 9, z = 20 9. x = 1, y = .J, 2 = 3 

6. X = 18, y = 12, 2 = - 6 10. x = 1, y = 2, z = 2 

Page 117 

11. A, 12 days; B, 15 days; C, 10 days. 12. 40 mi. an hour; 6 hr. ; 
240 mi. 13. A I), 8 in.; JJB, 7 in.; FC, 0 in. 14. Circle A, 7 in. 
circle B, 0 m. ; circle C, 5 in. 16. Length, 20 ft. ; width, 18 ft. 

Page 118 

!■ <> = 2— 6 . A - 10. y = x® - X + 1 

2. y=2x-l 6. y = x -2 11. ^ 

3. y = x®H-7x + ll 7. y=x® + 3x® + 3a }„ I 


4. y = 3a®-6xH-5 8. 2 = 51® -201 -25 12 

9. d = - t) 

t 
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10. y = X® — x + 1 
/« = 100.00000 
\5 = .00027 
/« = 40.00000 
\5 = .00006 



XIV 


ANSWERS 


Page 131 

1. a: = 3, 2/ — — 5 4. x — — y - 12 7. x — 8.()5, y = 1.4 

2. X == I, y —— i- 6. a; = 2, ?/ = 3 8. a: = lO, ;// = lOO 

3. a;=~3, 2/=-5 6. a; = 500, 2 / = 200 9. a; = a + 26, ?y = a >- 26 

Page 135 

1. 2aV3; 3aV2;Jui^V^i; _ 

2. iabVh; 4a6V2a; 5a%V2h; Bx^^i y; 5 xy 

3. -V2~crf,viV‘rS; .LVh xy; xy 

d d 2d 3 2 / 2 ;/y 

4. ^Vyy; ^Vx; ^'Vxy; -^xy 

y ^ V 2?/ y ir 

6. (i^or, — h’^l)^, or — //'*; — «6v^6“, or (tb ^ “••” //-; aN/6*‘ 

6 . 3’Ni^2 a; 2 6; 2 a7>^2 a/y; - 3 6 v' l (ih, or 3 6 v' a6 

7. ^^2x?f; — ■i'^Sxy, or - ^ - :ixy; — , * or 

y y V y y 

-} v^-'9 rcy 

8. i -^isac^; 1^27«^i 

3 <; 3 c 3 5 ^ 

9. av^S; 2a'^2a] By'^y^ 

10 . 


« — 6 

11. jVb^ 4- ab 
b 

12. ^.rVs 

13. IrV;} 

14. lajv'O 


Va^ - V 16. 


16. 

a? + ?; 

17. -1, \/« 

tt + 6 

18. “-±-5Vf7 
a ““ 1 


+ i/)lx + ;//) 
6 
I 


19. ‘ 

ab 

20. |(x + l) 

21. ?Vxy 

X// 

22. Vfi? .f /jfi 


Page 136 

1. 13^6. 2. lav's +2 Vi 3. V2 4-Vr)-V7. 4. 11 Vi 

6. 2V6. _ 6. 2V3 + 3V2. 7. 7V2. 8. liiVlo. 9. 

10. »Vi5. 11. 8V2V. 12. 3v'2«. 13. 2(iV2a. 14. 

16. rVir. 16. 7V2«». 17. ;V2«. 18. (« ff/a)Va. 

19. (6 + a)v «i;. 20. 5V'- 2, (,r -5V2. 21. t . 

22. Vai 23. ._2.,....Vo»“- /i 
6 a — 6 

Page 137 

1. Vi5- V6 6. 2 - V(i + 2V;i - 3^2 

2. 4 + V(5 __ 7.-2 

3. aV/j +_yaf) 8. x- + x - .6 ~ 2x V.i! — ”’5 

4. 2-Vip_ 9. 2« - ;t -j- 2 Va« _ 

6, a + Va^h 10. f + 1 / + 1 - 2 yV^ + i 
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ANSWERS 


XV 


Page 129 

2. 2.30^ 4.619; 1.732; 7.3^; 26.832; 7.935. 3. Vip +Vib. 
4. |-(V'35 -VJf). 6. 4+Vl5. 6. •K2V21 + 7 4- 2Vl5_+ 

7. 12 + 9V2 4- 4V3 + 3v^6. 8. 

9 « 4 - fe + 2 v'a 6 X — 61 / —Vxy ^ ^ 

a — b ’ ^ a; — 9 ?/ 

11. 2j::^rj:.Yiz:J^±As. 12. 4(7 4-^21 +V35 4-^15). 

7*‘-* — 4 .S‘ 

13. 9LzJ^±^±M>, 14. a 4-v'7+T. 16. 4V'3. 17. 3 - Vd. 

— 4 6 

- Q 4 ah 

Page 130 

2. 81. 3. 25 ■^6. 4. 9v''3. 6. 6. -16^2. 7. 

8. 9_ 2 - 1 4- 2 a:V5^. 

— vH ^ 

10 — "“J^ 11 2 g;^ — ?y^ + 2 -■ 

’ ’ , / 

16. (a)_ Vy + P; (5) ^5“ 4- 3*; .(c) V7“ 4- 3“; (d) vs^ 4- 6“. 

17. Vs* 4- (^10)2. 

Page 131 

1 . ±(V6 4-v'2) 6. ±(V5-1) 9. ±(2V3 4 -.v'5 ) 

2. ±(^7 4- ^3) 6. ± ( Vii - Vs) 10. ± (3 - V3) 

3. ±(v'io-\/3) 7. ±(5 4-v'3) 11. ±(^§._r^3) 

4. ±(^5-^3) 8. ±(ViO-V2) 12. ±(^70 4-^/5 a) 

13. ±(V^ffl -H i 4 ~''^fl^ — 1) 

14. l-( ^ V'2a 4- '2 b 4- ^^2 a -2 b) 

16. ±(v'® 4- 3 2/ 4-^^^: + 2/) 

Page 133 

1. Altitude, i oVs area, ^ _ 2 . I o^v^S. _ 3. 2 s‘'^2_. 

4. iaV3. 6. 5 a Vi. 6. Sides, fA^S; area, ih^Vs. 7. 2rv3. 

8. Distanee from vortex, ia'^3; distance from a ide, )fav3. 

9 . a9ja.av/2 (!u. in. 11. Altitude, ,) Vi c® - 2 volume, 

| »®V 4 VV' 27. 12 . IsVfsq. in. 13. 4a®V3. 

NTB. 2n C. ALO. 



XVI 


2. i 

3. 9 

4. 

19. 


6. A 
6 . 

7. 4 


ANSWERS 

Page 136 

8. 36 

9. aV 
10 . 1 


14. 2t‘)9 
16. .OOOOOOIi 


52 


62 


20 . 


r/ 2 - a 6 + 62 
a 262 

Page 137 


11. .0236 

12. 236 

13. .000269 16. 30 

I 


21 . 


xyi'i/^ - 


1 . 5 

2 . i 

3. 4 

4. ^ 

6 . 2 

6 . 6 


4 . Of 
8 . 2 
9. 2 
10 . 

11 . 2 

12. 2 


13. 

3 

19. 5 

26. 

6 

31. 

.2 

14. 

. 1 , 

20. 2 

26. 

12 

32. 

1 

16. 

3 

21. 3 a:- 

27. 

1 

‘•2 

33. 

15 

16. 

;i. 

22. 2a“ 

28. 

1 

fi' 

34. 

0 

B' 

17. 

1 

'2' 

23. 5«.‘ 

29. 

R 

36. 

.04 

18. 

5 

24. ■ 

4 6'' 

30. 

2 () 

36. 

.008 


1 . a^: a'^‘; aJ; 


Page 138 

3 . ^a 2 ; v^ 6 «; 

4. 'v/6‘‘; 


7. 

125 9. 

27 11. 

13. 


16. 1 

17. iS. 

8. 

32 

10. 

i 12 . 


r-iR 

16. 1 

18. 'aV 
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22. 


hVb; x^y^x; y^'if 


26. y*; y 

H. y«. yh 


23. 

f2^r; 

s^V,s: cA^a; 6 n^6 


27. r; »•“ 

1 T 


24. 

-^Vab] 

¥ 


IVA; ^Vh 

P 

28. a:"; a:”' 

29. y'^; y\ 


26. 

x^; x'^; 

x^ 


5 

30. 

y,'0 . Y 11* 

31 

.. 


33 . 

36. b~ 

37 . r« 

39, 

32. a" 

•1 

34 . b^' 

36. c' 


38. 
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2. 

X = 

4 

6. X ■ 

=s .J. 

8. 

X =» '1 

11. 1 

3. 

X = 

± 8 

6. X 

= 125 

9. 

a; = V 

12. r 

4. 

X = 

9 

7. rr ^ 

* .vp. 

10. 

a: = 81 

13. t 


20 . 


16 . If the number is larger than I, the (‘xpoiu^nt, of 10 m I Hmaller 
than the number of digits to (,he left of tht^ (huumal ixaul . If the num- 
ber is smaller than 1 , the exponent of 10 is m^gativt* and, numm'ieaily, is 
1 more than the nurnl)er of iseros b( 4 .ween the d(H‘in»ttl fmint and tins 
first non-Jsero figure. A^iother rule is: The ex|)oneBt of 10 is the nuinlxtr 
NYB. 2 n C. ALO. 
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of places that the decimal point is moved ; the exponent is positive if 
tile decimal point is moved to the left, and is negative if the decimal 
point, is moved t.o the right. 


16. 1.423 X 10' 

17. 1.653 X 10"-« 

1. a; + a;'^‘ — x^ 

2. ax^' — a'% 

3. xy^' 4- x^y 

4 S 

4. a; — a;'* + a:*' 

la. 9.2897 X 10^ 

19. 2.765 X 10» 

Page 141 

20. 4.356 X 10^ 

6. 6^® "j” 2 -f- 6 

7. 4- 3 e® + 3 e-® + 6“^® 

8. c2® - 

2 4* c“"^® 

9. - 

3 e® 4" 3 e""® — ^”3* 

6. a; ‘^' — X 

10. ^2® - 

6”2® 

11. a2 4-a6 + 52 

18. 

26. r2 4- 2 r 4“ 1 

12. r + s 

19. a"* 

26. x'^ - x'^ + 1 

13. r2 - 

20. a* 

27. 0 + 6 

14. a — 5c""2 

21. + 1+ x’i 

28. r2 + 3 + r-‘ 

16. a: — 2/ 

22. — 2 — y 

29. + 4 €* + 2 

16, a:* 

23. y^ + v + 2yi 

30. 

31. 

17. x^ 

24. 1 + 4 0-2 + 0-1 

Page 145 

9. 14. 

-3?/i 19. 7i 

24. a — a^ 


10 . ai 16. 20. 5-f”2i 26. x xi 

11 . td 16. + y'^ 21. 2 i -h 2 26. — a: + d 

12. 2y%_ 17. 22. h) 27. 2 id- 3 


13. yiV^ 

18. 3 i — 2 23. ai — h 

28. 6a;^ 
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1.-3 

6. ahi 

11. 26 

2.-6 

7. ahi 

12. 27 4- Si 

3. 6^ 

8. - xy ^ 

13. x^ + y^ 

4, 

9. - -S-Vo 

14. 10 

6. — a6 

10. 9 + 7i 

16. 7 + 71^3 

16. 10 ■ 

- 2V3 - i(3 - 5^3) 17. 

22 + 10 iVs 

10. 44 - 14 iVs 

20. -iVQ 22. iVs 

24. «(2 - i) 

19. 3 0® - 6* 

21. Vq 23. 2 

26. A(ll+8iV'5) 
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1. a; = 6 

3. 1 / = 3.05 

6. X = 0* + o — 1 

2. a; *= 1 or 5 

4. X = 2.5 

6. X = o® + 62 


OTB. 2b C. ALQ. 
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7. 

X = 

i(a +2 6),!/ = 

^-(2 a + b) 

12. 

X 


+ b, y 

= 

a 


8. 

X = 

I j ?y 

-=2,s=- 

. 1 


13. 

X 

1 

(»> 

y/ 

n 


= _ ,j 

9. 

X = 

a, y 

™ a H” 6, 2 : 

^ 2b 

14. 

X 

= a, 

y = bj 

z 


a -f- h 

10. 

X = 

“1, 

?/=2,s = - 

- 2, u 

= 3 

16. 

X 

= 1 , 

7 / = 2, i 


= “ 

- 3, tv = — 1 

11. 

X = 

1, y 

= - 1, 2 = 

= 2, u 

= 3 

16. 

X 

= 2, 

y = h 

z 

=: 

0, to = 3 






Page 
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7. 

39«“2, 

8. 

25n+9. 9. 

47»+4^ 

11. 

n = 

1. 

12. 

n “ — 

3 


13. n = 1. 

14. 

n = 

h. 

16. n = 

= 1. 

16. 

'U = 

2. 


17. 0. 



18. — 2 


(c) ((2-1-3 bi) (tt — 3 bi) . 


1. a; = 10 or — 2 

2. rc = ~ 7 or - 3 

3. a; = 7 or — 1 

4. r = — 4 or — 2 
6. y = 10 or 2 

6. i = 3 or — 1 

7. a; = - 14 or 2 

8. a; = - 8 or — 6 

9 . i = 4 or 6 
10. y = 5 or — 3 


Page 15S 

11. ?; == 1 or 15 

12. a; == 2 or 18 

13. y = 4 or 5 

14. a; = 8 or - 1 
16. 2/ ~ 4 or — 9 

16. r = 8 or — 5 

17. « = 1 or - 10 

18. t = 1 or - 4 

19. r = 2 or 3 

20. s = — 4 or — 3 

31. Shorter arm, (Vlw - 2) in. = 10.570 in. ; 

long(sr arm, (VlfiS + 2) in. = 14.570 in. 

32, (_ 15 + 5vi7) ft. = 5.015 ft., or about 5 ft. 7^ in, 
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21. V 

23. X 

24. » 
26. 2/ 

26. X 

27. a: 

28. -x 

29. X 

30. X 


or - 2 
± v'll 
4 ± V2I 
±^7 

± v'33 
3 ± Vis 
±Vl5 
3 ± V'3 
±V'3 


1. 

X = 

2 or - 

- 1 

8. 

X 

3 ±Vi9 

14. 

t * 

, 5 ± V73 

2. 

a; = 

— 2 or 

■i 



5 


12 

3. 

a; =s: 

5 iVi's 

9. 

X 

_ 7 ± V29 

16. 

16. 

V 

y 

s« 1 or — ■ !• 

i» 1 or 2 



0 



10 

17. 

3 ± V 41 

4. 

a; = 

2 or - 

- -1 

10. 

X 

= 1 or - 2 

X 

4 

5. 

X == 

1 or 1 


11. 


18. 


3B 1 or 1 



2 iVio 

y 

= f or -3 

19. 


“» 1 or J 

6. 

X = 

T 


12. 

r 

1 

l-l 

C 

CO 

1 

II 

20. 

y 

= 4 -t-, 

7. 

X = 

^ I or - 

-2 

13. 

s 

U 

1 

1 


4 
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1. 

6 or 

-7. 

2. 4 or 5 . 

3 

. for -2. 4 

6 or 

. _ 

11. 6. 7, 


7. - 

2. 

6. 9, 

3 or 7, 

5. 

7. 4 or — 

0. 

a. 

44 ft. by 1 


nyb. 2d c. alg. 
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9. 9 in. by 27 in. 10. 6^ ft. by 16 ft. 11. 12 in., 5 in. 12. Base, 8 ft. ; 
altitude, 5 ft. 13. Base, 12 in. ; altitude 7 in. 14. Base, 9 in. or 
11 in. ; altitude, 11 in. or 9 in. 
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1 . ± + 5 

2. X = — 3 a ± v^ 9 + c 

3. == 2 a ± ^4 — r 

>1 3 a ±V{U^ '^2b 

2 

6 J. - (> ± ^3 6 o; + 3 

6 a: = 

6 


7. 

8. 

9. 

10 . 

11 . 

12 . 


a:=— 2a--lorl_ 

X —— Za ± 2 gv^S 
X —— b ± V})^ —ah 
~ 6 ± — a% 

X =5 — 

a 

X = ± ~ 

a 

- ± — 4 ac 


1. a; = 4 or J 

2. .X = 5 or 3 

3. a; = 5 or | 

4. ;r « I or - | 
6 . a; = f or — 5 
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6. 2/ = -i(3 ± Viz) 

7. i = 2 or - f 

8. ,s* — 1 or — I 

9. 2 = i(3 ± Viz) 
10. r. - J(4 ± Vi3) 


11 . X — Z or — 4 

12 . r = 4 or — 12 

13. 2/ = 3 ± Vs 

14. ;■ = 2 or - i 


16. a; = 1 or 1 

16. a; = 10 or 5 

17. X = 2 ± Vro 

18. a: = f or I 


19. 2 / = 6 or f 

20. X — 4 or 9 

21 . X — 1() or 1 

22. a; = 5 or — 1 


Page 160 

1. 25 ft. by 60 ft. or 3() ft. by 50 ft. 2. 24 ft. 3. 3 or I. 4. 4 or f. 
6. 3, 4 or — 6, — 5. 6. 3, 5 or — 7, —5. 7. 2^- in. 8. h — 3 it. 
No ; h must be equal to or less than r, 9. 30 members. 10. 7 sides. 


1 . 

2 . 

3. 

4. 
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X 

- 2 or - 

6. 

r ,s‘ 
a; = “■ or 


f/, 


6‘ r 


sa 3 or J' 

6. 

X - -Jk..... or 


h + 2 

^ — 1 2 

X 

sa 4. or 

7. 

x—h'\'2 k or h—k 


g 2 



X 


8. 

X = or 1 


m 


1 - ft 


NY'B. 2d C. 
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9. 

10 . 


11 . 


a; = 2 or 



a? 

X 


=s Wm; or I V//7c 
h k 

= iVir or ■J-V2.b‘ 


12. a; = ™or'^ 

t t 
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4. a; = ± 2 or ± I 
6. a; = 4 or 9 
6 . X = ^0x9 


7. .r = 8 or - 27 

8. X ~ — -jli' or 

9. a; = I or 5- 


1. rr = 2 or 1 

2. re = I or 1 

3. ;r == ± 2 or ± 3 

10. re = ± 2 or ± 1 

11. re = 5, — 2, 4, or - 1 

12. a; = 2, - 4, 1, or - 3 

13. re = —2, — 3, — 1, or ~4 

14. re — 1, 2, or 

16. re - - 1, 3, or 1 ± Vg 

16. re == 3, -2, 1, or -6 

17. re ~ 2, 4, 3, or 

18. re = 1, 2, 3, or J 


19. .e ” 2, — f, 1, or ~~ 3 

20. re = (), — 1, 3, or — 2 

21. re ™ 4 or »- I 

22. re === 1, -4, or J(- 3 4: Wi) 

23. re = 9, - 1, or 4 ± Vi 7 

24. re = (> or ™- 1 

26. re - 1 or — 3 

26. re = 4, 2, 5, or 1 

27. re = (>, 2, 6, or 3 


Page 167 


11 . 

12 . 

13. 

14. 
16. 


1. 60; unequal, real, irrational 

2. 0; equal, real, rational 

3. 81; unequal, real, rational 

4. 529; unequal, real, rational 

6. 529; unequal, real, rational 


6. 0; equal, real, ra4ional 

7. — 3; uiKHiual, e()ini)l(‘x 

8. 0; (uiual, n^al, ralional 

9. 9; uncHiuaJ, r(Mil, ralional 

10. —11; unequal, eornplex 


/O — 

/c = ± 12 
k - 1 

k = 4 


16. /e == ± 2 V 6 

17. A; = - 4 

18. /c = 2 or - (> 

19. k = 4 

20. /c = 13 or - 7 


21. k = 1 or 9 

22. k = -»"• 2 

23. c 1 1 

24. At « 17 or ~ 19 

26. A; « ± i 
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13. re = 2.1, .4, and - 1.9 16. .r == - 2.9, 1.5, and 3.3 

14. re = - 3.2, 0, and 3.2 17. re = - ,3, - 2, and 0 

16. re =— 3.5, —1, and 3 18. x* -4; tangent to ilmaxisafcre-® — I 


1. 2 / = 3 re + 2 

2. ?y — — 2 a; + 5 

3. ?/ = r^T + 3 

4. 2/ « 2 re - 3 
6. 2 / “ ~ or + 3 
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6. y = . 3 . re - f 

7. 2 / -- J OT + J 

8. 2/ = ire + i 

9. 2 / - i — 3 

10. 2/ “ li4e — I 


11. 2 / x^ — 3 X !• 1 

12 . 2 / » 2 re** :e }•■ 2 

13. 2 / 2 e 4"" I 

14. 2 / 2 re** 4* x *•“ 3 

16. 2 / « 3 a;** - 5 re i- 2 


Page 174 

1. - 2 3: - If) = 0 3. - 3 hx + 2 /js .=• 0 

2. 18 - 27 X + 1(» = 0 4. 2 - 9 hx -- 5 /t» = 0 

6. - 9.1 X + 19 98 ^ 0 

6. x‘‘ - x(2 h + 2 fc) + A! -h 2 hh -- ? k?' == Q 

7. x* - 2 ax + =. 0 

NYB. 2d a. ALQp 
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8. 2 x\h + /c) - x{h? + 2 hk + + 4) + 2{h + /c) = 0 

9. - 4 ri; + 1=0 11. ais - 4 £ + 7 = 0 

10- ■1:'“ - 3 X - 2 = 0 12. a;“ - 10 X + 34 = 0 

13. X" 2 Tx + + + s® = 0 

14. x“ - 2 x(r + s) + 2 + 2 ,s-2 = 0 

16. x2 - 2 x(r + .S') + + 2 rs + ,'i2 + m2 = 0 


1 f X = 0 , 2 

l 2 / = 3, 1 

2 . /^=- 5 , 3 

\y = 12,-4 

3 . / ® = 1 > - 2 

1 2 / — 3, 4 


Page 176 
4 r X = 1 , 2 
U = 6,3 
6 fx = f 
ly = 2, -4 
6 . /* = 2 , - -J- 
l 2 / = 3, ^ 


U = 2,-1 

8 ¥■ 
12/ = 3, -^- 


1 /x — 3, 2 
I 2 / = 4, 6 

2 = 3, — J 

b = -5, 18 



4 /x — 2 , 2 
b = 3, -3 

5 f M = 5, 5, - 4 
b =3, - 3,0 
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6 . b= 1.1 
U ‘ = 2,-2 

7 / m = 1 , — |- 

\*. = 3, - 2 



11 . b=-f, ^ 

1 2/ — 3, — If 

12 . / “ = i. i 
b = i, I 

13. ~ it — i 

l 2 /=-l, 2 

14 I* = 2, 2 

• b = 1,-1 


Page 178 

1 . Larger, 3 or ff ; smaller, 2 or - 2 . 110 ft. apart; 48 poles 

per mile. 3. 18 men. 4. $9. 6 . .f 10. 6 . 10 mi. an hour. 

7. OUf!. 8. 8 in. 9. 24 in. 10. cy = d] (c + x)(j/ — n) = d. 
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1. i~. i. -1. 

b =■'^3, -Vs, bj, -bs 

2 / X = 3, 3, — 3, — 3 

■ b = 1 , - 1 , 1,-1 

3 /x =^5, bf), _b5, -bs 

■ b = 2, - 2, 2,-2 

A ( X ^ 1, 1, — 1, — 1 

iK-i-i i-i 

6_ fx= 2,-2, 1 ,-.^ 

If =- 1, 1,-4, 4 

NYB. 2l> O. AM. 


6 =4. - i l^ 2 , -Jb 2 _ 

b = -J, - -ib 2 

Y f X “ ” 1 > ~ 1 . f 

12 / = . 1 , - 1 ,J^, - 

8. f * = I. - 2 
b = ■’iS !■ 

9. /x = 2 , -6 

b = I, ¥ 

10 . b = ~ 1 . ■¥■ 

\y =- 1 , f 
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11 . 

1 . 

2 . 

3 . 

4. 

5. 

6 . 

7. 

8. 

9. 

10 . 

20 . 

21 . 

22 . 

23. 


r ;t: 2, — 2, -a) 2’ 

[y = 0, - 6, 3^/3, -3^;! 


12 . 
Page 180 


(CmUimu'd) 
f.r = v'2, 
i V -■= 3, 


~n/2, 

-3, 


2v 2, -2v2 


® — 1,-1, 'J-, s 

?/=-!, 1 ,- 2 , 2 

■r = 2-2, 1^2, - 

!/=- !, j, - ;i A 
= 2 , 2 , - 2 , - 2 
?/ = 1, - I, I, - 1 

f a; 8, 8, - 8, - 8 

1 y = (), - (), (), - () 

f a* = If), 15, - 15, -- 15 

1 y 20 , 20 , 20 , - 20 

/ - ^1, - 4, 8, 8 


V2 

'V 2 


11 . 

12 . 

13. 

14. 


f* 

l 

f 

'{!/ 

1 .'/ 


1, }S 


1(1 


3, - 
21 , 
*> 

4,2 


15 


\v/ = 

3, - 3, 

1, 

^ 4 

XIX. 

i y J'i, 0 


/■'<-= 

1 1 

(tl '.!> 

1 

in 

1 

a 

16. ^ 

.r J, 

n 

K 

1 y = 

il. - 1, 

t 

4j 

'.i 

// 5. 

4 

a 

/ 

.1, - 


12, - 12 

IG. ' 

1 

r .i: ■■ " 2, 

2 

1 y = 

12, - 1 

‘> 

*•>) 

5, 5 

. // 

8 


f ^ = si, 

I 'll J, 
/ ^ — 'L 
I y “ 3, 


/ » - i, 
I y = 1, 

f - /, 
1 y = a 


X f/, 
, ?/ « ^(1 


28. 


17. 


f.r 


;i, 

4» 


■i, :;v'2, - i 

w. ,3- 

“ 3 

3, V2, _ 

I 

I 

> 

v/7 

19. f 

3, - 2, :{v'’l7, 

- 'iv'l? 


1 ?/ - 

1, 1, *« jp 

t 


2 

24. 

f 2 n 


1 


\ ij : 3 b 



26. 

) .!■ a t- b, - 

... h 



1 ?/ . ' 

■■ 2 )i 

j (t(a — b) 

26. J 

f ;t^ 1, 11 


b 

! 

[ y “= "f" 

1) 

, bid + b) 




’ a 

27, 1 

a 


a{b - 1) 




- b), - b 


y , 


= v'(a 1 

■ b)(r } b(/) 

\ (a } ln{r j 

bd) 

a 4' b ’ 

a ""f"’ b 


, Vui-i 

M 

b)(r m/) , 

\U(t 1 /nfr 

(ttl\ 

a 4- h 

!t f h 



I h 
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1 . yl(~ 1 , 2), B( 4 , 7). rc == 2 / = — One solution, because the line 

toiKihes but does not cross the curve. 

2. = h — b ”^6, —Vs Graph of ?/ + 3 = intersects graph 

1 2 / = — 3, — 3, 2, 2 of equation ( 1 ) in 2 points. 

Page 182 

{^ = 2 v| - 2 v|; v| -vi 

(a) ^ ^ "" ^ Three solutions. The graphs cross or 

\ 2 / = ^5, — V 5 , 0 touch in 3 places. 

(h) /c = 2. _The graphs do not cross. 

= Vl7, Vir, -Vi 7 , -Vi7 Center ( 0 , 0 ); radius is 5. 
= 2 V 2 , — 2 V 2 , 2 V' 2 , — 2 V 2 Three solutions. 

Page 183 

6. («)/*= f Vl5, - |VL5, - |Vl| 

I 2 / = iV' 21 , - ^V21, |V21, - JV 21 


X 

np 1 1 

- 1 

0 

1 

2 

3 

4 

Table ^ 
( 6 ) Grapl 

± jVli), or ± 1.94 
IS (2) and (3) touch in 

± 2 

2 poin 

± -i-Vis 
ts,* graphs 

±^3 
( 2 ) and 

±■1^ 
(4) touch j 

0 

in 2 


points. 

(c) + 2 /^ = where a is any number less than 2 or greater than 4. 
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1. ^ 

f a; = 1, 4 

4. 

/r = 2 


7. 


ly = 4. 1 


\z = -J- 



2. . 

f® = 2 

6. 


- 1 

8. 

1 

[y = 1 


\y = 4, 

- 4 


3. J 

f » = j- 

6. 

f« = 4, 

- 4 

9. 

1 

.?/ = 3 


1« = 1, 

- 1 



16. 


17. 




10 . 

11 . 

12 . 


rx = 2,l, --2, --1 
by - 1 , 2 , -- 1 , ~2 
3, — 3, 1 , — 4 
I) “ §) f; ““ f 
« = 4, - 1 , 1 , — 4 
i5 = 1, - 4, 4, - 1 

18. 


rx 

I?/ 


\y 


13. 

14. 
16. 


.8 

.3 


.8 

.6 


19. 


fr = 2,3 
= 3, 2 


r = 2 , 1 
s == 1 , 2 
= 4, 

1, -4 
/2/=2, ~2,3, -3 

\ 5! = 1, ~ 1, §, — f 

fr = 2, -2,1, -~1 

b‘ ~ ” ij 1,-1 

3, 1, - 1 
1, 3, - 3 
fx = 2 

\y = 


V ^ yt ? 

p = 3, 

\y = 1, 


20. 

21. 


3 

1, -I- 

h 1 


22. /* “ i ~ 'J' 23. I® ~ 

\y = ii i. - i, - i Iz/ = 1 

NYB. 21) C. AW. 
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ANSWERS 


1 . 


fa; -6, -1,4, - I 

l2/ = 6, -1,2, - I 


Page 187 

t 2. 

i \y 

a; = 4, — 3, 24, — 8 
,2/ = 4, -3, 6,-2 
4 (x = 10, - 10, 5V2, 


= 12, - 2, 6, - 4 

= 120, - 20, 12, - 8 


3. 


5^2 

\y = 5, - 5, IOV 2 ; - lOV"^' 


6 . 


7. 


8 


(x=2,- 2, 4V'2, - 4V2 

[ 2 / = 4, - 4, - 6 V 2 , 6^/2 

a: = 2,-2, jVs, - -JV'S 

2/=-i, 1,4^3, - sVa 

/ a: = 6, - 6, 2,-2 

12/ =3, 3, -1,-1 

/a: =3, 1, -3, 1 
\y = 3, 1 , 5, 1 

g fa: =-10, 6, 10, -4 

2 / = 10 , - 6 , 6 , - 8 


10 . 


rc 
JJ 

11 . 

JJ 

( 

12 . 


13. 


ly 

|.r 

I?/ 

ra. 

ly 


14 

ly 


= -l, 9 . -1,-9 

= 9, - I, - 9, - 1 

= 1, G 

'1 — . 1 

O, '2', o, ■2- 

■■ S.3, 6,4 
^ 24, 1), 12, 8 

3, - i, 1, - .3 

— 15, 'I, 1, — f 


1. W,W,W,W,(/) 6. 

2. .u - 1 6. a; = J- 

Z. X 7. a; = 3 

4. a: = - 12 8. a; = 

13. a; = 9. Extriineous, x - 14 

14. y - 7. Extiraneoiia, ?/ = 4 

16’. s = 6. Extrancoiia, « = M 

16. y = 3. Extraneoiia, y = 15 

17. a; = 3. Exi-raru^oiia, y = 8 


Page 191 
a; = 13 9. a: 


10 . a; 

11 . a; - 

12. a: 

20. a; 

21 . .r 

22 . r = 

23. a; 


^ 3 
17 
1 

= - 1 in (a ) ; a; » 4 in (c) 
4 

2. Rxtra.u(‘ouK, a: 

1(>. Exii'annoiiH, '/* SKa () 

10, 22 


18. 

a: - 

Extraneous, 

a; = 3 24. 

X ~ 

- 2, 

ICxl.ra,n(^ous, a; 

r,s«j 3 

19. 

X = 0, 4 


26. 

X “ 

17. 

lOxirancious, a; 

=• 1 




Page 102 





26. 

X = 10, 4 

i 32. 

X = 10, —2 


36. 

h » ^ 


27. 

28. 

X — 9 

X - 8 

33. 

a; =* 10 


37. 

1 . 


29. 

30. 

a; -2 

X == 5 

34. 

Xi=± 9.VW- 
b 

-yS 

88. 

— 

^4 

V ‘ wr% 


31. 

a; = 2, — 

6 36. 

s “ 


39. 

*8 » 4rr^ 
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1. X = 

= 1 or 4. 

2. X - 

or - 

i^2. 

i 

% 

J. X \/3 or 


4. a; == 

= 41'’ or ( • 

- 3)“’. 6. » = 4, 2, 7, or 

- 1. 

6. 

X » 4, 1 , 7, or * 

- 2. 

7. X = 

« 1, - 2, 

— '1, or 1. 

8 . X = 1, - 

• 3, 1, 

or •“ 

• 4. 9. :r «* 

§ «. 


NYB. 2:d c, alq. 


ANSWERS 


XXV 


10. a; 

13 
16. a: 
18. 

20 , 

22 . 


- lA 

= 1 or 6 ; 
= 6 or 0. 


11 . 

14. 


12 . 


z 


■h y 

= 3, — 3, 2, 


X = |(a + h) ; 

ij = a + 6 , I y = |(a 6 ). 

a; = j aV2, — aV 2 ; 
y~l-aV2, — ■|aV2. 

X = 2 a; 


■i* I ^ = I y. X = a,y = 2, z = - a, 

2; „ f X = 2, - 2, - JjfiVf; 

= - 2, 2,-3, 3. . 1 2/ = 4, - 4, f A - f V 7 . 

= 0, - 1, - 0, 1; I X = 8, - 6, 48, - 16; 

= 0,-1, 9, 2. U = 4, - 3, 6, - 2. 

= - 9, 2, 6,-3; ,, / X = - 12, 5, - 10, 6; 

= - 27, 6, - 12, '6. 1 y = - 48, 20, - 10, 6. 
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2 . No root, -f 2 '-{-Vx — 3=5 has the root x —7. 

3. .a; — 1. V 2 X — 2 —Va; ~ 1 has the root x = 9. 

4. No root. Va; — 1 Ar' ^x — 4 = 3 has the root x = 5. 

6. X = -J. V 5 X — 1 — Vx 4- 6 = 3 has the root x = 10. 

6. No root. Vx + 1 —Vx — 6 ~ 1 has the root x = 15. 

7. X = 5 + 2 V6 10. X = ^(2 - Vg) 12. X = 2 

8. X = 3 - |Vl0 11. X = 1 13. X == a + 6 

9. X = i-Vao 

Page 195 


1. Length, width, 2. (- s +^"6) feet. 


6. Wheat, 


3. ^ days. 4. / = 6. 

a + 0 360 a‘^ - 

— cents i)cr bushel ; corn, — — cents per bushel. 7. x = cir- 

a — b a — b 

cumferencc of small wheel ; y = number of revolutions of small w'heel. 
xy - 6'. (x -h c)(y — n) = s. 8. r = rate of freight train; 

£ a= time of freight train. r£ = m. (r + a) (t — b) = m. 


Page 197 

17. d « 6. 18. d = 7. 19. d = 2. 20. r = x. 21. d = - 8. 
22. r « - 6. 23, r * x””^. 24. r = 26. A.P. - 3, 3, 9, 15. 

26. A.P. V2, A, 3 A 27. G.P. 4, 4, 1, 2. 28. A.P. - 4, 0, 4, 8. 
29. G.P. 1, .x“', xK X. 30. G.P. x-^ x-^, 1, xK 31. A.P. |, |, |, 44. 
32. G.P. A Vf2, Vis. 33. A.P. - 3V'2, -V2, V2, 3 A. 
34. G.P. 6 , 6 A, 12, 12 A. 36. A.P. a, a + rf, a + 2d, 

a -h 3 d, a -I" 4 d. 36. G.P. <x, ar, ar*^, ar^, ar**. 

NYB. 2n C. ALG. 



XXVI 


ANSWERS 


Page 198 

1. 41. 2. Ik 3. 12^;^ 4. 500. 6. 199. 6. c + 2 kb — 4 h. 

7. 50. 8. 15. 9. 50. 10. 32. 


Page 199 

1. 7. 2. (a) 18, 26. (b) 16, 22, 28. (c) 14, 18, 22, 26, 30. 3. 10, 2(), 

42. 4. -•!, -4, -7i. 6. -SV2, 6V2, , 6- ,l(3A + /,0, 

+ /c),.. + 3/c). __ 8. 10 + 0V3, 10 +7V.4, 10 + 8v';{, 

lO-l-gVi. 9. 1 -1-2^2, l+sVi, 1+4V2, l-i-5v'2. 

10. ^--^(5Vb-3VJ), --^(5V'/r-Vcj, ..A.^-(5 v^5 + 

+ SVJ). 11. . L’-^(rWb - 3), ; (5v//; - 1), 

!> (r,Vb + 1), , -^(5 + 3). 

h — I h - i 

Page 200 

1. $9500 

Page 201 

1. 136. 2. 85. 3. 420. 4. 1030. 6. 144 . 7. 10,100. 

9. 5050. 11. 30,300. 12. 5 n(« + 1). 13. .560. 14. 1125. 

16. 8323. 16. 2925. 17. a = 5, d = 4; 12(,h t(!rm, 49. 18. 28. 

19. 5 A + 8 k. 20. 10 V2 + 5^3. 


Page 303 


21. 

d 

s= 

2, iS 

f :=- 195 

26. 

1 


38, 

< 360 

29, a 

« 2, d 

^ 5 

22. 

n 

ss 

12, 

/S' = 246 

26. 

d 

r= 

5,1 

= (i4 

30. a 

10, d 



23. 

d 

sss 

4, 71 

- = 10 

27. 

a 

= 

5,1 

« 31 

31, ?i 

■s.» s, a 

« 40 

24. 

a 

= 

5, 

? = 96 

28. 

a 


S,l 

14 




qo 

/ 

n == 

5, a = 20 





34. n « 

6, 1 « 

25 



1 

n =: 

12, a =■' — 

15 




36. n « 

5, a « 

2cS 


33. 

/ 

1 

n » 

n = 

2, 1 = 12 

9, ^ - 9 





36. ( 
Im 

* 4,1 

a 1 1 j 1 

12 
« 9 





37. An 

increase 

of $60 eatdi six 

moniha 
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1. 2304 ft. 2. 195 ft. 3. At the iM'gituung of lh(‘ lOtli seciowd, 
4. 17 poHtH. 6 . 550 ft. 6. $356.25. 8 . $2.5.50. 9. 5 (umiH the Int 
w(M;k, 10 cents the 2d week, et-c. 10. 156 st-roken. 

NYB. 2d C. ALO. 



4, i‘, ' 

%\ aiv 

12 ''“".'*'13. 


4, I '. * 

e, Nii, 4'^''- ^ 'v. 


*'^>TSWERS xxvii 

^age 304 

'^1 i, — — -jSjj. 3. 5 V 2 , 10, 10>/2, 

^), P(i + iy, _p(i + i)’, P(i + iy, 
}Vo. iVs, 4V6. 6. 16, - 4, 1, - i, 

9- 16+16^3. 10. - 768. 11. 8. 


1. (i, IK. 

HO. 9 . vii, :sv 7 


40, 


W * 

x\ ■■■■ •' 


V. « 


o.'aawm.K.'’''''-****. 


®^age 205 

} ^ 4, A 6. 20, 40, 80 or - 20, 

'»• -Vo, 3^2, - SVo. 7. a:^', 

"■ * or - x“^ x-2, - x'^. 10. r = 2, 


12 . a 


2, r 


. til 


X 


1. 126. 

7. Oils. 


2. H«. 

8. 4414 


3 

I ***11 


*‘4. 11. 3d term, 2; 12th term, ± 1024 
'■ - i. 13. ±Jbi, ah^, ± 

Page 206 


4. 6. ija(i +V3). 6. 21||. 


H«»,. hm)’ "'■.•44111. 10. 121 VX 40^6. 


Page 307 

. 3. (11) 0 l " ''6"‘ 1 I- .4. ji,<) 

(hi U - = .'-V -f xV + XV« + ?/') 

(c) (I ‘ ■ I- rtf + rV + «■“ + s') 

(,/) In - i ’*'• .f 4. ,,4,v 4- uV + w' + V’) 

4. (/)) (.f i I/O'*’,' "■ )/)(.x“ + .T7y + )/“) 

(,/) (H» f l•'!^«' « *■ ■ ' /.lO, - „) 

10. («) (« t <60** *1'' ' ... „!,■> + ;/) 

(li) (/ 1 .ry + X V ~ +2/®) 

(r) (/' t ' " '**” + r^s“^ — -f — &*’’) 

(r/) (» f ' »>'■' r>'‘) 

11 (r) (r'‘ ^ ' ' ■■■■''/' .s) 

(,() {/r* t ^ ^ 

:ii<) 

1. f,S, 2.15. ^ -‘i ■* ‘''I- 5. OOhf. 6. f(3+V^). 

7, «(v'r, .<n. « P » ■ " 10. 'inV 11. 12. ' W- 

18. «l,6. 14. VW i'O'l'i. 16.2,50ft. 17. 2000ft. 

1 a‘'‘ f’ I . 2. + .J. V 4- 

MAl 4. a;i«+24xV 

-I- 252 'I 151 ! '■ ‘ A + Ift f 

'*t'i f 



XXVlll 


ANSWERS 


Page 21S — (Continiwd) 

6 . 2187 x’’ ■+ 20,412 xY + 81,648 xY + 181,440 7 . *» + 8 


f /y»6 

+ 28^j+56i5^- 

y2 yi 

8 . ^'+ 62 ^ + 15^ 

yi yf. ;,/4 

Xt) 

+ 20 +. 

//■* 

9 . ? -7?' 

y7 yt, 

+ 21 ^ - 35 -• 

10 . *8 4 . 8 *» + 28 *< 

+ 56 

11. *<’ - 9 *7 

V 

-h 36 - 84 x'l 

12 . 1 - 1 + 21 - 

2 /“ y 

2 /“ 

13. 

yZ yZ 

1 28a;2o 56a;i8 




yZ 2/8 

Page 215 



1 . 70*1 2. 2835*1 3. 1512 *V- 4. 

924 

6 . 25,344 xW\ 

6 . 3,075,072 

7 . 495 *‘V- 8- 

- 120 xY. 

9. a;'*//''. 

10. ft a%K 11. 

5280 *^ 12. 210 *». 

13. 56 

14. 126 a:***^*. 

16. 1512 a;io. 

Page 216 



1. 1.594 3. 

1.504 6. 1.477 

7. 1.480 

9. 1.587 

2. 1.262 4. 

1.407 6, 1.629 

8. 1.344 



Page 219 



3. 4.123107 

8. 4.041240 

12 . 8.831762 

4. 3.03G589 

9. 3.072320 

13. 524.046753 

6. 6.082763 

10. 16.160236 

14. 1015.037438 

6. 5.916080 

11. 15.664907 

16. 3.979068 

7. 8.888195 
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1. 

2.6187 

4. 

1,7511 

7. 

.5136 - 1 

10. 

1.0004 

13. 

.GOOD 

2. 

2.7353 

6 . 

1.4038 

8. 

.2618 - 1 

11. 

.3016 



3. 

2.8408 

6. 

.0410 

9. 

.9256 - 2 

12. 

2,8750 








Page 228 





1. 

64.33 

4. 

36.43 

7. 

.5501 

10. 

1.963 

13. 

10.43 

2. 

.6433 

5. 

398.1 

8. 

.08252 

11. 

1.41 1 

14. 

9.995 

3. 

2.964 

6. 

4563 

9. 

.002401 

12. 

.7395 

16. 

1.001 






Page 229 





1. 

553.6 

4. 

247.7 

7. 

13,870 

10. 

8902 

13. 

.1413 

2. 

622.3 

6 . 

6993 

8. ‘8428 

11. 

.03(i85 

14. 

.01509 

3. 

26.06 

6. 

4413 

9. 

48,420 

12. 

.07830 

16. 

.002728 
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ANSWERS 


XXIX 


Page 331 

1. 17.48 4. .6389 7. .02906 10. 17.82 13. .06925 

2. 36.48 6. .07328 8. 854.2 11. 19.04 14. 1.288 

3. .1535 6. .4224 9. .00007345 12. 25.41 

Page 333 

2. 870.2 6. .0004032 10. .03532 14. 14.79 18. 21.19 

3. 1408 7. .006925 11. - 49.89 16. .01206 

4. 238.1 8. .08074 12. 95.54 ■ 16. 24.11 

6. .4074 9. .001324 13. 1515 17. 51.46 

Page 333 

1. (a) 27.64; 9.142; 5.258; 

(6) .8740; .9142; .9350; 

2. 588.6 ' 4. 20.43 

3. 17.83 6. .2863 

Page 334 

2. 2.391 6. 19.54 10. .4030 14. .2896 18. 109.3 

4. 8.404 8. 2.512 12. .8508 16. 3.572 20. .04696 

Page 336 

6. 742.8 cu. in. 9. 136.4 tons 

6. 5.883 in. 10. 8190,300 

7. 49.16 ft. 

Page 336 

12. 58,690 sq.ft. 16. 2998 sq. in 

13. 1882 sq.ft. 16. 1246 sq. in 

14. 2621 sq. ft. 

Page 339 

1. A = 4197. 2. A = 7926. 3. .|3.571. 4. 131,253.6744. 7. $136. 

Page 346 

1. 81.68 ft. 3. 41.78 ft. 6. 68.75 ft. 7. 52.36 ft. 

2. 148.0 ft. 4. 200.4 ft. 6. 47.68 ft. 

Page 349 

1. 12.42 yd. 3 | ZA = 19°40' 4. 25.21ft. 6. 42°10' 

2.160.1yd. ■ 1 A/1 = 672.7 ft. 6.4“ 7. 36,250 sq.ft. 

NYB. 2d C. AliO. 


17. s = 6.760 

18. h = 2.615 


2. 14.25 in. 

3. 197,000,000 sq. mi. 

4. '24,870 mi. 


3.024 

.9560 

6. 75.17 

7. 22.53 



XXX 


ANSWF/IiS 


Page 251 


1. .2130 

13. 9.4761 

26. 

20" 5' 

38. 38" 42' 

2. .4310 

14. 9.47(55 

27. 

:50" 12' 

39. .•i;5"2.5' 

3. .6907 

16. 9.7554 

28. 

(52" 13' 

40. ;5(;M2' 

4. .9110 

16. 9.9396 

29. 

80" M ' 

41. ,52" 4!)' 

5. .1480 

17. 9.4346 

30. 

1 1" 32' 

42. 1.5'’ M ' 

6. .4813 

18. 9.7924 

31. 

2»>o. *>/ 

43. 24 ‘'42' 

7. 1.1715 

19. 0.0934 

32. 

42" ( 1 ' 

44. 42" ,54' 

8. 2.0145 

20. 0.5649 

33. 

43" 50' 

46. (SO". 12' 

9. ,9934 

21. 9.9809 

34. 

59" 32' 

46. 20" 22' 

10. .9728 

22. 9.9(538 

36. 

45" 12' 

47. 2(5” 1.5' 

11. .71547 

23. 9.9154 

36. 

34" 31' 

48. ;(.S".ll' 

12. .3018 

24. 9.5436 

37. 

(5" 35' 

49. .54" 24' 


Page 35a 



1. 212.5 ft. 

3. 80.70 vfl. 


6. 

.5.5., 54 ft. 

2. 41.28 yd 

4. 50(5.4 ft. 


7. 

2(51.0 ft. 


Page 25;^ 



8. 6536 ft. 

11. (a) 6"()' 

13. 

10" 12' 

16. IRH.Oyd. 

9. 182.9 ft. 

(b) 11" 52' 

14. 

227.3 ft. 

10. 650.4 ft. 

12. 511.0 ft. 

16. 

210.7 ft. 



2 . a 

3. a 

4. a 
6. a 

6. a 

7. h 

8 . h 

9. h 

10. r 

11. r 

12 . <% 

13. IX 

14. b 

15. h 


1. 14,010 8q. ffu 

2. 446.5 sq.ft. 

3. 305.9 sq.ft. 


« 81.70, 
= 2.949, 
« 240.6, 
« 51.94, 
= 339.9, 
« 88.18, 
« 129.3, 
» 82.98, 
« 176.1, 
« 15,53, 
« 24.58, 
« 4.344, 
» 49.30, 
« 45.53, 


Page 25‘I 

r 1,7.88, 
« 4,592, 
b - 445.1, 
b 7r)M, 
b « 553.5, 
r? - 58.11, 

<• -■ 104.7, 
r 45.43, 

A 39*'’ 3^ 
A =■ 38 '' 6 ', 

A - 4'8" 54', 
A « 70 ^ 43 ', 
A - 32 " 58 ', 
/I - 27" 41', 


NYB. 2,0 C. ALG. 
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4, 234.4 sq. ft. 

5, 22,840 sq. ft. 

6, 1597 sq. yd 


-4 77" 39' 

A s--: 32'”’ 42' 

f' r,7“ 17^ 

f' 4(5" 34' 
(f 52" (5' 
f' 41" i;i' 
.4 -^35" 54' 
.4 5(5" 48' 

(* ■ 50" 57' 
r 51" 54' 
r V. 44," (5' 

(f 19" 17' 

a T. 57''' 2' 
e T.. 62" 19' 


7. 14,200 «q. ,rrl, 

8. 1 1,000 sq.rd. 
0. 1083 mi rd 


ANSWERS 


XXXI 


1. 

2 . 

4. 

7. 


Page 258 

(a; — a + h)(x + a — h)(x — a — 6) (.t; + a + h)- 

2(a + 6 + c + d)(a — d). 3. {y — 2 s + rs)(y — 2 r — rs). 

{x^ + xy + 4- ^>y - 1). 5. P(1 -|- 6. i- n{n + l)(n — 1). 

o .. iPjl + ^)^Q - Q 1 

(1 - l“ ' x + S 

- x^-xy -y\ 13. ~ - 1 


8. tt. 


— y^ 


+ CLX "j™ 

11 ”” 

a;(.c -I" ;//)(//“ + 2 ur/y - x^) 

qj = 14 ^ 

^ a-1 


9. 


12 . 


4“ 
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1. X ' 

= 2 i 

3r — 1. 

2. 

X - 4, 

~ 1 

., 5, or — 2. 3. 

X = Ua - 

-6). 

4. X • 

- 5. 

5. X = 29. 

6. X ' 

= 12 

or f. 

7 . a: = 1 . 

8. X = or 

</2. 

9. j 

a; = 1,2; 

' 10 . / ® 

= 1, 

“2; 

11. /* = ^' 




1 

, y = 6, 3. 


vy 

- 3, 

4. 

1?/ = 2, 

-¥• 


u. { 

X == 

y = 

1 ’ 

x - 

= §, 2 / = 

- 7 

2 = 1. 

14. X = 2, 2 , 

f = 5, z = ■ 

- 2. 

16. X 

= a 

+ h, y = 

a — 

= 

2 a. 

16. X 

= 1 +V 2 . 

17. A = 


18. 6‘ 

* (a 

-J^l + 

h^) 

- h')_ 
(J 

19. 

V = 

7rr2(r 4- 2). 

20. Real, 

4 T 

ra- 


tional, and unequal. 21. Sum, — • product, — • 

h h 
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4 , ^ _ 1 ^ or 2. 6. k = ± 3 V2. 7. k = - f. 8. /c == ± 2^2. 

9. /c « 2 ± 2 V 3 . 

Page 262 


6. .SVE. 6. \^V6. 


10. x'lr^z' 


* 


11. 0. 


7. 

12. 


14. 


X'*y^‘ — xy/ 


>2.1/3' 


16. 4. 


20. i. ^ 21, 04, 22. *, 

27. 28. 

6 + a ah + I 


29. 


x^y^z^K 8 . 9 . 

(55 a- 10 6- l)V2a6 o4 

10a6 

16. i. 17. *. 18. i. 19. f. 

23.^1. 24. i. 26. 26. 


Page 263 

1. 50 children; 25 adults. 2. 7.89 in. 3. 228 gal. of 4%; 532 gal. 
of 24%, 4, 4800 lb. 6. Le ngth , 22 ft. ; width, 6 ft. 6. (a) 2| sec. 
or 3| see. (h) t - Z ± -jV -- 6. No. (c) Greatest height, 144 ft. 
NTB. 2l> 0. ALG. 




i i 

ANSWffiiS'^- ; 

%e. ^ 

i"-?; * / 

Page 364 

' " ‘ 4 ■ kl '.1 

"*4,"' J/ 

drl 5.M,?'27rt7/. 

6. 


'''' ^ 

2 TT 
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17 81 

III r , XDT¥* 

2. $22,180. 3. 1|%. 

4. 2046 I(4,ter«. 


6. 88,672 letters. 6. 108 belts. 7. J- nh{l + w). 

Page 2CG 

6. 12.95. 7. 32.85. 8. 1184 eu. in. 9. 104.0 eu. in. 10. 2418 gal. 

Page 307 

11. $55,000,000. 12. 1.342 in. 13. 2.817 in. 14. 3.052 in. 


1. o’ + 14 a’^x + 84 aV + 280 oV 
:i 2. aP - 0 oi»2/ + 15 oY - 20 

t 3. a" - 18 xV + 135 x-y - 540 xy 

f- 4. x‘» + 20 x» 2 / + 180 xV + 900 xhf 

i| 6. x‘« - 24 x»?/ + 262 x‘y - 1512 x'Y 

^ 6. x‘8 + 0 xiy‘ + 15 x> V + 20 xV 

' Page 

i 2. sin 30° = -I, cos 30° = jVa, tan 30° « jVi?; sin 00° « iV'i 

: cos 60° = tan 60° = Vil 6. 22° 37'. 6. 25,800 wi, ft. 

I 7. 95,980 sq. ft. 8. Third side, — rilK 


7. »» 4320 xh/^ 

8 . 

9. 8-1 

10. 70.093 

11. 3.107 

12. 3.102 


13793 
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